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PREFACE 


This new edition of Alternating-Current Machines is designed primarily as 
an undergraduate text, for use by Junior and Senior students in Electrical 
Engineering. The second part of the text is written to give the more advanced 
student as well as the practicing engineer and designer certain useful informa¬ 
tion of specific value not ordinarily available. It is based on a wide experience 
of Dr. Liwschitz-Garik in the theory and design of electric machinery. 

The principal aim of the text is to provide an understanding between the basic 
laws of electrodynamics and the performance characteristics of the transformer 
and rotating electric machines. The basic laws on which the material is de¬ 
veloped are: 1) Faraday's Law of Induction, 2) Kirchhoff's Mesh Law of Elec¬ 
tric Circuits, 3) Circuital Law of the Magnetic Field (Ampere's Law), 4) Forces 
on Conductors in a Magnetic Field (Biot-Savart's Law). 

The consistent application of these laws leads, in the opinion of the authors, 
to a basic understanding of the machines discussed. At the end of Part 2 will 
be found a discussion of power flow in electric machines. 

In comparison with the First Edition (1946) of the book, much of the material 
has been entirely rewritten, leaving out material which did not seem, in the light 
of experience, to be helpful. The text has been subdivided into many more 
chapters, as experience seems to dictate. New material has been added, to¬ 
gether with worked examples and a more complete set of appropriate problems. 

Some of the more advanced and detailed work originally in the main part as 
well as in the Appendix of the first edition has been carefully selected and 
revised and is included in Part 2. 

It is felt that Part 1, consisting of 49 Chapters provides the basis for a two- 
scmester undergraduate course in Alternating-Current Machines. By a suitable 
choice of chapters, the material will serve for a one-semester course. 

The material of the text in manuscript form was completed before the death 
of Dr. Liwschitz-Garik, on February 9th, 1958. Subsequently some revision 
and additions were made by Professor Whipple who also provided the chapters 
on Transformers, the chapters on Application and Control of Motors, as well 
as many of the problems. Professor Whipple completed the review of the 
galley and page proofs. 
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Chapter 1 


ELECTRIC MACHINES • POWER CONVERTERS • 
FUNDAMENTAL LAWS TO WHICH THE OPERATION 
OF THE ELECTRIC MACHINES ARE SUBJECT • 
METHOD OF APPROACH 


1-1. The electric machine as power converters. All rotating electric 
machines are dynamic power converters. Either they convert mechanical 
power into electrical power (generators), or they convert electrical power into 
mechanical power (motors) or they convert electrical power into electrical 
power (rotary converter). It is to be remembered that each of the conversion 
processes is subject to the principles of conservation of energy. 

1-2. The fundamental laws. The operation of all electric machines is 
subject to the same fundamental laws. From the electromagnetic point of 
view, the understanding of four laws suffices for the understanding of the 
behavior of the electric machines. These laws are 

a. Faraday’s law of induction 

b. Kirchhoff’s mesh law 

c. Circuital law of the magnetic field (Ampere’s law) 

d. Law of force on a conductor in the magnetic field (Biot-Savart’s law) 
These laws will be briefly repeated. 

(a) Faraday's law of induction. This law states: 

e = - ^ IQ-s volt (1-1) 

at 

i.e., the emf induced in a closed circuit is equal to the rate of decrease of the flitx 
interlinked with the circuit. 

When a conductor moves relative to a flux which is constant with time, at a 
speed it may be expedient to use Faraday’s law in the form 

e = - BlvlO~^ volt (1-2) 

which can be interpreted as follows: The emf induced in the conductor is equal 
to the flux cut by it per second. 

In Eq. 1-2, B is the flux density in gausses, I the length of the conductor 

1 
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within the flux in cm and v the relative speed between conductor and flux 
in cm/sec. When B is expressed in lines per square inch, I in inches, and v in 
feet per minute, the right side of Eq. 1-2 must be multiplied by 1/5. 

The minus sign in Eq. 1-2 means 
that, when the positive directions of 
B V, /, and B are assumed as those of an 

orthogonal system of coordinates (Fig. 
1-1) the direction of e is opposite to 
the positive direction of 1. 

Consider Fig. 1-2. A coil mounted 
on an iron core rotates between a north 
and a south pole. Representing by a 
dot a current flowing toward the 
V observer and by a cross current flow - 

Fig. 1-1. Direction of the induced emf. ingaway from the observer, the direc- 

tion of the emf induced in the coil is 
as shown in Fig. 1-2. It should be noticed that B is perpendicular to the 
iron core and v tangential to it. 

The following simple rule, useful for the study of electric machines, can 
be derived from Fig. 1-2: If the relative motion of the conductors with respect 
to B is clochvise, the direction of the emf in all conductors lying under the 
iVorth-pole is iAward (cross), in all conductors lying under the south-pole it 
is outward (dot). 

Another rule for the determination 
of the direction of the induced emf is: 
open the right hand, keep the fingers 
together and the thumb in the same 
plane as the palm but pointing at right 
angles to the fingers. If the flux enters 
the palm at right angles to it and the 
thumb points in the direction of motion 
of the conductor, the fingers then 
point in the direction of the induced 
emf. 

The average emf induced in the coil 
of Fig. 1-2 can be readily determined 
from Eq. 1-1. When the coil lies in the 
horizontal, it is interlinked with the 
total pole-flux O. When it moves from 
the horizontal position a quarter of a 
revolution, it lies in the vertical and 
its flux interlinkage is zero. A quarter 

of a revolution further in the same Direction of the induced emf. in 

direction brings the coil again in the a coil of an electric machine. 
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horizontal; the flux interlinkage is again O but in the opposite direction. 
Thus, during a half revolution, = If the speed of the armature is 
w/60 rps, (n in rpm), the duration of a half-revolution is At = 30/n seconds and 




(1-3) 


The average emf depends upon the total flux per pole and is independent of 
the flux distribution around the periphery of the armature, i.e., of the magni¬ 
tude of the flux density B around the armature. The instantaneous values 
of the induced emf, on the contrary, depend upon the distribution of B, as 
indicated by Eq. 1-2. 

Eq. 1-3 assumes that there are only two poles and that the coil consists 
of two conductors making one turn. If the number of poles is p, then, the 
change A<f)~ 2<^ is accomplished during l/(jp/2) of a half revolution, and 
becomes p/2 times the value given by Eq. 1-3. Furthermore, if the number 
of series-connected turns of the coil is N and these N turns are so concentrated 
that they are interlinked with the same number of flux lines at any instant 
of time, then is N times larger than the value given by Eq. 1-3, so that 


Consider Fig. 1-3 which shows the 
normal flux distribution of a salient- 
pole synchronous machine (Fig. 14-4). 
B is zero in the middle of the inter- 
polar space (see Fig. 1-2) and is a 
maximum in the center of the pole. 
If both coil sides lie at all times in fields 
of the same strength, the instantane¬ 
ous value of the emf induced in the 
coil is (Eq. 1-2) 


111 

N —- 10 ® volt (l-3a) 

hO 



Fio. 1 3. Flux distribution in a salient- 
pole machine. 


e = 2BJvl0-^ volt 


(1-4) 


i.e., it is proportional to B^, and the emf curve has exactly the same shape as 
the B curve. 

If i) = diameter of the armature and p = number of poles, then the arc 


ttD 

V 


(1-5) 


is the pole pitch. In order that both sides of a coil lie in flux densities of the 
same strength, its coil span, measured as an arc, must be equal to the pole 
pitch. This is the case in Fig. 1-2. 

When the flux distribution along the armature is sinusoidal, the emf of 
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the coil also will be sinusoidal. The amplitvde and the effective value of the 
emf for sinusoidal flux distribution will now be determined for this case. 



between the plane of the coil and the 
horizontal (a) is zero, the coil is inter¬ 
linked with the total pole-flux 0; when 
this angle is equal to 7r/2, i.e., the plane 
of the coil coincides with the pole- 
axis, the flux interlinkage of the coil is 
zero. In any intermediate position the 
flux interlinkage is <I) cos a. This can 
be seen from Fig. 1-5. When the coil 
sides (a-b) have the position a - 0 and 
(X — 7T, the flux interlinked with the 
coil is proportional to 

a. — JT 

doc 

a - 0 

When the coil sides have the position 
a and (a f tt), the flux interlinked with 
the coil is proportional to 


Fig. 1-4. Determination of 
flux interlinkages 




Bg, doc 


The ratio of the latter integral to the former integral is cos a, since 
Bg, ~ sin a. The flux interlinked with the coil at any position angle a is 
therefore —O cos a. The curve of flux interlinkage is shown in Fig. 1-5. 



Fig. 1-5. Sinusoidal flux distribution. Flux interlinkage 
and emf as functions of time. 
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From Eq. 1-1: 


J! J 1 

e — ~ ~ 10 ® = - - (O cos a) 10 "®=O sin a 10-® volt 
(it dt dt 


(l-6a) 


where doLjdt is the angular velocity of rotation of the coil. For a uniform 
angular velocity of the coil, 0 L = u)t and 

e — 0 ) 010 “® sin oif (l-6b) 

It can be seen from Fig. 1-5 that the induced emf e lags the flux interlinkage 
(f) by 90°; when <f> is maximum (a=^0), e is zero, and e becomes a maximum, 
when a — 7r/2 and is zero. These same conclusions follow from Eq. 1-6. The 
instantaneous flux interlinkage is 


^ r=0 cos wt —O sin 



w’hich is a function of sin 



while the instantaneous emf e is a function 


of sin wt. 

Representing the amplitudes (or the effective values) of the sinusoidal 
fifnctions 0 and e by phasors, that is, quantities whose values are represented 
hy complex numbers, the emf phasor must lag the flux phasor by 90°. 

The amplitude of the induced emf is (Eq. l-6b) 

^,„=r<)>010-® volt (l ~7a) 

The period of a sine function is 'Itt. If T is the time of a period in seconds and 
/ the frequency in cycles per second, then 


'‘Itt — wT 


where 


/= 


1 

T 


and tfj = y^TT — ^rrf 

Hence E„^ — 27r/<I> 10® volt (1 -7b) 

and the effective value of e is 


E - ^./OlO ® = 4.44/<I>l 0 

V 2 


' volt 


(1-8) 


The frequency / can be expressed in terms of the revolutions per minute of 
the armature and the number of poles. Consider Fig. 1-4. While the coil is 
making one revolution, it generates one cycle of the emf (Fig. 1-5). If the 
armature rotates at n revolutions per minute, the frequency in cycles per 
second will be / --- n/60. This applies to a 2-pole machine. If the number of 
poles is p instead of 2, it still holds that the emf goes through a complete 
cycle when the coil passes two poles of the machine and therefore the fre- 
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quency is 


j, p n pn 

■^= 260 = 120 ■’ 1 ’“ 


(1-9) 


It has been assumed in Eqs. l-6a to 1-8 that the coil consists of two con¬ 
ductors making one turn. If the number of series connected turns of the coil 
is ric and the ric turns are so concentrated that they are interlinked with the 
same number of flux lines at any instant of time, the induced emf will be 
times that given by Eqs. 1-7 and 1-8, i.e., 

=ajn,<I>10 « = 277/71,0)10 « volt (1-10) 


and = 4.44 71,/(MO'® volt (l-H) 

Example 1-1. A coil with five series-connected turns rotates in a sinusoidally 
distributed flux at a speed of 1200 rpm. The flux per pole is 4) = 3 x 10® maxwells; 
the number of poles is p = What is the average emf induced in the coil? What is 
the amplitude and the effective value of the emf induced in the coil? What is the 
frequency of the emf induced in the coil ? 

From Eq. 1- 3a, with p — 6 and n^ —5 

=: 4 X 3 X 10® X ^ X 5 X X 10" ® = 36 volts 
2 60 


From Eq. 1 9 


From Eq. 1 10 


, 6x 1200 

/=. J 20-=^‘>0 


E..,--27t X 60 X 5 X 3 X 10® x 10“® = o6.6 volts 


£ = ■'’^-■^=40 volts 


Since the flux is sinusoidally distributed, Ey,y must be “ x E„ 


F'araday’s law of induction, Eq. 1-1, can also be interpreted in another 
manner. In this equation e. is the total emf induced in the closed circuit; i.c., 
if the circuit were opened somewhere and an oscillograph inserted, the value 
of e measured at each instant would be for the entire circuit. In reality, e is 
the sum of all elemental emf’s de which are induced in the individual ele¬ 
ments dl of the circuit, and Eq, 1-1 can be wTitten: 

e = ^ lO * volt (1-12) 

where Ei is the component of the electric field intensity E in the direction 
of dl. This equation states that every change in the lines of flux linking a 
circuit produces an electric field within the circuit, and that the line integral 





FUNDAMENTAL LAWS OF ELECTRIC MACHINES 


7 


of the intensity of this electric field (the induced emf) is equal to 


dt . 


(Ref. All.) 

In the previous examples (Figs. 1-1 to 1-3), the flux is produced by a 
magnet, and the change of flux interlinkage is caused by a relative move¬ 
ment of a coil and a magnet. According to Faraday’s law of induction, it is 
only the change of flux interlinkage that causes an emf to appear in a circuit, 
no matter what the source of the flux. Therefore, an emf will be induced in 
a circuit if its own flux is changed by changing its current, or if the flux of 
an adjacent circuit is changed by changing the current in this latter circuit. 
In the first case this will be an emf of self-induction ; in the second case, an 
emf of mutual induction. 

In the case of self-induction, the flux interlinkages of the circuit are 
determined by its own current: 

i:N4, = Li (1-13) 

where Ag. is the number of turns interlinked with a flux <l>^. L is the coefficient 
of self-inductance. According to Eq. 1-13 it is the flux interlinkage per unit 
current. The magnitude of L depends upon the geometrical arrangement of 
the conductors, upon the number of turns, and upon the magnetic nature of 
the surroundings. The last-mentioned factor plays a great part in the magni¬ 
tude of the flux O and the flux interlinkage. If the surroundings contain 
ferromagnetic materials, the magnetic resistance (reluctance) is much lower 
and the flux O is much larger for the same current than in the case when 
there are no ferromagnetic materials. This is discussed in Art. 1-3. It is also 
shown that when there are no ferromagnetic materials, the flux is directly 
proportional to the magnetizing force (the current), and therefore, in this 
case, the coefficient of self-inductance L in Eq. 1-13 is a constant. On the 
other hand, in ferromagnetic materials flux and magnetizing force are 
coordinated through the magnetization curve of the material (Fig. 1-8) 
which has a non-linear character; therefore the coefficient of self-inductance 
L is not a constant in this case, but varies with the magnetizing force. For 
constant L. according to Eq. 1-1, the emf of self-induction is 

^ 10~8- - L^^volt (1-14) 

di dt 

where L is measured in henries. 

If i is sinusoidal, 

i - /,„ sin wt 

the emf of self-induction becomes 

cos wt=I„,<jt)L sin (a>^- 90°) = sin (wt - 90°) (l-14a) 
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i e the amplitude of the emf of self-induction is equal to and the emf 

of self-induction lags the current by 90°. Note that Eq. 1-Ua is in complete 
accordance with Eq. l-6b. The latter equation states that the amplitude of 
t/jo induced euif is cQuaJ to cu times the maximum flux interlinka^e^ in 
Eq. 1-14 h, is nothing more than the maximum flux interlinkage, for, 
according to Eq. 1-13, L is the flux interlinkage per unit current. 

In the case of mutual induction, the flux interlinking circuit 1 (the circuit 
considered) is: 

(1-15) 

The coefficient of mutual inductance M depends upon the same quantities 
as does L, and also upon the relative position of both circuits with respect to 
each other. For constant M, according to Eq. 1-1, the emf of mutual induc¬ 
tion is: 


e,n=-i/^;volt (l-16a) 

and vice versa 

di. 


where M is measured in henries. 

Example 1-2. A solenoid with 400 turns carries a 60-cycle current of / = 6 amp. 
The maximum flux interlinked with each of the 400 turns is 4 x 10® maxwells. 
The surrounding i.s air. What is the coefficient of self-inductance of the coil? What 
is the effective value of emf of self-induclion? 

From Eq. 1- 13 

I = X 10- « = 1.886 henries 

V2x6 

Fiom p]q. I 14a 

= 6 X 277 X 60 X 1.886 = 4270 vol t.s 

Example 1-3. The field circuit of a d c generator has an inductance of 4 henries. 
Its field current of 8 amp is interrupted in 0.06 sec. What is the average emf 
induced in the winding? 

From p]q. 1 14 

8 

fvr,av=4--^-=534 volts 

(b) Kirchhoffs mesh law. This law states: In each mesh of a network, the 
sum of all impressed and induced emf’s taken with proper consideration to 
signs is equal to the sum of all resistive voltage drops. 

S(F i E)=i:iR 


(1-17) 
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(1) R L circuit. Applying KirchhofF’s law to an R-L circuit with a constant 
L and an impressed voltage i\ the equation obtained is 

r di . ^ 

v-L^^=iR (1-lSa) 

v = iR + L^- (1-18b) 

at 

where v and i are the instantaneous values of impressed voltage and current, 
respectively. 

Eq. 1-18b, which is identical with Eq. l-18a, can be interpreted in the 
following way: at any instant of time, the impressed voltage must overcome 
the resistive voltage drop and the emf of self-induction. While this inter¬ 
pretation is physically correct, it would be entirely wrong to conclude from 
Eq. 1-18b that L(dildt)= -e^ is of the same nature as the resistive voltage 
drop iR. It should not be forgotten that L is flux interlinkage associated with 
an induced emf, but nothing else. 

I 



If V in Eq. 1-18 is sinusoidal, ^ will also be sinusoidal. A sinusoidal quantity 
can be represented either by the projections of a rotating phasor on a fixed 
line or by the projections of a fixed phasor on a rotating line {time line). It is 
customary in the first case to select the counter-clockwise rotation of the 
phasor; therefore, the time line must rotate clockwise in the second case. The 
magnitude of the phasor is equal to the amplitude of the sinusoidal quantity. 
Using this phasor representation, the phasor diagram (Fig. l-6a) is obtained 
for Eq. 1-18a. IR is the resistive voltage drop in phase with /; -IwL is the 
emf of self-induction, 90"" behind I in accordance with Eq. 1-14a. The 
geometric sum of V and - IojL is equal to IR corresponding to KirchhofF’s 
law, Eq. 1-17. 

The phasor representation of Eq. 1-18b is given by Fig. l-6b. Here IwL 
is drawn 90° ahead of I and is interpreted as the component of V necessary 
to overcome the emf of self-induction. The geometric sum of IR and IcjL 
then yields the impressed voltage V. 
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The pliasor diagram of Fig. l-6b is the representation usually presented 
in textbooks. 

In the representation of sinusoidal quantities by complex notation, multi¬ 
plication by 4 j rotates the phasor 90'' in a positive direction, and multipli¬ 
cation by rotates the phasor 90° in a negative direction. If the current 
phasor / is used as a reference, then the phasor diagram of Fig. l-6a can be 
expressed as 

(1-19a) 

and the phasor diagram of Fig. l-6b as 

V^IR^jlujL (I-19b) 

Since the emf of self-induction lags the current which produces it by 90°, its 
amplitude is multiplied by - j in Eq. l-19a where the left side represents the 
sum of Y and The component of the impressed voltage necessary to 
overcome is shifted 180° with respect to E^ and is therefore 90° ahead of 1. 
For this reason IcjL appears with multiplier in Eq. 1-19b. 

It is customary to use the symbol x, called reactance, for ojL. It should be 
remembered that L means flux interlinkages per unit current and is asso¬ 
ciated with an induced emf; therefore the reactance x always is associated 
with an induced emf. Introducing x, Eqs. l-19a and 1-19b become 

V-jix^ili (l~19c) 

\=iR\jix (l-19d) 

(2) R, L, and M circuit with constant L and M. Applying Kirchhoff’s law 
to an R, L, ilf-circuit with an impressed voltage v, the voltage equation for 
the instantaneous values is 

For sinusoidal voltages and currents, the voltage equation for effective values 
is, corresponding to Eq. 1-19a, 

V,-jwLj,-jioMi^ = i,R, (l-21a) 

and, corresponding to Eq. l-19b, 

Fi =/di?i +ja>Li) (l-21b) 

Introducing the symbol x^ for coL, (primary reactance) and the symbol x,n 

* The emf of mut ual induction is introduced here as - M{dii/dt), i.e., v/ith a positive 
sign for M. The sign of M depends, in general, upon the assumed directions of current 
flow in the coils and upon the manner in which the coils are wound (see references on 
A-c Circuits). In this text, the directions of the currents and the manner in which the 
coils are wound will each be assumed so as to yield a positive value for M, 
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for coil/ (mutual reactance), Eqs. 1-21 become 

^ 1 ~j^7n^2 — iiHi (1—22a) 

V, +jxi) +jxj^ (l-22b) 

In Eqs. l-19b, 1-21 b, and l-22b, the ernf’s of self- and mutual induction 
appear as voltage drops. As pointed out previously, it should not be for¬ 
gotten that the symbols coL, coil/, and x are always associated with an in¬ 
duced emf. 

It should be noted that Eqs. 1-18 to 1-22 apply only when L and M are 
constants, i.e., when the surroundings 
do not contain ferromagnetic mater¬ 
ials. The case of electric circuits sur¬ 
rounded by iron is treated in connection 
with the transformer (Art. 12-1). 

(c) Circuital law of the magnetic field 
(Ampere's law). A relation similar to 
Eq. 1-12 also holds for the magnetic 
circuit, i.e., for a closed magnetic cir¬ 
cuit carrying a magnetic flux. 

If Hi is the magnetic field inten¬ 
sity at the element dl of the magnetic 
circuit, N the number of turns which j._?_j 

are linked by the magnetic flux, and / Flux produced by a solenoid, 

the current which flows in the winding, 
then the equation referred to above is 

(^H,(U = N1 (1-23) 

This equation states that the line integral of the magnetic field strength along a 
closed path is equal to the sum of the ampere-turns with which this path is linked. 
(See references on Electromagnetic Field Theory.) 

Fig. 1-7 shows a solenoid and the flux produced by it. The line integral 

dl is the same for all three closed lines (1, 2, and 3) because all three are 

linked by the entire turns of the solenoid and therefore NI is the same for all 

three. The value of the integral dl is not affected by the shape or the 

length of the force line selected. For a long line, such as 3, the number of 
terms dl appearing in the sum will increase, but the field intensity becomes 
smaller as the distance from the coil increases. 

Eq. 1-23 can be put easily into a form which is similar to Ohm’s law for 
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the electric circuit. For the flux density B, the relation holds that 

(1-24) 

/xq is the permeability of a vacuum. Its magnitude depends upon the system 
of units used, /x is the relative permeability of the material, i.e., the ratio of its 
permeability to that of free space (vacuum). If in Eqs. 1-23 and 1-24, the 
current I is expressed in amperes, H in ampere-turns per centimeter, which, 
as far as fundamental dimensions are concerned, is the same as amperes per 
centimeter, B in gausses, fXQ is then in gauss centimeter per ampere, and 
numerically equals 0.4 tt. 



For air /X = 1, while for iron /x is a variable which depends upon the satura¬ 
tion. As an example, Fig. 1-8 shows the value of /x as a function of the field 
strength H for electrical sheet steel (1.0% silicon); in this case fi has a 
maximum value of 6100. The values of B are also shown in Fig. 1-8. The BH 
curve is called the magnetization curve of the material in question. This curve 
is used ill making calculations for magnetic circuits. 

The relation between magnetic flux cross-section A, and the flux density 
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B is given by: 

<f> = BA 

Substituting Eqs. 1-24 and 1-25 in Eq. 1-23, there results: 


(1-25) 


where 


OAttNI 


(1-26) 


J ixA fxA 


(1-27) 


Eq. 1-26 is Ohm 's law of the magnetic circuit. The factor NI is analogous to 
the emf in the electric circuit and is called the magnetomotive force. It is 
usually symbolized by ilf orby^T. is the mag¬ 

netic resistance or reluctance of the magnetic cir¬ 
cuit. similar to the electric resistance, 

depends upon the length, cross-section, and 
magnetic conductivity or permeability of the fl ux 
path. Notice that depends upon the value 
of /X. Since in ferromagnetic materials fx varies 
with the magnetizing force, E„^ also varies with 
the magnetizing force in these materials. An 
example of the magnetic field is given in 
Chapter 4. 

(d) Forces on conductors in a magnetic field 
(Biot-Savart's law). Magnitude and directioii of ] 9 Force on a current- 

the force. When a current-carrying conductor carrying conductor in a mag- 
is properly oriented in a magnetic field, a force neiic field, 

is exerted upon it. If the direction of the lines 

of induction make an angle a with the direction of the current-carrying 
conductor (Fig. 1-9), this force is 



f = 8.85 X 10 ^BIJ sin a lb 


(l-28a) 


where is the effective length of the conductor in inches, i.e., the length of 
the conductor lying within the flux, I the current in amperes, and B the 
density of the flux (in lines per square inch) in which the conductor is located. 

In electric machines, the lines of induction and the conductors are prac¬ 
tically always perpendicular to each other. Thus, in electric machines, 

/^8.85 X \0-^BlJ lb (l-28b) 

The direction of the force / on the conductor can be determined with the 
aid of the left-hand rule; open the left hand, keep the fingers together and 
the thumb in the same plane as the palm but pointing at right angles to the 
fingers. If the fingers point in the direction of current, and the flux enters the 
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palm at right angles to it, the thumb points in the direction of the force. 
(Compare with the rule for the direction of the induced emf.) 

Another rule for the determination of the direction of the force / is the 
following (Fig. 1-10): draw some lines of induction B, draw a circle between 
the lines to represent the cross-section of the con¬ 
ductor, and show by two arrows aa the direction of 
the field due to the current within the conductor. The 
conductor will tend to move toward the region of oppos¬ 
ing fields. 

It follows from these rules that the force / is always 
f" la perpendicular to the plane through I and B. 

The force on the coil between two poles in Fig. 
1-2 will be considered. Fig. 1-11 shows the direction 
of the forces exerted upon the two coil sides. Because 
of the large dilference between the permeabilities of 
' y J? I air and iron, the lines of induction in the air-gap are 

Fi 110 D t perpendicular to the iron and therefore the forces are 

tion of the direc tion of Ihe armature. The forces on both sides 

the force on a current- ^ couple and tend to rotate the coil about the 

carrying conductor in a armature axis. The torque on each conductor, corres- 
inagnetic field. ponding to the force /, is equal to/7?, when R is the 

radius of the armature. In accordance with the law of 


action and reaction, this torque acts not only upon the conductors but also 
upon the magnetic poles. 

In the case of an alternating field and a conductor carrying alternating 


current, the instantaneous values of the flux density 
B and the current I must be used in Eq. 1-28. If 
the average value of the force is calculated for a 
single period, it is found to depend upon the effec¬ 
tive values of B and /, and upon the time j)hase 
displacement between these quantities, i.e., 

= H.85 X 10 cos (BJ) (1-29) 

The torque produced by the couple in Fig. 1-11 
is greatest when the flux and current are in time 
phase. This point will be considered later. 

Eq. 1-28 for the force shows that the direction 
of the torque changes if the direction of either the 
flux or the current is changed. Changing the direc¬ 
tion of the current and flux simultaneously does not 
change the direction of the torque. This explains 
why a unidirectional torque is possible in an a-c 



Fkj. 1-11. Force on a coil 


machine. 


of an electric machine. 
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The forces shown in Fig. 1-11 refer to a generator driven (by a prime 
mover) in clockwise direction. Fig. 1-11 also shows the direction of the torque 
produced by the generated current: it is counterclockwise. Thus, in the case 
of a generator, the torque developed between the conductors and the flux 
(the electromagnetic torque) acts in a direction opposite to the direction of 
rotation and it has to be overcome by the prime mover. In the case of a 
motor, the torque developed between the conductors and the flux is in the 
same direction as the direction of rotation and is delivered to its shaft. The 
balance of torques thus occurs in such a manner that in the generator the 
torque delivered by the prime mover is balanced by the opposing electro¬ 
magnetic torque of the armature; in the motor the electromagnetic torque 
produced by the armature is balanced by the opposing torque of the load. 
It is well to remember that the generator converts mechanical power into 
electrical power and the motor converts electrical power into mechanical 
power. 

Eq. 1-29 which gives the average value of the tangential force permits the 
derivation of a useful formula for the electromagnetic power of the electric 
machine. The torque produced by both sides of the coil (Fig. 1-11) is, in 
Ib-ft, 


T = 2 X 8.H5 X 10 cos (BJ) 



Ib-ft 


(1-30) 


where /? = /)/2 is the radius of the rotor in inches. '^Fhe relation between 
torque and power is given by the fundamental equation of mechanics: 


5250 P,„ _7.04P,,, 


Ib-ft 


(1-31) 


Observe that the area of the flux distribution curve, i.e., of the B curve (Fig. 
1-4 or Fig. 1-5), is the flux per pole per unit length of the armature, so that for 
a sinusoidal flux distribution 


^ — ~ rlgB (1-32) 

TT 

where B is the amplitude of the sinusoidal B curve. The pole pitch t is given 
by Eq. 1- 5. The speed n in Eq. 1-31 can be expressed by the frequency / 
using Eq. 1-9 with p — 2, since a 2-pole structure is considered. 

Combining Eqs. 1-30, 1-31, and 1-32 and introducing Eq. 1-11 the 
following result is obtained for the power P: 

P — El cos (B,l) watts 

It is seen from Fig. 1-5 that E, being 90° behind O, is in phase with B, so 
that the electromagnetic power of the electric machine is 

P=EI cos i/j watts 


(1-33) 
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where ifs is the angle between E and /. Combining Eqs. 1-31 and 1-33, then 
will result 




(1-34) 


Eq. 1-33, although derived for an elementary machine with two poles 
and a single coil under the assumption of a sinusoidal flux distribution, 
applies also to the actual electric machine. It will be seen later that the angle 
ifj is smaller than 90° in a generator and larger than 90° in a motor. 


1-3. Method of approach. All the electric machines consist of magneti¬ 
cally coupled electric circuits. The transformer consists of exactly these same 
elements. It appears logical, then, to start with the transformer. It is true 
that the windings of the transformer are at standstill with respect to each 
other, while the windings of the electric machines move with respect to each 
other. It will be shown that this relative movement of the windings can be 
easily introduced as an additional factor into the equations of the trans¬ 
former. Furthermore, it will be shown that the machines treated in this text 
can be considered as consisting of only two magnetically coupled electric 
circuits the basis for which is then the single phase transformer. 

Using the transformer as the basis for the treatment of the electric 
machines, the sequence in which these machines should be studied is 

1. Induction motors 

2. Synchronous machines 

3. Direct-current machines 

4. Rotary converters 

5. A-C commutator motors. 

This sequence follows the degree of similarity between the transformer and 
the electric machine type. 


PROBLEMS 

1. A conductor 10 in. long is moving with a velocity of 80 fpm perpendicular to 
a magnetic flux whose average density is 60,000 lines per sq. in. Determine the 
average voltage generated. 

2. Determine the velocity of a conductor 15 in. long moving perpendicularly 
across a magnetic flux of 40,000 lines per sq. in. average density if an average voltage 
of 0.05 volt is to be induced. 

3. A 4-pole generator having a coil of 60 turns on the armature produces a 
maximum coil voltage of 28.3 volts with a pole flux of 10® maxwells. The flux dis¬ 
tribution is sinusoidal. Determine the generator speed. 

4. A conductor is “cutting flux” at an average rate of 150,000 lines per sec. 
Determine the average voltage induced in the conductor. 

5. It is desired to induce an average voltage of 3.5 volts in a coil linking a 
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certain magnetic circuit. The flux changes from + 200,000 lines to - 200,000 lines 
in a time interval of 1/3 sec. Determine the number of turns on the coil. 

6. A 6-pole generator has a flux per pole of 2 x 10® maxwells. The armature 
rotates at 720 rpm. The flux distribution is sinusoidal. Determine the average emf 
and the maximum emf induced in a full pitch coil of 5 turns. 

7. A square coil 10 in. on each edge has 25 turns and rotates at a speed of 1000 
rpm in a magnetic field of 2000 lines per sq. in. Determine the maximum flux pass¬ 
ing through the coil, and the average emf induced in the coil. What is the ^ oltage 
if flux and speed are both increased 50%. 

8. A 4-pole generator has a flux of 3.5 x 10® maxwells per pole. The armature 
rotates at 600 rpm. (a) Calculate the average voltage generated in a turn when it 
travels one pole pitch, (b) What is the average voltage generated in one conductor 
in 1/4 revolution of the armature^ 

9. An armature conductor 15 in. long moves in a flux the density of which is 
50,000 lines per sq. in. under the center of the pole. The diameter of the coil of 
which the conductor is a part is 15 in. and the armature rotates at 1200 rpm. What 
is the emf induced in the conductor when it lies under the center of the pole? 

10. At what speed must the armature of Problem 9 mov^e in order that the emf 
induced in the conductor be 12 volts. 

11 . A square coH, 8 in. on each edge, has 50 turns and its plane lies perpendicular 
to a uniform magnetic flux with a density of 5000 lines per sq. in. The coil rotates 
J turn about its axis in 0 08 sec. Determine: (a) maximum flux interlinked with the 
coil; (b) average emf induced during this 0.08 sec; (c) average emf induced if the 
coil is made to rotate at 150 rpm; (d) instantaneous emf when coil is perpendicular 
to the flux and also when it is parallel to the flux. 

12. A current of 10 amp flowing in a 400-turn coil jiroduced a flux of 8000 lines 
interlinking these 400 turns. Determine* (a) the flux linkages in maxwell turns; 
(b) the self-inductance in henries. 

13. If the number of turns in the coil of Problem 12 is doubled and the current 
remains the same, determine the flux linkages and self-inductance in henries. 
Assume all flux lines link all turns. 

14. 1000 turns are wound ujion an iron core magnetic circuit of 3 sq. in. cross- 
section. A current of 9 amp produces a flux density of 85,000 lines per sq. in. and a 
current of 4 amp produces 65,000 lines per sq. in. Determine the coefficient of 
self-inductance for each current. 

15. The field of a shunt generator has a self-inductance of 35 henries. The cur¬ 
rent in the field winding is changed from 1.5 amp to 0.80 amp in 0.01 sec. Deter¬ 
mine the emf of .self-induction. 

16. What is the emf of self-induction in Problem 15 if the current changes to 
zero in the same time ^ 

17. The four shunt field coils of a generator are connt'cted in series and each has 
1000 turns. A direct current of 4.0 amp produces 0.5 a 10® lines of flux linking each 
coil. Determine: (a) the coefficient of .self-inductance of the entire winding; (b) the 
total energy storage. If the field circuit is opened and the current decays to zero 
in 0.25 sec, what is the average value of voltage generated across the field? 

18. Two field coils of a 2-pole machine are wound with 1500 turns each. A field 
current of 3.0 amp produces a flux of 3x10® maxwells linking each coil. What is 
the self-inductance of the field circuit? 
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19. A 4-pole generator having 2000 field turns per pole produces a pole flux of 
3 X 10® maxwells when the field current is 2.80 amp. Determine: (a) maxwell-turn 
linkages per pole; (b) total maxwell-turn linkages; (c) coefficient of self-inductance 
of the field circuit. 

20. A mutual inductance of 3.1 henries magnetically couples two circuits. If 
the current in the first circuit changes from 2.75 to 1.0 amp in 0.015 sec, what is 
the average voltage induced in the second circuit? 

21. A cast-iron ring has a mean diameter of 12 in. and a circular cross-section 
of 3.5 sq. in. area. Determine the number of ampere-turns required to produce a 
total flux of 110,000 maxwells. 

22. Solve Problem 21 for the case where an air gap 0.10 in. is cut in the cast- 
iron ring. (Neglect fringing.) 

23. How many additional ampere-turns are required in Problem 21 if the total 
flux is (a) increased 20%, (b) decreased 20%. 

24. A cast-steel ring having a mean diameter of 5.5 in. and a circular cross- 
sectional area of 0.85 sq. in. has an air gap 0.10 in. long cut in the ring, (a) Deter¬ 
mine the number of am})ere-turns necessary to produce fluxes of 30, 50, 80, 100 
and 105 kilolines per sq. in. (b) if the winding on the ring has 250 turns, plot the 
curve of total flux vs. exciting current. 

25. A 200-turn, single-layer coil is wound uniformly upon the entire of a wooden 
toroidal ring having a mean diameter of 6 in. and a square cross-section of 1 sq. in. 
area. Determine: (a) flux density in core when coil current is 4 amp; (b) flux density 
if the wooden ring is replaced by a cast-steel ring of the same dimensions and the 
coil carries 4 amp. 

26. A cast-steel ring having a mean radius of 10 in. and a circular cross-section 
2 in. in diameter is wound with a coil of 700 turns carrying 10 amp. Determine the 
flux density and the total flux. 

27. If an air gap 0.50 in. long is cut in a ca.st-iron ring of 10 in. mean radius 
and 3.5 sq. in. circular cross-section, determine the total flux and flux density 
when 2.500 ampere-turns are impressed upon the magnetic circuit. 

28. A conductor 25 in. long carries a current of 15 amp and is acted upon by a 
force of 2 lb when placed in a magnetic flux perpendicular to the flux lines. Deter¬ 
mine the flux density in gausses and in lines per square inch. 

29. Determine the current carried by a conductor 15 in. long if a force of 0.001 
lb acts upon it when it is placed in a magnetic flux of 5000 lines per sq. in. flux 
density so that the lines of flux make an angle of 45"" with the normal to the con¬ 
ductor. 

30. A flat, square coil of 20 turns having an area of 60 sq. in. is placed in a 
uniform magnetic flux, so that the plane of the coil is parallel to the flux lines and 
the two active coil sides lie i)erpendicular to the lines of flux. The flux density is 
,50(X) lines per sq. in. and the coil current is 10 amp. Determine: (a) the force in 
pounds acting on each side of the coil; (b) the torque in pound-feet acting to turn 
the coil. 

31. The coil in Problem ,30 is replaced by a 25-turn rectangular coil having 
dimensions 12" x 18", with the longer sides being the active conductors. Determine 
the turning torque in pound-feet when the current is 15 amp. 

32. Repeat Problem 31 with the plane of the coil making an angle of 45with 
the direction of the flux lines. 
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33. Repeat Problem 31 with the plane of the coil making an angle of 60® with 
the direction of the flux lines. 

34. A 15-in. conductor carrying 20 amp lies in a uniform magnetic flux. A force 
of 0.25 lb tends to move the conductor perpendicular to the flux and to itself. 
Determine the flux density. 



Chapter 2 


TRANSFORMER CONSTRUCTION 


Since a-c electric machines are normally built for low frequencies only the 
low-frequency power transformer will be considered in this text. For trans¬ 
formers operating at higher frequencies, such as those used in transformer- 
coupled audio amplifiers, and as impedance matching devices in communica¬ 
tion circuits, see the listed references. 

The American Institute of Electrical Engineers gives the following definition 
for a transformer: “A transformer is an electric device, without continuously 
moving parts, which by electromagnetic induction transforms electric energy 
from one or more circuits at the same frequency, usually with changed values 
of voltage and current.” 

2-1. Transformer types. The construction of single-phase transformers 
may be divided into three main types: core type, shell type, and spiral-core 
type. In all types the core is constructed of laminations using transformer 
sheet steel assembled to provide a continuous magnetic circuit with a mini¬ 
mum of air-gap included. The steel used is of high silicon content, sometimes 
heat-treated to produce a high permeability and a low core loss at the 
operating flux density. 

In core- and shell-type transformers the individual laminations are L or 
E shaped. The laminations are varnished or coated to insulate them from 
each other and thereby reduce the circulating eddy currents. Fig. 2-la shows 
the general assembly of laminations and coils of the core-type transformer. 
Fig. 2-lb shows the manner in which high- and low-voltage coils are grouped 
together on the legs of a core-type transformer. Figs. 2~2a and 2-2b show 
the general arrangement of coils and laminations in the shell-type trans¬ 
former. The shell-type transformer may have a simple form of core such as 
in Fig. 2-2a or a distributed form (cruciform). In the shell-type transformer 
the magnetic circuit encloses most of the windings. Figs. 2-3a and 2-3b show 
the core of the distributed shell-type transformer ; Fig. 2-4 is a view of such a 
transformer showing laminations, coils, insulation, cooling ducts, and high- 
and low-voltage leads. 

The choice of core- or shell-type construction is usually one of cost, for 
similar characteristics can be obtained with both types. For high-voltage 
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transformers or for multi-winding design some manufacturers prefer the 
shell-type construction. Usually in this type the iron path is shorter and 
the mean length of coil turn is longer than in a comparable core-type design. 
Both core and shell forms are used, and selection is based upon many factors 
such as voltage rating, kva rating, weight, insulation stress, mechanical 
stress, and heat distribution. 

The spiral core transformer shown in Fig. 2-5 is the newest development 
in core construction. The core is assembled either of a continuoiis strip of 
transformer steel wound in the form of a circular or elliptical cylinder, or of 
a group of short strips assembled to produce the same elliptical-shaped core. 
By using this construction the core flux always follows along parallel with 
the grain of the iron. Cold-rolled steel of high silicon content enables the 
designer to use higher operating flux densities with lower loss per pound. 
The higher flux density reduces the weight per kva. 

2-2. Windings. The coils used in transformers are usually form wound and 
are of either the cylindrical or disc type. The general form for these types may 
be circular, oval, rectangular, etc. Fig. 2-6 shows a multi-coil rectangular 
cylindrical type winding, and Fig. 2-7 shows the manner in which a large 
round cylindrical coil is wound. The circular cylindrical coil has greater 
mechanical strength and is employed in most core-type power transformers. 
Cylindrical coils are wound in helical layers with the layers insulated from 
each other by paper, cloth, micarta board, or cooling oil ducts. Figs. 2-la 
and 2-lb show the general arrangement of these coils with respect to the 
core. Insulating cylinders of fuller board separate the cylindrical windings 
from the core and from each other. Since the low-voltage winding is the 
easiest to insulate, it is placed nearest the core. 

Disc coils, such as that shown in Fig. 2-8, may be of one turn per layer or 



Fig. 2-6. Cylindrical or helical-type of form-wound coil (multi-coil winding). 
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Fig. 2 7. Winding a round cylindrical coil for a 55,000>kva, 
287,500/16,320-volt f ransformer. 



Fig. 2~8. Disc or pancake coil. 
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Fig. 2-9. Shell-type transformer showing disc coils. 



Fig. 2-10. Three-phase, 31,250-kva transformer with radiators and cooling fans. 
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many turns per layer. Multi-layer discs have the separate layers insulated 
from each other by paper. A complete winding consists of discs stacked with 
insulation spaces between the coils as shown in Fig. 2-9; the spaces form 
horizontal cooling and insulating oil ducts. The low- and high-voltage wind¬ 
ings are subdivided into a number of discs and stacked alternately, with the 
end discs being a part of the low-voltage winding. The leakage reactance is 
reduced if the end discs contain one half as many turns as the remaining 
low-voltage discs. 

Cores and coils must be provided with mechanical bracing to prevent 
movement and possible insulation damage. Good bracing also reduces 
vibration and noise during operation. 



Fig. 2 ~11. Three-phase, 9,000.kva, 67,560/6,900-volt water-cooled 
transformer with conservator tank. 

2-3. Cooling. Transformers may be air-cooled, oil-cooled, or water-cooled. 
Whatever the method of cooling, the essential problem is that of the heat 
transfer from the iron and copper of the transformer to the cooling medium. 
This heat transfer is accomplished by natural oil or air convection, forced oil 
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or air convection, oil-to-air heat transfer or oil-to-water heat transfer. The 
tanks may be smooth-sided or corrugated to increase the radiating surface 
area. Fig. 2-10 shows the use of cooling fans with external radiators. Fig. 
2-11 shows a water-cooled transformer with an oil conservator tank. The 
conservator tank serves as an oil reservoir and also limits the surface area of 
oil exposed to air, thus reducing the formation of sludge within the oil: with 
the conservator tank, the main tank can be completely filled with oil. Al¬ 
though the oil is used as a cooling medium, it is also employed for its insu- 
Ming qmlities and must be dirt and moisture free. Non-inflammable liquids 
sold under trade names of Pyranol, Inertol, etc. have been developed to 
remove the hazard of fire associated with oil. 



Chapter 3 


THE TRANSFORMER AT NO-LOAD 


The single-phase transformer described in the following paragraphs con¬ 
sists of two electric circuits and one magnetic circuit. Therefore its study 
must be based on Kirchhoff s mesh law for the electric circuits and on the 
circuital law of the magnetic field (Ampere’s law) for the magnetic circuit. 

Once Kirchhoff’s mesh equations for the electric circuits and the relations 
following from Ampere’s law are established, the phasor diagram, the 
equivalent circuit and the operational characteristics of the transformer can 
be readily determined. However, a preliminary study is necessary in order 
to set up the basic relations of the electric and magnetic circuits. The trans¬ 
former will be considered first at no-load, then under load. 


3-1. The transformer primary. Fig 3-1 shows an iron core assembled of 
laminations; two coils are wound on the legs. Coil II, the secondary winding, 
will be considered open in this article. If an alternating voltage is impressed 
upon the primary winding, coil I, an alternating current Iq will flow in it, 
and this current will produce an alternating magnetic flux. 

The current /„, the no-load current, will lag behind the impressed voltage 

F, by an angle <f>Q which is about 90°. The 
active component of Iq, i.e., /q cos <^o, supplies 
the hysteresis and eddy current losses (Pn^e) 
in the core iron and the small amount of cop¬ 
per losses in the primary winding. The reactive 
component of /q, i.e., sin <f>^, which is much 
larger than the active component /q cos is 
necessary to sustain the alternating flux. This 
reactive current /q sin is small in comparison 
with the rated primary current of the trans¬ 
former, because the magnetic circuit of the 
transformer consists almost entirely of iron (the 
air gaps at the joints amount to only about 
0.0010 to 0.0015 in.). Such a magnetic circuit 
has a small reluctance and requires a low mag¬ 
netizing current in order to produce the flux. 
28 



Fig. 


3-1. Elementary single¬ 
phase transformer. 
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The flux alternates at the same frequency as the current and induces an 
emf of self-induction in the primary winding, coil I. KirchhofF’s equation of 
the primary is therefore (see Eq. l-19a). 

(3-1) 

Li is the coefficient of self-inductance of the primary winding, i.e., the flux 
interlinkages of this winding per ampere. Examining the flux lines, it is 
found that there are two parts of the flux with two different paths. By far the 
greatest part of the flux lines (part is in the iron. Another part (O^) of the 
flux, small in comparison to that in the iron, exists in parallel paths through 
the air as indicated in Fig. 3-1. The part of the flux in the air is directly 
proportional to the current (see Art. 1-2) because the path for these lines 
consists essentially of air, for which the permeability is a constant (/it = 1); on 
the other hand, the relationship existing between the current and the flux <I> 
in the iron is given by the magnetization curve 
for the particular kind of laminations used, which 
has a non-linear character. As ha.s been explained 
previously (Art. 1-2), the coefficient of self- 
inductance is not a constant for the flux in the 
iron. 

A considerable simplification in the study 
of the transformer behavior is achieved, when 
the two parts of the flux are considered separ¬ 
ately. 

The flux in the air is then referred to as the 
leakage flux (O^) and that in the iron as the main 
flux O. It is only the main flux which links with 
the turns of secondary coil II and induces there 
an emf. 

Corresponding to the division of the flux into 
self-inductance and the emf of self-induction are also divided 

into two components. The two components of are and and the two 
components of -jl^coLi are -jl^coLi^ and - Li^ is the coefficient of 

self-inductance of the primary leakage flux and the coefficient of self¬ 
inductance of the main flux. 

In transformers with iron core, as considered here, the variation of the 
main flux is connected with losses in the core, namely, hysteresis and eddy 
current losses. The relation between the main flux, the emf induced by it in 
the primary winding (which will be denoted by E^) and the current is 
shown in Fig. 3-2. 

The emf induced in the primary winding by the main flux 0 lags this 
flux by 90®. To produce the flux 0 a current component in phase with O, i.e., 
a current component leading E^ by 90° is required. Another current com¬ 
ponent which is supplied by the lines and in counter-phase with E^ (see 



Fig. 3-2. Relation between 
main flux, emf induced in the 
primary winding, and magne¬ 
tizing current. 

two parts, the coefficient of 
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Fig. 3-3) is required to supply the hysteresis and eddy current losses due to 
the main flux. The first current component, designated by 1^, is the reactive 
component of the magnetizing current 7^; the second current component, 

designated by 7^4^, is the active component of 



Fio. 3-3. No-load 


the magnetizing current 7„,. Thus 

+ (3-?) 

The active component of the no-load current 7^, 
7o cos <^o, is larger than 7,, ^ ^ by a small amount 
corresponding to the copper loss r, in the prim¬ 
ary winding. Since this copper loss at no-load is 
negligible in comparison with the iron loss in the 
core, with very close approximation 1 Iq. 

In order to get the relation between and 
the magnetizing current 7„, =7^ -I 7;,^^ we write, 
according to Fig. 3~2. 


phasor diagram. 


/ 


h-\ e 


- 


so that 

The quantity in parentheses is an admittance. It is called the main flux 
admittance and will be denoted by Instead of Cj and the symbols 
and g,n ^'dl be used; thus 

-E,(g,^-jbJ (3-4) 

g,„ is the main flux conductance ', b„, is the main flux susceptance. Writing 

- +jx^) (3-5) 

-* m 

fm takes into account the iron losses produced by the main flux and 
is the main flux reactance, is the main flux impedance. Since — 1/ 


_ 

+ 6 2 
i/m ' 



(3-6) 


With as the emf induced in the primary winding by the main flux, 
Kirchhoff’s mesh equation for the primary circuit becomes (see Eq. 1-19a) 

E^-— (3-7) 


The subscript 1 indicates the primary circuit. Since no-load is considered, 
7i =7o. Introducing the primary leakage reactance 
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(3~8) 


Eq. 3-7 becomes 


ViEljiiXi —(3 9) 

El is given by Eq. 3-4 or 3-5. Eq. 3-9 can be written as 

Fi = - +jiiXi -f iiTi (3-9a) 

In the latter form - Ei is the component of the primary voltage necessary 
to overcome the emf induced in the winding by the main flux; +jIiXi is the 
component of the primary voltage necessary to overcome the emf induced 
by the primary leakage flux; and is the component of the primary voltage 
necessary to drive the current through the resistance 

Eq. 3-9a also can be interpreted in the following way: the voltage im¬ 
pressed on the primary winding 1 is balanced by the negative value of the 
emf induced in it by the main flux, and by the voltage drops due to 

the leakage reactance and the resistance. 

The complete phasor diagram at no-load is shown in Fig. 3-3. If the reac¬ 
tive component of the magnetizing current is drawn along the horizontal 
and is directed to the right, the flux <!> is in phase with ; the emf Ei lags 0 
by 90° and is therefore directed downward; and consequently the voltage 
component necessary to overcome Ei(-Ei) leads the flux and the current 
by 90° and is directed upward. The leakage reactance drop I^i, i.e., the 
component of the terminal voltage necessary to overcome the emf due to the 
leakage flux, is perpendicular to Iq and leads /q by 90°, and the component 
to overcome the ohmic resistance drop I^Vi is in phase with the current. The 
geometric sum of the three voltages, I^i, and I^Vi, is the primary 

applied voltage Fj. The phase displacement angle between the current /q 
and the terminal voltage Fj is nearly 90°; /q is almost a pure reactive current 
with respect to Fj. It should be realized that the values of IqTi and I^pci are 
in reality very much smaller in proportion to - Ei and F^ than those shown 
in Fig. 3-3. Also is usually larger than I^ri. 


3-2. The transformer secondary. Consider coil II, the secondary winding, 
with the winding open (no-load) just as in the foregoing discussion. The lines 
of force of the alternating main flux O go through the iron, link this second¬ 
ary winding, and induce an emf E 2 in it. Since the main flux and its frequency 
are the same for both primary and secondary windings, the emf’s induced 
in the two windings are respectively proportional to their numbers of turns 
Ni and N 2 : 


El 



(3-10) 
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According to Eq. 1-11, 


= 4.44 volt (3-11) 

^2 = 4.44 NjmO-^ volt (3-12) 

The ratio NJN^ is called the ratio of transformation. Since the no-load current 
Iq is small, the resistance drop as well as the leakage reactance drop is small 
at no-load, and is almost equal to the terminal voltage V^. Accordingly, 
the ratio of transformation is often given with sufficient accuracy by the 
ratio of terminal voltages at no-load: 




(3-13) 


PROBLEMS 

1. A transformer having 480 primary turns and 120 secondary turns takes a 
power input of 80 watts and a current of 1.40 amp when the primary is connected 
to a 120-volt, 60-cycle line and the secondary is on open circuit. The primary 
resistance is 0.25 ohm. Determine the iron loss in watts, the no-load power factor, 
and the maximum core dux assuming the resistance and reactance drops as neg¬ 
ligible. Draw the phasor diagram. 

2. A 5-kva, 110/220-volt, 60-cycle transformer has 120 turns on the primary 
winding, and a core having a cross-section of 4.70 sq. in. and a mean length of 31 
in. Using the curves for transformer steel given on page 33, determine the 
effective value of the magnetizing current and the maximum value of the flux 
density. 

3. If the flux density in a given 2300/230-volt, 60-cycle transformer is not to 
exceed 60,000 lines per sq. in., determine the number of primary turns when the 
core cross-section is 26.5 sq. in. 

4. A 7.5-kva, 1100/110-volt, 60-cycle transformer is connected across an 1100- 
volt line with the secondary open. The power input is 120 watts and the no-load 
current 1q is 0.40 amp. A^i = 800 turns, JV ^2 = ^^ turns, ri=4 ohms and r2=0.04 
ohm. (a) If the primary leakage reactance drop is neglected, what is the magnitude 
of the primary and secondary induced voltages? (b) Draw the phasor diagram to 
scale, (c) What is the maximum value of core flux? 

5. If, in Problem 4, the primary leakage flux at no-load is 0.15% of the total 
flux calculated in part (c), determine the primary and secondary induced voltages. 
Draw the phasor diagram to scale. 

6. A 50-kva, 2300/230-volt, 60-cycle transformer takes 200 watts and 0.30 amp 
at no-load when 2300 volts is applied to the high-voltage side. The primary resist¬ 
ance is 3.5 ohms. Neglecting the leakage reactance drop determine: (a) no-load 
power factor; (b) primary induced voltage Eii (c) Ik+ei (d) Draw the phasor 
diagram to scale. 

7. A 1000-kva, 25-cycle, 27,000/2200-volt transformer is designed to operate at 
a maximum flux density of 75,000 lines per sq. in. and an induced voltage of 20 



Kilolines per Squares Inch 


THE TRANSFORMER AT NO-LOAD 


33 


volts per turn. Determine the primary turns secondary turns N 2 J and the 
cross-section area of the core in square inches. 

8. Repeat Problem 7 for a 25-cycle, 66,000/1100-volt transformer. 

9. The core of a 500-kva transformer has a mean length of 66 in. and a cross- 
section of 260 sq. in. The primary consists of four identical coils. 

(a) If 15,000 volts at 60 cycles is impressed across the four primary coils in 
series, and the maximum flux density is to be 75,000 lines per sq. in., determine 
j Iq and the no-load power factor. Use the curves for transformer steel given 
below. 

10. Repeat Problem 9 if 7500 volts at 60 cycles is impressed across two coils 
connected in series. 

11. Repeat Problem 9 if 3750 volts at 60 cycles is impressed across the four coils 
in parallel. 


lOQ 2 8 4 6 6 7 8 9 1000 2 3 4 6 6 7 8 9 lOOOQ 


— 











: 





—1 


1 






n 





















mm 

■ 

H 































& 

1 

































m 

i 

m 

m 











1 



















~c 




8^ 

































69^ 

































































— 






























_ 

_J 


























































.... 














J 

i 

p 































9 

mm 

H? 
































m 

m 






































“1 











































_ 



















1 



r] 




















mi 




■ 

mmmi 

mmi 

Hi 

■ 





H 

1 

■ 

1 






1 






■ 


HI 

mu 

■ 

H 

■ 

■m 

■ 


1 

■ 

■ 

IHH 

mmi 

mm 






H 

■ 

■ 

■ 

mm 

BI 




E 




■ 












1 

■ 

I 









H 

■ 

m 

■ 


B 








I 












m 

■ 

1 







ri 


H 

■ 

m 

_ 

mmHi 

BI 

■1 

mi 

H 

m 




B 




IIIIIH 


■ 

H 

1 

mm 

■ 


i 

■ 






iz 


n 





1 

HIHI 

B 

■ 

■ 

H 

■ 



H 

■ 


■ 




■ 

1 

5 

9 



E 









B 

■ 




1 









H 



■ 

HHI 


9 

1 

i 


9 









/ 



9 

B 




1 

immmi 

HH 

mm 

Hi 

H 

1 

mm 

■ 

H 



1 

mui 


9 

B 

H 

■ 





1 




y 

mi 

H 

■ 


■ 

H 

■ 


1 

mmmi 

mmi 

imi 


H 

i 

mm 


H 


■ 

m 

HHH 


9 

■ 







■ 




Z 












_j 



E 



i 


■ 

1 



■ 

B 





HI 

■ 

i 

1 



i 


H 

■ 



H 








H 

1 



H 

■ 


□ 

■■m 

mm 

m 

■ 

H 

■ 

mi 

mi 

HI 

m 

m 

■ 


/A 

f 


H 

■ 



H 

i 



mHmi 

mmi 

9 

mi 

H 

E 



H 

m 


1 

1 

B 





9 

■ 



. 




mm 

■ 

H 

■ 

■ 

m 

H 

E 



B1 

HH 

■ 

■ 

HI 

■ 

mm 

n 

HI 

1 


1 

wss 

■1 





9 

B 


J 

A 

2 


w 

mm 

S 

H 

■ 



H 

■ 



Bi 

mH 


B 

i 

■ 

mmi 

mm 

HI 

m 

m 

1 


B 





9 

B 


> 


1 


k 







H 

■ 







HI 







■ 






i 


B 












■ 

H 






SB 

s 

tic 

>n 

Cu 

rve 

s 



n 






1 

mm 

R 



r 

IH^ 

■1 

9 





B 

i 

■ 

■ 

1 



il 

Q 

m 


■ 

B 

HI 

■ 


1 






E 


R 




r 

B 

9 




B 

mi 

H 

■ 

m 

■ 




B 

HI 

i 

m 

HI 

H 

■ 


1 







n 









9 

r 


■ 

m 

■ 




B 

HI 

1 


■ 

HI 

■ 


1 


_ 

- 


_L±_ 

:: 

: 

± 

_ 

_ 

_ 





_ 

H 

■ 

■ 

1 




■ 

HI 

■ 


z 

II 

■ 




0 l-^- t-i-l i I i ni M _ I _ i 1 i M I i i M I 1 _ I I I I I I I M M 

.1 .2 .3 .4 .5.6.7.8.91 2 3 456789 10 2 3456 7 8 9100 

Ampere Turns per Inch 

Magnetization curves for transformer steel and dynamo steel. 
























Chapter 4 


THE TRANSFORMER UNDER LOAD 


4-1. The behavior of the transformer primary under load. Consider 
the transformer to be loaded, i.e., with a consumer of electric energy placed 
across the secondary terminals. Since an induced emf {E 2 ) exists in the 
secondary winding, a current 1 2 will flow through the load resistance and the 
secondary winding. When the transformer losses (copper losses in both 
windings and hysteresis and eddy-current losses in the core iron) are dis¬ 
regarded, then, according to the law of conservation of energy, the power 
taken by the primary winding from the lines is equal to the power delivered 
to the external circuit placed across the secondary winding: i.e., if the second¬ 
ary is loaded, the current taken by the primary winding from the lines must 
change as the secondary load current is changed. 

As a result of the change in the primary current due to the load, the three 
components of voltage which balance the primary terminal voltage (Eq. 3-9) 
also change: the resistance drop and the leakage reactance drop increase or 
decrease with load change and therefore the voltage induced by the main 
flux O becomes correspondingly smaller or greater. However (in ordinary 
power transformers) the resistance and leakage reactance drops are usually 
small in comparison to the emf E^ even at rated load, so that Ei has approxi¬ 
mately the same value for the loaded as well as the unloaded transformer; since 
the main flux O is determined by E^ (see Eq. 3-11), this means that the main 
flux O varies only slightly between no-load and full load. Therefore, practi¬ 
cally the same magnetomotive force see 

Fig. 3-2) and the same magnetizing mmf 
are necessary to produce the main flux O under 
conditions of load and no-load. The main flux <I> 
is largest at no-load and becomes smaller as short- 
circuit conditions are approached (see Art. 2). 

When the secondary is loaded, two mmfs act on 
the transformer, the mmf of the primary winding 
and the mmf of the secondary winding ; the magni¬ 
tude of the main flux is determined by the resultant 
of these two mmf’s. As explained, this mmf changes 
little between no-load and full load. Fig. 4-1 shows 
34 



Fig. 


4-1. Mmf diagram 
under load. 
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the mmf diagram of a loaded transformer in which, assuming a resistive 
load, the secondary current /g lags the emf induced in the secondary 
winding by the main flux. as well as E^ lags behind the flux O by 90®. 
The geometric sum of the primary mmf and the secondary mmf 
yields the resultant magnetizing mmf which is necessary to produce 
the main flux O. 

Since the reluctance of the magnetic circuit of the transformer is com¬ 
paratively low, the magnetizing mmf is only about 5 to 10% of the total 
primary mmf under conditions of rated load; this is the same as saying that 
the magnetizing current is about 5 to 10% of the rated line current. There¬ 
fore, it can be approximated that or 


~E, 


(4-1) 


The currents in the two windings, therefore, are approximately inversely 
proportional to the induced emf’s. This is in conformity with the law of 
conservation of energy (disregarding losses), for according to this law 
VJi cos ^ 2 - If seen from the following text that cos 

cos <^2 fully loaded transformer. 


4-2. Reduction of the secondary voltage, current, and parameters to 
the primary. The mmf diagram of Fig. 4-1, the phasor diagram of the 
loaded transformer, and its equivalent circuit become simpler if the assump¬ 
tion is made that the secondary winding has the same number of turns as the 
primary tvinding, i.e., that N 2 — N^, Such an assumption will be permissible 
if care is taken that the secondary quantities, with turns, are such that: 


1. The mmf of the secondary winding retains its original value, i.e., that 
the resultant mmf and the main flux O remain unchanged, 

2. The kva of the secondary retain the original value, 

3. The I^R loss of the secondary retains its original value, 

4. The magnetic energy {\Li 2 l 2 ^) of the secondary leakage flux which 
appears when the secondary carries current retains its original value. 

The secondary quantities expressed in turns are designated as referred 
to the primary or reflected into the primary. They will be indicated by a 
primed letter. 

The first condition means that the secondary current referred to the 
primary (1 2 ) must be such that 

l'N,=l2N2 (4-2) 


or 


If 




Nr 


h 

a 


(4-2a) 


where a = N 1 /N 2 
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The second condition requires that 

or 

E^'=E^^^=E^ = E, (4-3) 

iVg 

This means that the secondary and primary emf’s induced by the main flux 
are equal. This corresponds to the assumption that the number of turns of 
the secondary winding is equal to that of the primary winding. 

The third condition means that 


12 ^^2 

Inserting the value of /g' from Eq. 4-2a 

/N \ 2 

the fourth condition requires that 


where is the actual leakage reactance of the secondary. Inserting the value 
of from Eq. 4-2a 


X2 = 



2 

X2~(l^X2 


(4-5) 


Thus, calculating with the referred quantities 1 2 ^ and X 2 instead of 

the actual quantities E 2 , ^ 2 » ^2 does not change anything in the 

magnetic and electric behavior of the transformer. 

It follows from Eqs. 4-2 to 4-5 that the reduction factors to the primary 
are: NJN 2 ~a, for voltage, NJNi^l/a for current, and 
resistance and reactance. 


4-3. Kirchhoff’s mesh law for the secondary. KirchhofF's mesh law for 
the primary is given by Eq. 3-9 or 3-9a. Kirchhoff’s mesh equation for the 
secondary is 

^2=-^2(^2+^^ 2 ) +^ 2 (^ 2 .= ^ 2(^2 4 ^2 (4-6) 


where and Xj, are the load resistance and reactance respectively and Fg 
is the voltage at the load terminals. With all quantities referred to the 
primary, Eq. 4-6 becomes 


E 2 ' = E, = /g'(r/ +jx2') + i2'(Ej^' +jLX') = (4 -7) 


4-4. The emf E^^Eg' induced by the main flux under load. According 
to Eq. 4-2, I 2 N 1 —I 2 N 2 * By introducing I 2 X 1 for 1 2^2 it is possible to 




THE TRANSFORMER UNDER LOAD 


37 


replace the mmf diagram under load, shown in Fig. 4-1, with a current dia¬ 
gram, because the secondary and primary mmf’s have the same number of 
turns. It follows from Fig. 4-1 

+ = (4-8) 

Introducing l 2 ^i for 12^2 

i,N, + = (4-8a) 

or 

ir^i2=tn (4-9) 

At no-load the core is magnetized by the mmf At load the core 

is magnetized by (/i+/ 2 ')Aj. At no-load the reactive component of Io(I^) 
produces the main flux and the active component of Io(Ih+e) supplies the iron 
losses due to the main flux. At load the reactive component of (/j-f/a') 
produces the main flux and the active component of (I^ +i‘i) supplies the 
iron losses. Therefore Eqs. 3-4 and 3-5 apply also to the loaded trans¬ 
former, if (I 1 + I- 2 ) is substituted for Iq i.e., for load, 

An = A + ^2' - “ »n — ~ ^2 i rn (4-10) 

or 

- i, - i,' (/, + l2')L=i.nZm (4-lOa) 

Y„^ and are given by Eqs. 3-4 and 3-5. The relations between 6^,, r„^, 
and x„, are given by Eq. 3-6. 

Eq. 4-8 has been derived from Fig. 4-1 which refers to a resistive load. 
This equation and the following equations derived from it apply to any kind 
of load. 

Eq. 4-10 contains the parameters of the magnetic circuit r^ and (or 
g,n and 5,„). Ampere’s law ofthe magnetic circuit in its direct form (^Hidl=NI 

(Eq. 1-23) has not been applied to the magnetic circuit of the transformer in 
the previous considerations. However, it is directly involved in and 
x^=ojLjn. The magnitude of the main flux can be determined from Eq. 3-11. 
If A is the cross-section of the core, then the flux density in the core is 
The magnetization curve of the iron used yields then H. If I is the 
length of the magnetic path in the core, then, according to Ampere’s law, 
= This yields Corresponding to the definition of L (Eq. 1-13), 

where 0 is the maximum value of the flux. 

The single-phase transformer consists of two magnetically coupled 
electric circuits and, therefore, mutual inductance between the two circuits 
must exist. This mutual inductance has not been treated in the previous 
considerations. It will be shown that also it is contained in 
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4-5. The mutual inductance of the transformer. It will be assumed that 
the saturation of the transformer is very low so that not only the mmfs but 
also the fluxes of both windings can be added. The iron losses are also 
assumed to be negligible. The total coefficient of self-inductance of the prim¬ 
ary winding will be denoted by Li, It includes the interlinkages of the total 
flux Oi produced by the primary winding, i.e., of the part which goes 
through the core as well as of the part 0,^ which goes through the air and 
does not link with the secondary coil (leakage flux). Likewise the total 
coefficient of self-inductance of the secondary winding will be denoted by 
Z/g. Then the differential equations for the voltages of l)oth windings are 
(see Eq. 1-20) 

«,='*>, ++ (4-11) 

0 = f + M jI + V., (4-12) 


Assuming sinusoidal voltages and currents, the equations for the effective 
values (see Eq. 1-21) become 


= (4-13) 

=^2(^2 + ^^^2) 4 F2 ( 4 - 14 ) 

The coefficient of self-inductance of the primary winding is (see Eq. 1-13) 

L ^ 10-8^ i) 

' H ~ ij 

where (Eq. 1-26) 


10-8 


(4-15) 


Oj,,, - 0.47r iV|/iand = 0.47r Aji,(4-16) 

is the permeance of the iron core, Aji the permeance of the primary 
leakage path. Thus, 

L, -0.477 N,^A„,-\-Au)^0-^ (4-17) 

For the secondary winding, is obtained in the same way 

7.2 = 0.477 (4-18) 

The coefficient of mutual inductance is (see Eq. 115) 

= M = l()-8 = :^J^i™ IT) 8 = o.4,riV,iV2/l,„10 » (4-19) 

to li 


If is made equal to Aj, i.e., all secondary quantities are referred to the 
primary, Eqs. (4-13) and (4-14) become 




(4-20) 

(4-21) 
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and also (see Eqs. 4-18 and 4-19) 

+A^i)lO-^ (4-22) 

M' = OAtt iViM^lO -8 (4-23) 

Inserting these two equations and also Eq. (4-17) into Eqs. (4-20) and 
(4-21) and introducing 

Lh^OAtt Nj^AulO-^ and L^i'^OAn N^^A.^ilO~^ 
there results 

Vi =ii{ri +joiL^i) -l-j(/i 4 12)0)^' 

{)~i^(r2 ^jcoL2i) +j(Ii 4/2 )^Ajil/' 2 
Since the iron losses are neglected, In+e — ^ and (see Eq. 4-9) 

A 4 / 2 '-/,. 

Further, 

(jj Ij ^ j — X 2 and cu Ij 21 ~~ ^2 

then from Eq. (4-25) 

^i=A(>‘i +jxt)+ji4,o)M' 

and from Eq. (4-26) 

—^2 (^2 ) + ^2 

Comparing these equations with Eqs. (3-9) and (4-7), it is seen that 

-E.' (4-31) 

From this equation and Eq. (3-5) with r^~0{I„,=I^) 

x,„=a>if' (4-32) 

Thus the main flux reactance x„„ implies the mutual inductance between the 
windings. 


(4-24) 

(4-25) 

(4-26) 

(4-27) 

(4-28) 

(4-29) 

(4-30) 


8 = 


L,L, 


is the total leakage coefficient. The smaller 8 is, the closer is the inductive 
coupling of the two circuits. 


k = -j£::.^=JV-8^ <1 

slL,L^ 


is the coefficient of coupling. 


4-6. Application of the fundamental equations. Equations 3-9, 4-7, 
and 4-10 


Vi+E^-jIiXi = Iiri 


( 4 - 33 ) 
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+ (4-34) 

-(7,4-4')^. (4-35) 

are the fundamental equations of the transformer. Calculations referring to 
the performance of the transformer are determined by them or by relations 
derived from them. 

The three equations 4-33 to 4-35 contain three unknown quantities, 
E^ = E^, /,, and /g'. Eliminating any two of them, the third quantity can be 
expressed as a function of the primary voltage the six parameters of the 
transformer (fj, x^) and the load parameters and X 

It is evident that the three equations 4-33 to 4-35 can be reduced to two 
equations with two unknown quantities 7, and fg, if Eq. 4-35 is introduced 
into Eqs. 4-33 and 4-34. 

Multiplying Eq. 4-34 by there results 

The first term represents the total power, active and reactive, of the second¬ 
ary circuit (its total volt-amperes). The second term is the reactive power 
contained in the secondary leakage flux. The third term is the copper loss 
of the secondary winding. The last term is the total power, active and 
reactive, of the load. 

The three fundamental equations 4-33 to 4-35 will be used to 

(a) set up the phasor diagram of voltages and currents (mmfs) of the 
transformer. 

(b) derive the equivalent circuit of the transformer. 

It should be noted that phasor diagrams, equivalent circuits, etc., must be 
derived from the fundamental equations and not vice versa. This is a general 
statement which applies not only to the specific case of a transformer but to 
the investigation of the performance of other electrical apparatus. 



Chapter 5 


THE PHASOR DIAGRAM AND EQUIVALENT 
CIRCUIT OF THE TRANSFORMER UNDER LOAD 


5-1. The phasor diagram of the transformer under load. In the phasor 
diagram, and are in phase since both emf’s are induced by the same 
flux O. The phase displacement between the secondary terminal voltage 
and the secondary current 1^ is determined entirely by the character of the 
external load circuit. The component of the secondary emf E^ necessary to 
overcome the secondary leakage reactance drop 1 2^2 leads the current /g' 
by 90°. The ohmic voltage drop is in phase with /g'. According to 

Eq. 4-7, the geometric sum of /-aVg', ^2 niust yield E^ —E^, 

Fig. 5-1 shows the phasor diagram of the transformer loaded with a pure 
resistance. The phasors E^ are drawn as for the unloaded 

transformer (see Fig. 3-3). E^ is equal to and in phase with E^. Since the 
load is purely resistive, the secondary current /g' and the terminal voltage 
Fg' are in phase, so that and /g' are drawn in the same direction. The 



Fig. 5 1. Voltage and 
(mmf) current diagram of 
the transformer loaded with 
a pure resistive load. 


Fig. 5-2. Voltage and (mmf) 
current diagram of the trans¬ 
former loaded with an in*- 
ductive load. 
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emf E 2 induced in the secondary by 
V 2 the quantities / 2 V 2 ' in phase witi 
leading it by 90"'. 



Fig. 5-3. Voltage and (rnrnf) current 
diagram of the transformer loaded with a 
capacitive load. 


(fti increases with increased inductive 
capacitive load the situation may be 


the main flux is obtained by adding to 
I 2 and I 2 X 2 perpendicular to 1 2 and 

From Eq. 4-9 

=4,+ (-//) (5-1) 

Thus, in the phasor diagram of Fig. 
5-1, the current/, is obtained by add- 
ing -/g'to/,The phasor which 

is the component of the primary volt¬ 
age necessary to overcome the emf 
induced in it by the main flux, is 
drawn upward and 90"' ahead of O. 
Adding to - the primary resistance 
drop /jr, in phase with /, and the leak - 
age reactance drop /,»;, perpendicular 
to /j and leading it by 90°, the primary 
voltage F, is obtained. 

<^, is the phase-displacement angle 
of the primary, i.e,, the angle between 
primary terminal voltage F, and cur¬ 
rent/,. Despite the in-phase condition 
of voltage and current at the second¬ 
ary terminals, the magnetizing current 
and the leakage of both windings 
cause a slight phase displacement be¬ 
tween the primary terminal voltage 
and current. 

Fig. 5-2 shows the voltage and cur¬ 
rent (mmf) diagram for a transformer 
with an inductive load, i.e., the secon¬ 
dary current lags the secondary ter¬ 
minal voltage F 2 ' by an angle <^ 2 » 
secondary phase displacement angle; 
load, i.e., with increased angle <^,. For a 
reversed, as shown in Fig. 5-3. 


5-2. The equivalent circuit of the transformer. From the phasor dia¬ 
grams shown by Figs. 5-1 to 5-3 it may be observed that the application 
of the voltage F, to the primary of the transformer results in a primary 
current /, lagging behind or leading Vi by an angle <t>^. The angle depends 
upon the load as well as upon the internal action within the transformer. As 
far as the source of power is concerned, the transformer and load appear as 
an equivalent impedance of such value that it takes the current /^ at the 
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angle The character or make-up of this equivalent impedance may be 
obtained from Kirchhoff’s mesh equations for the two electric circuits 
(Eqs. 4-33 and 4-34) and from Eq. 4-35 which characterizes the magnetic 
circuit. These equations are: 

Fj = i i(ri (5-2) 

1—^2 {'^2 ) + ^2{^l (5-3) 

f 1 + f 2 ~ ~ ^ m~ ~~ Ej 2 i m (5—4) 

These are three equations with three unknown quantities (E^, and /g'). 
The solution for /j by eliminating E^ and will yield the equivalent impe¬ 
dance, i.e., the equivalent circuit. Introducing the abbreviations 

r, +jx^ = (5-5) 

(^2 ^ ^l) j{^2 + = ^2 (5-6) 

Eqs. 5-2 to 5-6 yield 

E, =(4, - /\)Z,'- E, i\A' - 


E,(\ + Y^Z 2 ')^ -I,z^ or E,^ 


E -^ 

(i/22')-fr. 


Therefore, 




. h 

(1/^2') H 


-A z,-f 


(W) 


Eq. 5-8 gives the relation between the primary applied voltage, primary 
current, and the parameters of the transformer and the load. The quantity 
in the brackets is the total impedance, looking into the primary terminals. It 
includes the primary and secondary impedance of the transformer, the load 
impedance, and the main flux admittance 
Eq. 5-8 is the equation which applies to a 

circuit such as that represented in Fig. 5-4. This _ cr Iz 

circuit is the equivalent circuit of the transformer — '—^ - 1 

and load. In this circuit, as Eq. 5-8 shows, the 

secondary impedance Zg' is in parallel with the r F»lJ 

main flux admittance Y„^, giving a resultant j_ j _J 

admittance Y„, -h l/Zz or a resultant impedance 
./(r.+ .W), Baking up Z .nd Z.' into 
their components according to Eqs. 5-5 and 
5-6 and introducing from Eq. 3-4 or 3-5 


Zfti 1 / — {^m 


(5-10) 
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the circuit of Fig. 5-4 becomes that shown in Figs. 5-5 and 5-6 which is 
more commonly known as the equivalent circuit of the transformer. 

It has been pointed out in Art. 3-1 that the magnitude of depends 

upon the saturation of the iron which is dependent upon the magnitude of 
the main flux O. Since the main flux of the transformer remains almost 
constant between no-load and full-load (Art. 4-1), x„Xb,„) can be considered 
as a constant for this range of operation. 



It will be shown in Chapter 8 how the parameters x^, x^, and x,,^ 
(or and 6,,,) can be determined from no-load and short-circuit tests. 

Having an equivalent circuit is of great assistance in making performance 
calculations of the transformer such as current, power factor, power, etc., 
especially when a calculating board is used on which the equivalent circuit 
can be set up. 



Of course, everything that can be determined from the equivalent circuit 
can also be determined from the fundamental equations 4-33 to 4-35, be¬ 
cause the equivalent circuit has been derived from these equations. 

Notice that the equivalent circuit Fig. 5-5 or 5-6 shows 
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This does not exactly correspond to Eq, 5-4. It should not be forgotten that 
the equivalent circuit is a circuit as seen from the primary terminals. In this 
circuit I 2 ' is not the actual secondary current (referred to the primary) but 
a current which, flowing in the primary winding, will produce the same mmf 
as the actual secondary current flowing in the secondary winding. 


Example. The parameters of the equivalent circuit of a 100-kva, 2200/220-volt, 
60-cycle transformer are given at 75^C as follows: 

=0.286 ohm 
Xj = 0.73 ohm 

= 302 ohms 
= 1222 ohms 

It will be shown in Aits. 8-1 and 8-2 how the above parameters have been deter¬ 
mined from no-load and short-circuit tests. If the load impedance on the low'- 
voltage side of the transformer is =0.387 -fjO.290 ohm, solve the equivalent 
circuit when the voltage is 2300 volts. 

■i^// = Rl h JXt: ^o^Rl + jXi) = :J8.7 + j29.0 = 48.4/36.^ 

From Eq. 5- 6 

Zg' =: (0.319 + 38.7) +j(0.73 +29.0) =39.02 4 j29.73 =49.0/37.3 
Z„, =302 -f jl222 = 1258/76.1 
= 1/Z^ = 0.795 X 10-3/ --76.J 


=0.319 ohm 
= 0.73 ohm 


From Eq. 5-8 



Zj + (l/Zg') + Y„^ 


2300/0 


).286+j0.73 + 


[1/(49.0/37.3)] +0.795 x 10-3 /-76.1 


2300/0 

48 . 2 / 3 ^ 


= 47.7 /-39.2 
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Input power factor 
Power input 
Power output 
Primary copper losses 
Secondary copper losses 
Core losses 

rj efficiency 


= cos 39.2° =0.775 lagging 

2300 X 47.7 X 0.775 = 85.0 kw 
= (46.2)2x38.7 =82.7 kw 

= (47.7)2 ^ 0.286 = 650 watts 

(46.2)2x0.319 =680 watts 

= (1.80)2x302 =980 watts 


82.7 

8 ^ 


X 100 = 97.3% 


Voltage across load 

Voltage Regulation 
(see Chap. 7) 


= 46.2 > 48.4= 2240 volts 


2300 - 2240 
^0 ^ 


100 = 2 . 68 % 


= 0.0268 pu. 


PROBLEMS 

Equivalent circuit parameters are listed below for four transformers. Assume all 
values to be corrected to 75°C. 



A 

B 

C 

I) 


10 kva 

15 kva 

500 kva 

1000 kva 


240/120 

2300/230 

11,000/2300 

66,000/6600 

ohms 

60 cycles 

60 cycles 

60 cycles 

60 cycles 


O.U 

2.5 

0.830 

*22 

^1 

0.20 

10 

3.80 

105 

^2 

0.03 

0.022 

0.035 

0.20 

^2 

0.048 

0.095 

0.160 

1.12 

rm 

80 

1500 

2800 

25,000 


250 

8850 

11,500 

165,a)0 

a 

2 

10 

4.78 

10 



Load Impedance (ohm.s) 



1.40 

3.54 

9.5 

35 

Xl 

0 

0 

5.0 

26 


1. For transformer A, determine the primary current, primary power factor, 
magnetizing current, and efficiency. Assume fixed at nameplate value. 

2. Repeat Problem 1 for transformer B, 

3. Repeat Problem 1 for transformer C. 

4. Repeat Problem 1 for transformer D. 



Chapter 6 


THE 3-PHASE TRANSFORMER 


6-1. Advantages, disadvantages, construction. Transformation of 3- 
phase voltages may be accomplished by means of three single-phase trans¬ 
formers arranged in banks so that each phase requires a separate transformer, 
or by means of a single 3-phase transformer unit. The first method was 
common practice years ago, for it enabled the use of a single reserve unit of 
one-third the bank capacity for stand-by or emergency spare. Thus the 
replacement investment is only 33 J % of the first cost of the bank. However, 
the reliability of modern transformers is such that the necessity for reserve 
capacity is no longer a demand in many cases. System interconnection 
frequently provides all the necessary reserve needed. Also, it is sometimes a 
simple matter to install small or medium portable substations as reserve 
when required. 

Considerable advantages are to be gained from the use of a single-unit 
3-phase transformer in place of three single-phase units of the same total 
capacity. The advantages are: increased efficiency, reduced size, reduced 



Fig. 6-1. Core of a three-phase transformer. 
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A 




Fi(i. 0 -2. 'I'hree-phase, core-typo distribution transformer, 

37.5 kva, 2400/240 volts-Y-connected. 

weight, and less cost. A reduction in space is an advantage from the structural 
point of view in generating stations or substations. 

Disadvantages include the greater cost of spares where spare capacity is 
demanded, usually a greater repair cost when subject to a short-circuit fault, 
and greater weight and size for reserve than a single-phase unit of a bank of 
transformers. 

Fig. 6-1 shows the core of a large 3-phase 
core-type transformer. An assembled 3-phase 
core-type unit is shown in Fig. 6-2 where the 
low-voltage cylindrical coils are nearest the core 
and the high-voltage coils are on the outside. 

The shell-type as well as the distributed shell- 
type core construction, discussed in Article 2-1, 
may also be used for 3-phase transformers. The 
shell-type construction is one in which the 
windings are embedded within the iron core. 

Fig. 6-3 shows the general arrangement of coils 
in the shell-type 3-phase transformer. 


Core 
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Fig. 6-3. Shell-typo 
construction. 
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6-2. Magnetic circuit. The three cores of the 3-phase transformer are 
connected on both ends by common yokes. This is permissible. It should be 
remembered that the three voltages impressed upon the three primary 
windings make a symmetrical 3-phase voltage system, and this means that 
the three fluxes due to the three voltages also make a symmetrical system, 
i.e., the three fluxes are shifted in time by 120° and 240° respectively. Since 
the sum of the instantaneous values of the three fluxes is therefore equal to 
zero at any instant of time, it follows that the three magnetic circuits can be 
connected just as the three current circuits of a 3-phase electric system, for 
instance in a star in which the return conductor can be omitted. 

It is seen from Fig. 6-1 that the magnetic path is not the same for all 
three fluxes, being longer for the outer cores than for the inner core. As a 
consequence, the magnetizing current is not the same in the three phases. 
However, since the magnetizing current is small, the 3-phase transformer can 
be considered as a symmetrical 3-phase system, i.e., the three phases can be 
treated as being equal. It then follows that the voltage diagrams derived in 
Chapters 3, 4, and 5 for the single-phase transformer also apply to one phase 
of the 3-phase transformer. The same is true of the equivalent circuit of the 
single-phase transformer. Also the no-load and short-circuit tests used to 
determine the parameters of the single-phase transformer (see Chapter 8) 
hold equally well for the 3-phase transformer. 

If, in general, is the number of primary phases and the number of 
secondary phases, then the power output of the secondary of the transformer 
is 

( 6 - 1 ) 

and the primary power input 

= cos (f>j 

Tj, V 2 , /i, and /g are respectively phase voltages and currents. 


(6-2) 





Chapter 7 


VOLTAGE REGULATION: THE KAPP DIAGRAM 


7-1. Voltage regulation: the Kapp diagram. An important factor in 
transformer operation is the voltage regulation. The regulation is defined as 
the change in secondary voltage, expressed as a percent of rated secondary 
voltage, which occurs when rated kva output (as a specified power factor) 
is reduced to zero, with the primary impressed terminal voltage maintained 
constant. The defining equation for percent regulation is 


€-:100 


2 no-load 


- V 


2 rated 


V 


2 rated 


If the multiplying factor 100 is omitted, the regulation will be given in 
per-unit (the per-unit method of calculation is explained in detail in Chapter 
8 ). If all voltages are referred to the primary, as in the phasor diagrams 
previously used, the regulation will be 


€ == 100 


V - 
_ * 2 

V T / 

2 raf. 


rated 


(7-1) 


Since the voltage regulation is defined in terms of full-load conditions and 
since the full-load current is large in comparison to the magnetizing current 
7^,, it frequently is permissible to neglect the effect of l„^ in considering the 
voltage regulation. This may not be done, however, if calculations are made 
for small loads, or in very .small KVA transformers. 

If Ijn is neglected, it will be observed from Eq. 3-4 that this means F,,, is 
assumed zero, or in other words that ^ 1^2 which is practically true at 
full-load. Eq. 5-8 then becomes 

(7-2) 

Since 

^2 ^ ^2 ^ j ^2 + J ^2 + j ^2 


Eq. 7-2 may be written as 

!>, = /,((r, + r,’) +j(x, + x,')| f +jX,') = I,Z, 4 V,' (7-3) 


■Z. (r, + r^') 4 j{x^ + x^') = R, +jX, 

50 


where 


(7-4) 
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Ze is the equivalent impedance of the transformer referred to the primary, 
is the equivalent resistance, and the equivalent leakage reactance. How 
these values may be determined from a short-circuit test is explained in 
Chapter 8. The phasor diagram for Eqs. 7-3 and 7-4 is shown in Fig, 7-1; 
it is often referred to as the Kapp Trans¬ 
former Diagram. In this diagram the 
current 1^ —Ii is assumed to be the rated 
full-load current, and Vf ~0A is rated 
secondary terminal voltage, drawn at 
angle to If, as given by the load power 
factor. Further AB-IfR^ and BC~ 

IfXe- Vj=OC is the primary-terminal 
voltage. If a circle with radius OC and 
center at O cuts OA extended at D, then 
the regulation in per-unit is e — AD/Vf. 

It is not feasible to graphically determine 
the regulation from this diagram since 
ordinarily Vf and F, are very large com¬ 
pared to Cy. and Hence an analytical 
method such as given in the following is 
usually required. 

In order to calculate the regulation, 
the quantities may be expressed either in 
volts, amperes and ohms, or in per-unit 
values. If per-unit values, then c,. and e^ are calculated as er—lfRejVf and 
ej. — IfX^IVf, where If is in amperes, Vf in volts, R^ and in ohms. In 
the per-unit calculations then Vf = \ and If = I^ — \, and Fj will be in per- 
unit, for rated loads. 

In calculating the regulation, it is always assumed that Vf and If are at 
rated full-load values as per nameplate data. The problem is then to deter¬ 
mine F, and then the regulation, Eq. 7-1. In the operation of a transformer 
Fj may be fixed and the problem will be then to determine V f. Both problems 
are outlined in the following. 

Referring to Fig. 7-1 in which the quantities may be in volts—amps— 
ohms, or in p-u: 

OH=OA AH =^Vf^^AH 

\\ J(0HYT{CHY - n /{ 

where AH — AM +MH, and MH ~SB—e^ sin (f> 2 , therefore 

AH =ej. cos (f >2 4 sin (f)^ 

CH—CS - MB — e^ cos <^2 “ sin 02 
Fj = f 4 - e^ sin 02 + cos 02)^ 4- (e^ cos 02 - Cr sin 02)^ 

\\^J(Vf cos 02 + e,.)2 4'(F2' sin (t >2 + efj^ 



Fi( 3. 7-1. Kapp diagram of 
a transformer. 


and 

hence 

also 


(7-5) 

(7-5a) 
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Equations 7-6 have been derived for /g' lagging Fg'. In general 

Fi = >/(F 2 ± e* sin <^2 + cos <^ 2 )* ■+• cos (f> 2 T sin <^ 2 )^ (7-6) 

where the upper signs refer to lagging, and lower signs to leading current. It 
may be observed that for cos <^2 ~ 1 ^cll as for current lagging V 2 that 

F,>F2'. 

In case of current leading it is possible that Fi< Fg'. The student should 
write Eq. 7-6 for <^2 = 6 , leading current. Having deter¬ 

mined Fj the regulation may be determined from Eq. 7 - 1 . 

If Fj is assumed and Fg' is to be calculated, it may be shown that 
V 2 —OH - AH, OH — J- (CH)^ and Fg' calculated as, 

Fg' ~ n/Fi* - (Cap COS ^2 ^ sin <f>2)^ - {Cr COS <^2 r siu <^ 2 ) (7-7) 

where the lower signs apply to lagging current, and upper signs to leading 
current. 

When Cr and are expressed in per unit, the AIEE Standards give the 
approximate equation for the transformer regulation as 


€—er cos <f >2 i: sin <f >2 


cos 4>2 Ttr sin ^g)^ 


(7-8) 



Fig. 7-2. Variation of with as V./ 
and 1 2 remain constant. 


where upper signs are for lagging cur¬ 
rent and lower for leading current. 

The above calculations are not only 
applicable to the transformer, but to 
any single generator connected to a 
load through an impedance which 
may be reduced to the form +j^e 
as in Eq. 7-4. Eq. 7-8 is not to be 
used, however, unless R^ and are 
relatively small compared to the load 
impedance, as is the usual case for the 
normal power transformer. 

Table 7-1* shows the typical 
regulation of 3-phase transformers of 
various voltage and kva rating. 

Fig. 7-2 shows the phasor diagram 
for a transformer in which 1 2 and Fg' 
are assumed constant in magnitude, 
the independent variable is <^ 2 * OA = 
e^^AB — e^, (f >2 = angle between current 
1 2 and F 2 '. For (^2 6 , Fg' - BCa and 


* From Westinghouse Electrlcdl Transmission and Distribution Reference Book, 
Fourth Edition. 



VOLTAGE REGULATION: THE KAPP DIAGRAM 


53 


Table 7-1 


APPROXIMATE REGULATION FOR 60-CYCLE, 
3-PHASE, power transformers AT FULL-LOAD 


kv 

Lagging Power 
Factor 

1 Percent Regulation 

100 kva 

10,000 kva 

100,000 kva 

15 

80 

4.2 

3.9 



90 

3.3 

3.1 



100 

1.1 

0.7 


34.5 

80 

5.0 

4.8 



90 

4.0 

3.7 



100 

1.2 

0.8 


69 

80 

6.1 

5.7 

5.5 


90 

4.9 

4.4 

4.2 


100 

1.4 

0.9 

0.6 

138 

80 

7.7 

7.2 

7.0 


90 

1 6.2 

5.6 

5.4 


100 

1.8 

1.2 

0.9 

230 

80 


9.7 

9.4 


90 


7.6 

7.3 


100 


1.7 

1.3 


y^ = OC^, For <f) 2 b, current lagging, ¥2 —BCf, and Vi~OC^. For <f> 2 c current 
leading, V 2 = BC^ and V^—OCc- It is seen that numerically BC^ — BCi, — BCc 
(B being center of circle C^, (7«, for constant V 2 ), and OC^>OCa>OCc are 
the required primary terminal voltages Fj for the various load powerfactors. 
The student should construct a similar diagram assuming Fj = constant to 
show corresponding variation in Fg' with 



Chapter 8 


DETERMINATION OF PARAMETERS FROM A 
NO-LOAD AND A SHORT-CIRCUIT TEST 


It is possible with a no-load test and a short-circuit test to determine the 
six parameters of the transformer and, from these, its regulation and effi¬ 
ciency. 

8-1. The no-load test. In this discussion only the 2-winding transformer 
will be considered. Rated voltage Fj is impressed upon either winding of the 

transformer, with the other winding open, 
and the no-load power input and the 
no-load current 1q are recorded. Usually, 
rated voltage is applied to the low-voltage 
winding. Fig. 8-1 shows the test circuit 
used, rj, the resistance of the winding 
excited, is measured with d-c, and the 
temperature of the cooling medium is re¬ 
corded. 

Fig. 8-2 shows the equivalent circuit of the transformer at no-load. This 
may be easily deduced from Fig. 5-6; at no-load the load impedance is 
infinite and the circuit reduces to that of Fig. 8-2. 

Given Fj, Pq, /q, and r,, the parameters and 
may be determined. 

The core loss Ph+e is approximately equal to 
the no-load loss Pq since the copper loss 
due to the no-load current, is usually small. 

From Eq. 3-9 

or Ei^Vi±l^j (8-1) 

where is the leakage reactance of the primary 
winding, the determination of which is dis¬ 
cussed in Art. 8-2 which follows. 

Since E^ is the voltage across the main fiux impedance (Fig. 8-2), 
and Tm is small in comparison with x„t, 
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r, X, 




F =F 


Fig. 8-2. Equivalent circuit 
for no-load condition. 
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The main flux resistance is given by Eqs. 5-9 and 5-10 


(8-2) 


r^,= 


"a 2 4- 6 2^ 

ifm “ 

where g^, the main flux conductance is 


Qm 

Kj 




(8-3) 


Qm 


Pfi^e 


Po 

V^2 


(8-4) 


Thus both and can be readily determined if x^ is known. It should be 
noted that the parameters determined from the no-load readings are in 
terms of the winding in which the readings were taken. 


8-2. The short-circuit test. In this test a reduced voltage is applied to 
one winding, usually the high-voltage winding, with the other winding 
solidly short-circuited. The reduced voltage 


-(a)- 



r sc, frequently called the impedance volt¬ 
age, is selected so that the short-circuit 
current I^c will not damage the windings. 

/^c will usually be chosen as full load 
current. 

Fig. 8-3 shows the circuit employed for 
this test, and Fig. 8-4 shows the equiv¬ 
alent circuit for short-circuit conditions. 

Since Fg- 0 and (rg' is small in comparison with very little current 

will flow through the magnetizing branch. Therefore, the main flux and the 


Fig. 8-3. 


Circuit for short-circuit 
test. 


r, Tj' 0 * 2 ' 

9—vvwv^TWP-vww^rm^ 


Vsc 


6 - 

Fig. 8 4. Equivalent circuit for short- 
circuit condition. 


iron losses are very small, and the power consists essentially of the copper 
losses in both windings. 

The power at short circuit is the total copper loss of the transformer. 
Because of skin effect, may be greater than the ohmic copper losses. The 
skin effect will be neglected in this chapter. 
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From Fig. 8 -4 

(8-5) 

“*80 

(S^) 

X, = JZ^-Rj^ (8-7) 

Zg, and X^, are called equivalent impedance, equivalent resistance, and 
equivalent leakage reactance respectively. It is generally assumed that 

x,=ra;2' = 4/ (8-8) 

Once again it should be noted that the parameters are in terms of the 
winding in which the instrument readings were taken. 

Since the equivalent resistance is the sum of r, and r.^, it follows that 

r^=^R^-r^ (8-9) 

According to AIEE Standards the resistances must be corrected to 75°C 
when calculating the regulation and efficiency from the equivalent circuit. 
This will be shown in the example of Art. 8-4. 

Normally at rated current the voltage Fgc is 2 to 4% of rated voltage for 
low-voltage transformers (up to 2300 volts) and from 5 to 10% for high 
voltage transformers (up to 275 kv). 

8-3. Transformer efficiency. The efficiency of a transformer may be 
obtained by direct loading or by the method of losses. The method of losses 
is used exclusively in commercial work. If the no-load losses (Pq^^P^^^^) 
and the load losses are known, at rated voltage and rated current 

respectively, the efficiency is 

_ output _ kva X 10^ X cos 

^ output -I- losses kva X 1()3 x cos (jk -l Ii^Re f Ph^e ^ ^ ^ 


8-4. Per unit calculation. When the parameters, voltage drops, losses, 
etc., of a transformer are expressed in ohms, volts, and watts, they apply 
only to the transformer being considered. It is possible to express the para¬ 
meters, voltage drops, etc., of the transformer so that these quantities, al¬ 
though determined for a certain case, become general, i.e., applicable to a 
wide range of ratings, sizes, voltages, etc. For this reason certain units 
(base values) have to be defined and the quantities mentioned above ex¬ 
pressed as fractions of these units. The quantities so expressed are then 
referred to as resistances, reactances, voltage drops, etc., on a per-unit basis 
or in p-u. 
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It is usual to assume the following units: 

Unit voltage = primary voltage 

Unit current = primary full-load current 

• j voltage primary voltage 

Unit impedance = —tt- — = _ —f :—^ - 

unit current primary full-load current 

Unit power — primary input 

The advantages of the per-unit calculation are shown by the following 
example: 

Consider two 500 kva transformers designed for different voltages and 
having the following data: 

(a) 500 kva, 42,000/2400 volts, 60 cycles, 

rj = 19.5 ohms, r 2 = 0.055 ohm, a:rj=:30.5 ohms, a :2 = 0.120 ohm, 
a = 42,000/2400= 17.5, 306.3, rg'-0.055 x 306.3= 16.84 ohms, 

^ 2 ' ==0.120 X 306.3 — 36.8 ohms, and 

(b) 500 kva, 84,000/2400 volts, 60 cycles, 

r, =78.0 r 2 ' = 67.4 a:i = 158 2 : 2 '= 147.2 ohms, a—35 

If each of these transformers is treated on the p-u basis, the results will 
be: 

(a) Unit current = 500/42 = 11.91 amp; unit impedances = 42,000/11.91 = 
3528 ohms. 

Therefore 

ri = 19.5/3528 = 0.00553 r^' = 16.84/3528 = 0.00478 

X, = 39.5/3528 = 0.0118 X2' = 36.H /3528 = 0.01043. 

(b) Unit current = 500/84 = 5.95 ; unit impedance = 84,000/5.95 = 14130 ohms. 

rj = 78/14,130 = 0.00552 r/ = 67.4/14,130 = 0.00478 

X, = 158/14,130 = 0.0118 :r2' = 147.2/14,130 = 0.01043. 

Both transformers have different ratings and therefore different constants 
when expressed in ohms. However, when expressed in p-u, the parameters of 
both transformers are equal. 

Example. A lOO-kva, 2200/220-volt, 60-cycle transformer is tested on open- 
circuit at no-load and short-circuit at 25°C and the following readings are recorded: 

Open circuit (H.V. winding open) Short circuit (L.V. winding short-circuited 
Fj = 220 volts Fsp = 70 volts 

/q = 18 amp Isc. = 45.5 amp = /j rated 

= 980 watts Psc = 1050 watts 

The resistance of the high-voltage winding after the short-circuit test was 0.24 
ohm, and the temperature was 25°C. a = 2200/220 = 10. 

Required: the parameters of the equivalent circuit, the regulation at full-load 
unity p.f. and 0.80 p.f. lagging, and the efficiency at unity p.f. and 0.80 p.f. lagging: 
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. , , 100,000 

7,(rated) = 

= 45.5 amp 


= 1.54 ohms 


= 0.507 ohm 

JC, =7(1.54)*-(0.507)* 

= 1.46 ohms 

2^4 5 - 1 - 75 

i?,(75°C) =0.507 25 

= 0.605 ohm 


= 0.286 ohm 

= JRg- ri = 0.605 - 0.286 

= 0.319 ohm 

^ 1 =^ 2 ' 

= 0.73 ohm 

P,, ,, = 980-(1.80)2x0.24 

= 979 watts 

A\= 2200-1.80x0.73 

= 2200 volts 

2200 

'*’”‘“'1.80 

== 1222 ohms 

979 

“ (2200)* 

= 0.000202 mho 

=0.000202 X (1222)* 

= 302 ohms 


Unit voltage —220 x 10 — 2200 volts ( V^') 
Unit current =45.5 amp 
Unit impedance =48.4 ohmvS 


0.605 

^"" 48 ^ 


0.0125 


1.46 


0.0302 


Regulation at unity p.f. (Eq. 7-8): 


Reg. =0.0125 


= 0.0125 +0.000455 =0.0130 


Regulation at 0.80 p.f. lagging (Eq. 7-8): 


Reg. =0.80 X 0.0125 + 0.60 x 0 0302 + 


(0.80 X 0.0302 - 0.60 x 0.0125)* 

. 9 , 





PROBLEMS 

Open-circuit and short-circuit tests were taken on three single-phase trans¬ 
formers, and the following data were recorded. 



E 

F 

G 


10 kva 

90 kva 

5000 kva 


2200/110 

11,000/2200 

14,000/4000 


60 cycles 

60 cycles 

60 cycles 

\\ volts 

110 

2200 

4000 

/q amp 

18 

1.70 

55.3 

Pq watts 

68 

1010 

28,100 

Fgc volts 

112 

550 

895 

JTgp amp 

4.55 

8.18 

357 

Pbc watts 

218 

995 

37,800 

ohms (at 25°C) 

5.70 

8.0 

0.16 


1. Determine the six parameters of the equivalent circuit for transformer E. 

2. Repeat Problem 1 for transformer F. 

3. Repeat Problem 1 for transformer G. 

4. Determine the regulation and efficiency of transformer E at rated load 
current, unity and 0.80 lagging p.f. Determine the efficiency at J, J and | load 
unity and 0.80 lagging p.f. 

5. Repeat Problem 4 for transformer F. 

6. Repeat Problem 4 for transformer G. 

7. Using the Kapp diagram, determine the regulation of transformer A, Chap¬ 
ter 5 (p. 46), at unity, 0.80 lagging and 0.80 leading p.f. 

8. Repeat Problem 7 for transformer R, Chapter 5 (p. 46). 

9. Repeat Problem 7 for transformer (7, Chapter 6 (p. 46). 
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10. Repeat Problem 7 for transformer D, Chapter 5 (p. 46). 

11. A 500-kva 42,000/2400-volt, 60-cycle transformer has parameters ri= 19.5, 
fg = 0.055, a;i = 39.5, and =0.120. The core loss and copper loss are equal at 
full-load. Determine the regulation and efficiency at unity, 0.80 lagging and 0.80 
leading p.f. 

12. A 500-kva, 2300/230-volt, 60-cycle transformer services both a lighting and a 
power load. The copper loss is 0.0105 p-u and the core loss 0.0102 with rated full¬ 
load current. The transformer is connected continuously to the supply mains. The 
load is 350 kw at 0.80 p.f. lagging for 10 hr, 450 kw at 0.95 p.f. lagging for 2 hr, and 
idle the remainder of the day. What is the all-day efficiency? 


All-day efficiency = 


Total kw-hr oui put in 24 hr 
Total kw-hr input in 24 hr 


13. Determine the all-day efficiency of a 100-kva transformer having core and 
copper losses at full-load current equal to 0.011 p u^ and supplying the following 
load cycle 


kw 

vi- 

80 

0.85 5 

45 

0.75 4 

100 

I.O 2 

idle 

13 

14. A 75-kva 230/115-volt 60-cycle single-phase transformer was tested at no- 
load and short-circuit, and the following p-u data were recorded: 

Fi = 1.0 

F„ =0.041 

/o =0.025 

/«. = i.o 

Po = 0.0I 

Ac =0.016 


Determine the regulation and efficiency at full-load, unity p.f , 0 80 p.f lagging 
and 0.80 p.f. leading. 

What is the efficiency of this transformer at J, J, J, and 1J load current, 0.80 p.f. 
lagging? 

15. Prove by means of the calculus that maximum transformer efficiency occurs 
when copper losses are equal to core losses. 

16. What is the primary voltage required if the transformer of Problem 14 
is to deliver 50 kva at 115 volts at 0.80 p.f. lagging? 



Chapter 9 


SHAPE OF THE NO-LOAD AND 
LOAD-CURRENT WAVE 


9-1. Shape of the no-load and load-current wave. It has been ex¬ 
plained that at no-load the primary applied voltage is practically balanced 
by the counter emf - because the resistance drop and leakage reactance 
drop are negligible at no-load. At any instant therefore 1 ;^Since the 
supply line voltages are usually sinusoidal, and therefore also Cj can be 
assumed sinusoidal Thus 


= - 61 = - sin oj^ = A, 


From this it follows that the main flux 



cos ojt 


cos cotf 


( 9 - 2 ) 


i.e., the sinusoidal primary voltage produces a sinusoidal flux at no-load. 
The primary current, however, will not be sinusoidal, but will be distorted. 
This is due to the fact that the flux is not directly proportional to the mag¬ 
netizing current but is determined by the magnetization curve of the steel 
used for the laminations. 

Assume at first that there is no hysteresis loss in the iron. Then and 
are related to each other by the magnetization curve in Fig. 9-la. In Fig. 
9-lb, (f) represents the sinusoidal flux necessary to balance the primary 



Fig. 9-1. Shape of the reactive component of the no-load current of the 
transformer. (Eddy current and hysteresis loss neglected.) 

61 
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voltage. If to each value of the magnetizing current is taken from Fig. 
9~la and plotted as in Fig. 9-lb a peaked curve for will be found. Although 
the flux is sinusoidal, is not sinusoidal. On resolving the curve of into a 
Fourier series a large 3rd harmonic will be found. 



Fig. 9- 2. Shape of the reactive and hysteresis components of the 
no-loa<l current of the transformer. (Hysteresis loss considered.) 



Fig. 9-3. Magnetizing current component and hysteresis current component of 
the no-load current of a transformer. 

Considering now the case where hysteresis is present, <f> and are related 
to each other by the hysteresis loop (Fig. 9-2a). Applying the same method 
of construction as before, a curve for the current (ij) will be obtained 
(Fig. 9-2b) which is no longer symmetrical about its peak but is of the same 
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general shape as in Fig. 9-lb. Here also a large 3rd harmonic is observed. 

The current wave i„' contains the magnetizing current component and 
the hysteresis current component (see Fig. 3-2). The latter current is an 
active current in phase with -e^. In Fig. 9-3 is drawn in phase with -e,. 
Subtracting the curve from the curve ij, the same curve for results as 
in Fig. 9-lb; it is in phase with the flux <f>. In order to get the total no-load 
current i^, the eddy-current component i,, which is also in phase with -e„ 
has to be added to the current curve 
The results found in the foregoing apply to no-load. When the trans¬ 
former is loaded and the load current is sinusoidal as it ordinarily is, the load 
current will smooth out the primary current, since the primary current at 
any instant is equal to the sum of the secondary current and magnetizing 
current. 



Chapter 10 


TRANSFORMER POLARITY 
POLYPHASE CONNECTIONS 


10-1. Transformer polarity. Transformers, single-phase or polyphase, 
have all leads marked with a standard system of lettering designating the 
transformer polarity. In order to connect windings of the same transformer 
in parallel, or to interconnect two or more transformers in parallel, or to 
connect single-phase transformers for polyphase transformation of voltages, 
it is necessary to know the lead marking. Transformer manufacturers usually 
follow a standard marking scheme. 

Transformer polarity marking designates the relative instantaneous directions 
of current in the transformer leads. High-voltage leads are designated with 

the letter H, low-voltage leads with X, and 
tertiary leads with T, each with a suitable 
subscript 1, 2, 3, 4, etc., depending upon 
the number of leads. Fig. 10-1 shows the 
directions of instantaneous currents and in¬ 
duced voltages for power supplied to the 
high-voltage winding and a load connected 
to the low-voltage winding. In Fig. 10a both 
windings are wound in the same direction; 
in Fig. 10b, in opposite directions. The cur¬ 
rents are indicated by closed arrows, and the 
induced voltages by open arrows. A high- 
and a low-voltage lead have the same polar- 

Subtractive Polarity 



Fig. 10-1. Transformer polarity 
designation. 


Additive Polarity ity if, at a given instant, the current enters 
the high-voltage lead and leaves the low- 
voltage lead (or vice versa), thus giving the 
effect as though the two leads belonged to a 
continuous circuit. Thus, in Fig. 10-1, and Xj have the same polarity. This 
means that in single-phase transformers the marking of the leads is such that 
when Hi and Xj are connected together and voltage applied to either side of 
the transformer, the voltage measured between the highest subscript //-lead 
and the highest subscript X-lead is always less than the voltage of the com- 
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plete high-voltage winding. Instantaneously the terminal voltage from to 
H 2 in Fig. 10-1 is in time phase with the voltage to 

Viewing the transformer from the high-voltage side, the //j-lead is usually 
brought out on the right side as shown in Fig. 10-1. When the and Xi 
leads are adjacent, the polarity is said to be subtractive, and when is 
diagonally opposite Xj, the polarity designation is additive. Fig. 10-1 shows 
both subtractive and additive polarity designations. 



Fig. 10-2. A-c polarity test of Fig. 10-3. D-c 

a transformer. polarity test of a 

transformer. 


Tests to determine the polarity of unmarked transformers are quite simple 
to perform. An adjacent high- and low-voltage terminal are connected to¬ 
gether, as shown in Fig. 10-2, and the voltage between the other two adjacent 
terminals measured when an a-c voltage is impressed on the high-voltage 
winding. If the voltmeter reading is greater than the voltage impressed on 
the high-voltage winding, the polarity is additive; if less, the polarity is 
subtractive. 

Fig. 10-3 shows a method of determining polarity using a dry cell, a 
switch, and a d-c voltmeter. Either winding of the transformer is placed 
across the battery with the switch S in the circuit, and the voltmeter is 
placed across the same terminals to read upscale. The voltmeter terminals 
are then transferred directly across to adjacent terminals of the other winding. 
The switch S is suddenly opened, and the meter deflection is observed: an 
upscale deflection indicates additive polarity ; a downscale deflection, sub¬ 
tractive polarity. This test is advantageous when the turn ratio is very high 
but must be used with caution because of the high voltages of self-induction 
which may appear when the switch is opened. 

Fig. 10-4 shows the manner of connection for a transformer having a 
single H-V winding and two L-V windings, such as a transformer rated at 
440-220/110 volts. Fig. 10-4a shows the L-V winding connected in series for 



66 


A-C MACHINES 



Fig. 10-4. Series and parallel connection of the secondary windings 
of dual voltage transformer. 


220 volts and Fig. 10-4b shows the parallel connection for 100 volts. In 
instrument transformers the windings terminals are frequently merely 
dotted, as shown in Figs. 10-1 and 10-4. The dots are indicative of terminals 
having the same polarity. The sequence X^, X^, Xg, X^, in Fig. 10-4 is 
deliberate in order to simplify the scheme of connections for either series or 
parallel operation of the L-V windings. 

10-2. Polyphase connections (3-phase-3-phase). The generation of 
large-scale power is usually 3-phase at generator voltages of 13.2 kv or 
slightly higher. Transmission is accomplished at higher voltages (66, 110, 132, 
220, 275 kv), and transformers are therefore necessary to step-up the voltages 
from the generators to that of the transmission line. At load centers the 
transmission voltage must be reduced to distribution voltages (6600, 4600, 
2300 volts) and, at most consumers, the distribution voltages must be reduced 
to utilization voltages of about 440, 220, or 110 volts. 

Polyphase transformation of 3-phase voltages may be accomplished either 
by using banks of interconnected single-phase transformers or by using 
polyphase transformers. Years ago the use of single-phase transformers in 
banks was the accepted method, but today, with improvement in transformer 
design and manufacture, the polyphase transformer is commonly used. 
Various methods of transforming 3-phase voltages to higher or lower 3-phase 
voltages are available. The most common connections are: (a) delta-delta; 
(b) wye-wye; (c) delta-wye; (d) wye-delta; (e) open-delta; (f) T. 

(a) Delta-delta (A-A) connection. Fig. 10-5 shows the A-A connection of 
three identical single-phase transformers. The secondary winding ab corre¬ 
sponds to the primary AB ', the polarity of terminal a is the same as that of 
The phasor diagrams neglect the magnetizing current and impedance drops 
in the transformers and are drawn for unity power factor between phase 
voltage and phase current. Thus I is in phase with V As in previous 
diagrams, primary and secondary terminal voltages, and also primary and 
secondary currents, are opposite in phase so that F^o corresponds to Vab- 
Corresponding to cos = 1 between phase voltage and phase current, is 
in phase with V^a- The phasor diagrams are shown for a balanced load. It 
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Fig. 10-5. Delta-Delta connection of transformers. 


should be noted that the line currents are ^^3 times the phase currents and 
are displaced 30^ behind the phase currents; the 30° displacement angle 
always exists for all balanced loads regardless of power factor. For identical 
transformers, having equal ratios of transformation and equal impedances, 
no circulating current exists within either primary or secondary delta, and 
the transformers will share the total load equally ; for example, three trans¬ 
formers supplying a 30()-kva load will each assume 100 kva of the load. The 
ratio of transformation between banks is the same as that of the individual 
transformer. 

In order for the output voltage to be sinusoidal, the magnetizing current of 
a transformer must contain a third-harmonic component (see Art. 9-1). 
Since the third-harmonic components of current of the three phases are 
displaced from each other by 3 x 120 — 360°, they are all in phase and produce 
a single-phase third-harmonic current circulating within the A ; this com¬ 
ponent of current helps to produce the sinusoidal flux, and the secondary 
voltage is therefore sinusoidal. 

The A-A connection offers an added advantage in that it may be operated 
in open-delta should one transformer be lost; the capacity available is then 
reduced: this is explained under (e). 

(b) Wye-Wye (Y-Y) connection. For this connection the phasor diagrams 
can be drawn in the same manner as for the A-A connection. The line voltage 
is ^3 times the phase voltage, and the two are displaced from each other by 
30°. The transformation ratio between primary and secondary line voltages 
or line currents is the same as that of the individual transformer. 
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Y-Y banks are operated with grounded neutrals, i.e., the neutral of the 
primary is connected to the neutral of the power source. With an isolated 
neutral any unbalance in load or any single-phase load connected across one 
transformer or between lines will cause the electrical neutral to shift position 
and the phase voltages will become unbalanced. A grounded neutral prevents 



Fig. !()-(). Wye-Wye connection with isolated neutral; 

(a) balanced load; (b) unbalanced load. 

this very unsatisfactory condition of operation. Fig. 10-6 shows the con¬ 
ditions existing when the neutral is isolated. In Fig. 10 6a the load is balanced, 
and in Fig. 10-6b the load is unbalanced. 

With an isolated neutral the third-harmonic components of current in the 
primary cancel one another within the phases and the transformer flux is then 
non-sinusoidal, thus producing non-sinusoidal phase voltages; however, the line 
voltages are sinusoidal. Such harmonic voltages are undesirable because of 
the stresses which they may produce on the insulation of the windings. The 
use of a grounded neutral or a tertiary A winding will allow a path for the 
third-harmonic current and thus produce a sinusoidal flux and a sinusoidal 
phase voltage. 

(c) Delta-wye (A-Y) connection. Fig. 10-7 shows the connections and 
phasor diagrams for the A-Y arrangement supplying a balanced unity j^ower 
factor load. The phasor diagrams may be deduced from the diagram of 
Fig. 10-5. Primary and secondary line voltages and line currents are observed 
to be out of phase with each other by 30'^. The ratio of primary to secondary 
line voltages is l/\/3 times the transformation ratio for one transformer of the 
bank. No difficulty regarding third-harmonic currents appears since the 
existence of a J connection allows a path for these currents. The use of such 
a bank permits a grounded neutral on the secondary side, thus providing a 
4-wire 3-phase service. Unbalance in loadings causes very slight voltage 
unbalance since the transformer primaries are connected in delta. 

Because of the 30° shift in primary and secondary voltages, it is not pos¬ 
sible to parallel such a bank with a A-A or Y-Y bank of transformers. 

The secondary phasor diagrams of Fig. 10-7 may not appear to be com¬ 
pletely consistent with those of Fig. 10-5 unless rotated through 180°, thus 
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causing Vt,a be (180''4-30°) out of phase with Vm. This is entirely due to 
the arbitrarily assumed positive directions of currents in the wye. 

(d) Wye-delta (Y-J) connection. This connection is very similar to that of 
the A-Y connection. A 30° shift in line voltages appears between primary and 
secondary, and third-harmonic currents flow within the A to provide a 
sinusoidal flux. The ratio between primary and secondary voltages is Jz 
times the transformer turn ratio. When operated in Y-Zl, it is customary and 
desirable to ground the primary neutral, thus connecting it 4-wire. 

(e) Open-delta (V-V) or V connection. An advantage of the A-A connection 

is found in the fact that if one of the transformers be removed from the bank, 
due to a fault or otherwise, the remaining two will continue to deliver a 
3-phase output to the load. If transformer I be removed from the bank on 
both primary and secondary sides in Fig, 10-5, the same line voltages V 
Vec^ Vca^ Vcb^ appear in the phasor diagrams. Vab and \\a 

appear as the sum of the voltages of transformers II and III. If the same 
unity-power-factor load is applied as in the discussion for the A-A bank, the 
currents and Ic must appear in the same phase relationship to the line 

voltages as in Fig. 10-5. Therefore, the phase voltages and phase currents 
are out of phase by 30°, since phase and line currents are identical in the V 
connection. As a result, at unity-power-factor the transformers II and III 
operate at a power factor of 0.866. 

In the open-delta connection the combined capacity of the two trans¬ 
formers, i.e., § of the 3-phase output, is not available if the transformers 
are not to he overloaded. If the A-A bank supplies a load of V^Ii 
volt-amperes, then the open-delta bank is able to supply J3 Vi(IilJ3) 
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volt-amperes at the same copper losses since the line current becomes the 
transformed current in the open-delta connection. The ratio of the open-delta 
to J-d volt-amperes is thus l/Vs = 0.577. Hence only 0.866 of the combined 
single-phase capacity is available (0.577/0.667) when two transformers are 
used in open-delta. This factor is sometimes called the utility factor. 



B Primary Secondary b 



Fig. 10-8. T-connection of transformers. 


(f) T connection (Fig. 10-8) employing two transformers for 3-phase to 

3 - phase transformation. The main transformer AC requires a center tap and 
the teaser transformer DB an 0.866 tap, or it may be wound with 86.6% 
of the turns on the main transformer. For loads of unity power-factor the 
teaser and each half of the main transformer all operate at different power 
factors, thus producing voltage unbalance. Where the teaser is wound with 
the proper number of turns (no tap), the utility factor is 0.928; when the tap 
is employed and 0.134 turn is unused, the utility factor is 0.866. The student 
should prove these relations. It is possible to use (in cases of emergency) two 
identical transformers having the same number of turns in main and teaser 
if some slight unbalance is not objectionable. 

10-3. Polyphase connection: 2-phase to 3-phase, or vice versa. This 
connection known as the Scott Connection is shown in Fig. 10-9. Modern dis¬ 
tribution systems are 3-phase, but where older 2-phase systems are in use 
the Scott Connection enables transformation to 3-phase power, either 3- or 

4- wire. The connection is best studied with an example: in Fig. 10-9 the main 
transformer is rated at 2400/208 volts and has a center tap d on the secondary 
side; the teaser transformer can be identical but requires an 86.6% tap point 
6, providing a voltage of 180 volts. For these transformers supplying a 
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Fig. 10-9. Scott-connection (2- to 3-phase transformation, or vice versa). 


100-kw unity-power-factor load with losses neglected, the following results 
are tabulated: 


If, load 

Teaser power factor 
Main power factor (dc) 
Main power factor (da) 
Power (teaser) 

Power (main) 


100,000 

’n/3 x 208' 


: 278 amp 


= unity 
- 0.866 
- 0.866 

= 180x278=50 kw 
= 2(104x278x0.866) = 


50 kw 


Ratio of transformation (teaser) = 2400/180 — 13.33 
Ratio of transformation (main) = 2400/208 = 11.53 
Primary current (teaser) =20.8 amp 

Primary current (main) =24.1 amp 


It is noted that the teaser operates at unity p.f. while each half of the 
main operates at a p.f. of 0.866. Had the load p.f. been 0.866 lagging, the 
current phasors on the load phasor diagram would rotate 30° clockwise and 
the power factors would become: teaser 0.866, one half of main 0.50, other 
half of main 1.00. Because of the different power output from the teaser and 
the two halves of the main transformer, some voltage unbalance then results. 


10^. Polyphase connections: 3-phase to 6-phase. Where synchronous 
converters or mercury arc rectifiers require 6-phase power, transformation 
may be accomplished by one of the following three common schemes of 
connections: (a) diametrical connection; (b) double-wye; (c) double-delta. 
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(a) Fig. 10-10 shows the diametrical connection (only the secondaries 
shown). Three transformers, having center-tapped secondaries, are necessary. 
The leads a^cjb^a^c^h^ are connected to the rings of a 6-phase converter or the 
anodes of a mercury arc rectifier. This connection is a true 6-phase connection 
which yields 6-phase voltages between the six leads regardless of whether or 
not a load is connected. The neutral of the bank may be grounded and used 
as the neutral wire of a 3-wire d-c system employing a converter. When the 
transformers are used with a mercury arc rectifier, the neutral constitutes 
the negative side of the d-c output. 

(b) Fig. 10-11 shows the douhle-wye connection. Each transformer requires 
two identical secondary windings. Two separate wye connections are arranged 
as shown in Fig. 10-11 so that the voltages available from terminals a^^c^ 
are opposite in phase to the voltages available from afi^c^. With the neutrals 
Wj and 7^2 connected, the system becomes identical with the diametrical 
arrangement of the previous discussion and is a true 6-phase system yielding 
voltages between terminals both with and without a load connected. With 
the neutrals n, and n^ separate, the two secondary wyes are not intercon¬ 
nected until a syrpmetrical 6-phase load is applied to terminals aycjb^a^c^^. 
Such an arrangement is not considered true 6-pha8e, but operates 6-phase 



Fig.* 10-12. Three- to six-phase transformation; double-delta connection. 
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when the load is present. When used with a 6-phase mercury arc rectifier, 
the double-wye connection is employed with a center-tapped reactance coil 
(called an interphase transformer) connecting and ng. The center tap 
constitutes the negative side of the d-c output. By using this arrangement 
two anodes are always firing together, each overlapped with the other by 
60 electrical degrees. With a solid connection between and just one 
anode fires at a time. 

(c) Fig. 10-12 shows the double-delta connection. Again two identical 
secondaries are necessary on each transformer. Two independent deltas are 
formed, and the load is necessary to make 6-phase operation complete. 
Without the load, 6-phase voltages are not obtainable between the terminals 

A double-T connection employing two transformers also may be used for 
3- to 6-phase transformation. The main requires a center-tapped primary and 
two identical center-tapped secondaries; the teaser requires an 86.6% tap on 
the primary and similar taps on each of two identical secondaries. 

By means of the Scott connection it is possible to transform from 2- to 
6-phase, using main and teaser transformers each having a single primary 
winding and two secondary windings, the main with center-tapped second¬ 
aries, and the teaser with 86.6% tapped windings. 

It should be noted here that phase transformation from single phase to 
polyphase cannot be accomplished with static transformers, and requires 
rotating equipment. 

PROBLEMS 

1. A 10,000-kva, 13,200-volt, 3-phase generator supplies power to a 3-phase, 
220-volt load by means of three single-phase transformers connected in a 3-phase 
bank. Determine the voltage, current, and kva ratings, and also the ratio of 
transformation for: 

(a) Y-A bank 

(b) Y-Ybank 

(c) A-Y bank 

(d) A-A bank 

2. Three identical 60-cycle power transformers are connected in a Y-J bank to 
transform voltages from a 440-volt, 3-phase, 3-wire distribution system, in order to 
supply a 220-volt 3-phase 3-wire load. If the operating flux density is 70,000 lines 
per sq in. and the mean core area 40 sq in., determine the number of turns in the 
primary and secondary windings. 

3. Three single-phase transformers are to be arranged in a 3-phase bank to 
supply a 120-volt. 4-wire system from a 3-wire, 6600-volt distribution line. The 
transformers are connected A-Y with the neutral grounded on the secondary side. 
If a balanced 300-kw unity power factor lighting load is supplied by this bank, 
determine: 

(a) Primary current and voltage ratings. 

(b) Secondary current and voltage ratings. 

(c) Ratio of transformation. 
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4. AY-A bank of transformers supplies a balanced load of 500 kw, 1100 volts 
0.85 power factor lagging. Determine primary and secondary voltages and currents. 
Draw a complete phasor diagram for primary and secondary. Line voltage = 11,000. 

5. Repeat Problem 4 for a Y connection. 

6. Repeat Problem 4 for a A-A connection. 

7. The leads of three special 220/81-volt transformers lack polarity markings 
and it is necessary to connect them in a A~Y bank in order to supply a S-phase 
synchronous converter requiring a ring voltage of 140 volts. How would you 
proceed to connect the transformers using a single lamp as the only test equipment 
available? 

8. If a fully loaded 50-HP, 208-volt, 4-pole induction motor having an efficiency 
of 91% and a power factor of 90% is placed in parallel with the lighting load of 
Problem 3 above determine: 

(a) Secondary current. 

(b) Primary current. 

(e) Transformer power factor. 

9. A 4600/440-volt Y-A bank of three identical transformers supplies three 
balanced 3-phase loads connected in parallel: (a) 75 kw at unity power factor; 
(b) 100 kva at 0.90 power factor lagging; (c) 50 kva at 0.85 power factor leading. 
Determine the transformer ratings necessary. 

10. A A-A bank of identical transformers carries a balanced 3-phase load of 100 
kva, 0.866 power factor lagging, and a single-phase load of 40 kw, unity power 
factor. Specify the kw and kva of each transformer. 

1 1. A 300-kw, 440-volt, 3-phase, 3-wire balanced load operating at 0.85 power 
factor lagging is to be supplied from a 4600-volt, 2-phase, 4-wire system. Deter¬ 
mine the ratio of transformation and kva ratings for both the main and teaser 
transformers. 

12. How much power is delivered by each transformer in Problem 11? 

13. It is necessary to supply a balanced 2-phase, 220-volt load of 50 kw, 0.90 
power factor lagging from a 3-phase, 1100-volt system. Specify the voltages and 
currents for the transformers necessary. 

14. A A-A bank of transformers supplies a balanced unity power load of 150 kw. 
If one transformer is removed, specify the operating power factor and kw load for 
each of the two remaining transformers operating in open delta. 

15. Repeat Problem 14 for a balanced load of 150 kw operating at 0.866 power 
factor lagging. 

16. A 3-phase; 1100-volt system supplies 1000 kva to a 220-volt balanced 3-phase 
load by means of T-connected transformers. Specify the voltage and current ratings 
of the transformers and the ratios of transformation. 

17. Two 230/115-volt transformers having center taps on both primary and 
secondary windings, but lacking 86.6% taps, are connected in T on both primary 
and secondary sides. If the primary side is connected to a balanced 230-volt, 
3-phase system, determine the line to line voltages on the secondary side, and 
specify the displacement angles between them. Neglect exciting currents .and 
impedance drops. 

18. A 2-phase, 440-volt, 60-cycle, 50-HP motor having an efficiency of 91% 
and operating at a power factor of 0.88 takes power from a 2300-volt, 3-phase 
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system through a Scott-connected bank of transformers. Determine the kva 
loading for each transformer on both primary and secondary sides. 

19. Two 50-kva transformers are connected in open delta and supply a balanced 
load of 0.80 power factor lagging. What is the maximum kw load permitted if the 
transformers are allowed to operate at 15% overload? 

20. How much additional load of the same 0.80 power factor can be carried if a 
third 50-kva transformer is added in Problem 19 to produce a full A-A bank? 

21. A 6-phase, 625-volt synchronous converter receives power from an 11,500- 
volt 3-phase distribution system. If the power input is 500 kva at unity power 
factor, and the transformer bank supplying the converter is connected A on the 
primary side and diametrical on the secondary, determine the voltage, current, and 
kva ratings of both primary and secondary windings. Also specify the ratio of 
transformation. 

22. Repeat Problem 21 for a J-double A transformer bank. 

23. Repeat Problem 21 for a J -double Y transformer bank. 




Chapter 11 


PARALLEL OPERATION OF TRANSFORMERS 


11-1. Parallel operation of transformers. When two or more trans¬ 
formers are to be operated in parallel in order to deliver power to a load over 
common bus-bars, it is necessary to satisfy very definite conditions of opera¬ 
tion. In the analysis of this chapter just two transformers will be considered 
in parallel. 

The first condition to be satisfied is that primary and secondary windings 
be connected to their respective bus-bars with due regard to the polarity: 

at any instant all transformer terminals connected 
to a given bus must have the same polarity. In Fig. 
11-1 two transformers are shown in parallel and 
a voltmeter V is shown between the terminal Xg" 
(or Xi" or X 2 or Xi) and the bus-bar to which 
this terminal is to be connected: it is assumed that 
the H terminals constitute the primary windings 
and the X terminals are connected to the common 
bus-bars supplying the load. If the voltmeter V 
Fig. 11-1. Two trans- reads zero, the condition of proper polarities is satis- 
formers in parallel. fied; otherwise, the voltmeter would read double 
secondary voltage indicating improper polarities. 

Further conditions for parallel operation can be derived from the current 
voltage relations of the simplified Kapp diagram (Fig. 7-1) and the corre¬ 
sponding equivalent circuit of Fig. 11-2 which neglects the magnetizing 
current. In this discussion the influence of the transformation ratio will also 
be introduced. For this purpose the secondary voltage will be expressed as 
Vz^aVt where Vf is the actual secondary voltage. All currents and impe¬ 
dances are referred to the primary side. Thus for transformer I designated 
with ' 

( 11 - 1 ) 

and for transformer II 

( 11 - 2 ) 

But since primaries and secondaries are connected to common buses 

1V=:F/'=I\ and V/^.Vr=V, 
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(11-3) 
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(c) 


( 6 ) 


Fig. 11-2. Equivalent circuit of two transformers in parallel: 
(a) in terms of primary; (b) in terms of secondary. 


and Z^/' are the equivalent impedances in terms of the primary (short- 
circuit impedances with secondary short-circuited). The total load current 
(on the primary side) is the sum of the transformer currents, or 

(11-4) 


From Eqs. 11-1 to 11-4 the following relations may be obtained: 

-VAa'-a'l + irZ ,," 

^„^ + V,{a'-a")+ir’Z ,,' 

' Zn+Z," 


(11-5) 

( 11 - 6 ) 


The only quantity in Eq. (ll-l) to 11-6) not referred to the primary is V,. 
AH other quantities are, as mentioned previously, referred to the primary. 

If Zjjj' and Zfi" f^® equivalent impedances referred to the secondarj^ 
and It is the total load current on the secondary side and I 2 and l^' are 
now the actual currents in the secondary coils, the voltage equations 
become 



(11-7) 

Q/ 

(11-8) 

and 

(11-9) 

Eq. 11-3 and Eqs. 11-7 to 11-9 yield 


-F,(a'-a") + a"4z,,” 

* a'Z,^ + a''Z,^' 

(11-10) 
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( 11 - 11 ) 


where and /g" are now the actiuil transformer currents on the load or 
secondary side. Equations 11-10 and 11-11 are directly applicable when the 
total load current on the secondary is given, as is usually the case. 

The equations 11-5, 11-6, 11-10, and 11-11 for 1 2 and I 2 ' show that the 
current of each transformer consists of two components. The magnitude of 
the first component is the same in each transformer but opposite in phase, i.e., 
these two currents represent an internal current circulating between the 
transformers and never reaching the external circuit. The sum of the second 
components of /g' and 1 2 ' gives the load current at the primary or secondary 
bus-bars, depending upon which set of equations is employed. 

The circulating current results from a difference in the transformation 
ratios {a! - a") and is independent of the load current. It also exists at no- 
load {Jt or = 0). 

From Eqs. 11-5 and 11-6 with transformers having equal transformation 
ratios (a' =a") 



i.e., if two transformers of the same rating and 
same transformation ratio are to divide the load 
equally, their short-circuit impedances must be 
equal. In general, for transformers of different 
rating but the same transformation ratio, the 
equivalent impedances must be inversely pro¬ 
portional to the ratings, if each transformer is 
to assume a load in proportion to its rating. 
Thus, a transformer in parallel with another 
of twice the capacity must have an impedance 
twice that of the larger transformer in order that 
the load be properly divided between them. 

It should be noted that satisfying Eq. 11-12 
does not necessarily require equal power factors 
for the currents /g' and /g". Consider two trans¬ 
formers of the same rating and same transfor¬ 
mation ratio having = (Fig. 11-3). It 
is assumed that the short-circuit resistances 
(equivalent resistances) are not equal; conse¬ 
quently the short-circuit reactances are also un¬ 
equal. Since /g'i?/ and make different 

angles with F/ = F/', then /g' and /g" must 
have different angles with F<, i.e., the trans¬ 
formers operate with equal currents at different 



lei. 
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power factors (Fig. 11-3). Thus the proper distribution of active and reactive 
current components requires that the ratios of short-circuit resistances and 
reactances be equal, i.e., — If this condition is not satisfied, 

the total loss of the two transformers will not be a minimum. 

Summarizing, the conditions for proper parallel operation of single-phase 
transformers are the following: (a) proper connections to the bus-bars with 
regard to polarity, (b) identical voltage ratings, (c) equal transformation 
ratios, (d) ratio of the equivalent impedances inversely proportional to the 
ratio of current ratings, (e) ratio of equivalent resistances equal to ratio of 
equivalent reactances. 

For parallel operation of 3-phase transformers, conditions have to be 
satisfied similar to those for single-phase transformers. The secondary volt¬ 
ages of 3-phase transformers to be connected in parallel are in phase if, for 
the same winding directions of primary and secondary, the connections of 
primary and secondary windings are the same: for example, all primaries 
connected star and all secondaries connected delta, or vice versa. Consider a 
single-3-phase transformer; if its primary and secondary windings are con¬ 
nected the same (both star or both delta), then the line voltages are displaced 
from each other by almost 180°. On the other hand, if the primary winding is 
connected in star and the secondary in delta, or vice-versa, the line voltages 
are displaced from each other by about (180° ± 30°). It therefore follows that 
transformers having the same primary connections (all star or all delta) and 
different secondary connections (some star and some delta) cannot be con¬ 
nected in parallel. However, a transformer with its windings connected in 
star may be connected in parallel with a transformer having its windings 
connected in delta. 


Example. The data below apply to two single-phase transformers: 

Short-circuit test 
Rating (at rated current) 


Transformer (kva) Voltage Voltage Watts 

A. 200 2300/230 160 1400 

B. 300 2300/22O 100 1700 


The transformers operate in parallel on both sides and deliver a total load of400 kva 
at 0.80 power factor lagging. Determine: (a) the current delivered by each to the 
load bus; (b) the power delivered by each; (c) the power factor of each. F< = 230 
volts. 

Transformer A Transformer B 


200,000 

2300 " 

,^2300 
230 


300,000 


= 130.i 


/ 

^ 2300 
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^.i" = 



Xrt' = 1.83 

II 

^, 1 ' =0.185 +jl.83 = 1.84/84.23 


=1^' =0.00185 +j0.0183 

Zn- 

=0.0184/84.23 

V=' 

, 400,000 

230 

1740 amp 


100 

130.6 

1700 


(130.5) 


(a")*- 


=0 767 
= 0.0998 


It = 1740 / - 36.8 = 1392 - jl044 

- 230/0(10 - 10.22) +1740/ -36.8 x 10.22 x 0.00734 /82.5 
10 X 0.0184 /^.~^ To/^ x0.00734 /82';5 

50.6+j0+ 91.2+^93.5 170/^ 

0.0283+j0.0257 ~ 0.259/8 3.73 

= 657/-50.33 =418 - j506 


. 230/0(10 - 10.22) +1740 /-36.8 x 10 x 0.0184/84.23 

. 0.259 /83.73 " 

_ - 50.6 + jO + 216 + j235 _ 288 /5 4.8 
“ ~ 0.2^9 /83.73 “ ~ 0.259 /83.73 

= 1112 / - 28 93 = 974 - j538 

(cAec/fc) /j' + /js" = 1392 - jl044 

Power Factor A =co8 50.33° =0.638 lagging 
Power Factor B =cos 28.93° =0.875 lagging 
Power A = 230 x 657 x 0.638 = 96 kw 

Power B ==230 x 1112 x 0.875 = 224 kw 

(check) 96 + 224 = 320 = 400 x 0.80 

If the load on these transformers was reduced to zero the currents would become 


/j' (no-load) = 


-230/0(10-10.22) 50.6/0 


I 2 " (no-load) = 


0.259 /83.73 0.259 /83 73 

= 195.5 /-83.73 = 21.3 - jl94 
230/0(10-10.22) 50.6 /180 


0.259 /83.73 0.259 /83.73 


= 195.5 /96.27 = -21.3 4 jl94 
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The current above is the circulating current and exists under all conditions 
of loading. Thus, under load, the component of 1 2 supplying the load is 

/j' (load component) =(418 -^506) - (21.3 - jl94) 

= 396.7-j312 

and /g" (load component) = (974 - j538) - ( - 21.3 +^*194) 

= 995.3-j732 

The sum of the above two currents is as it should be, /y = 1392 - jl044. 

If the transformation ratios of the two transformers had been the same, and if 
the equivalent impedances Z ^2 ^^2 ' were unchanged, the circulating current 

would disappear and 1 2 and 1 2 " would become: 

91.2+j93.5_ ^31 /45. 7 
~0.25978^ ~ 0.259 /83.73 

= 506 /-38.0 ==397 -j312 

216+j235 319/47.4 

2 ”0.259/ 83.73 “ 0.259[S3J^ 

= 1233 / - 36. 33 = 995 - j732 

The sum of the above two currents is /^ = 1392 - jl044. 


PROBLEMS 

1. The short-circuit test data for two single-phase, 22,000/440-volt, 60-cycle 
transformers are given below in p-u; 


Short-circuit Test 

Transformer Rating Voltage Current Power 

(kv) 

1. 100 0.025 1.0 0.01 

II. 500 0.035 1.0 0.008 


Unit voltage = 22.000 
Unit current = rated current 
Unit power = rated kva 
Determine for each transformer 

(a) Impedance, resistance, and reactance in ohms and p-u. 

(b) Full-load efficiency at unity, 0.80 lagging and 0.80 leading factor power, 
assuming the core loss and copper loss equal at full load. 

(c) Regulation at unity, 0.80 lagging and 0.80 leading power factor. 

2. The transformers of Problem 1 are operated in parallel on both the primary 
and secondary sides and supply a load of 500 kw at unity power factor at 440 volts. 
Determine: 

(a) Current delivered by each transformer. 

(b) Power output of each transformer. 

(c) Power factor at which each transformer operates. 

(d) Circulating current. 







PARALLEL OPERATION OF TRANSFORMERS 


3. Repeat Problem 2 above for a 500-kva load at 0.8 power factor lagging. 
Carry out all calculations in p-u. Use common base of 600 kva. 

4. Two single-phase, 66,000/6600-volt, 60-cycle, transformers are tested on 
short circuit, and the following p-u data are recorded (unit power = transformer 
rating in kva): 


Transformer Reding Voltage Current Watts 

1. 1000 0.05 1.0 0.008 

II. 3000 0.06 1.0 0.007 


The transformers are connected in parallel on both sides and supply a load of 
3500 kva at 0.85 power factor lagging, 6600 volts. Determine: 

(a) Current delivered by each transformer. 

(b) Power output of each transformer. 

(c) Power factor of each transformer. 

(d) Circulating current. 

Carry out all calculations on a p-u basis using a common base of 4000 kva. 

5. The data of short-circuit tests at rated current on two transformers are given 
as: 


Rating S,C\ Test 

Transformer Kva Voltage Volts Power (watts) 

A. 100 11,000/2300 265 1000 

B. 500 11,000/2350 340 3400 


The transformers are connected in parallel on both sides to 11,000- and 2300-volt 
buses, and supply a total load current of 275 amp at 0.90 power factor lagging to 
the 2300-volt bus. Determine: 

(a) Current delivered by each transformer. 

(b) Power delivered by each transformer. 

(c) Power factor of each transformer. 

(d) Circulating current. 

6 . If the ratios of transformation of the transformers in Problem 5 were the 
same, namely, 11,000/2300, determine: 

(a) Current delivered by each transformer. 

(b) Power delivered by each transformer. 

(c) Power factor of each transformer. 

(d) Circulating current. 

7. Compare the transformer copper losses in Problems 5 and 6. Explain the 
difference. 








Chapter 12 


THE AUTOTRANSFORMER • 
INSTRUMENT TRANSFORMERS • 
CONSTANT-CURRENT TRANSFORMER 


12-1. The autotransformer. The previous chapters discussed the general 
theory of the 2-winding transformer. The autotransformer using a single 
winding on an iron core, with a part of the winding common to both the 
primary and secondary, is frequently used. For certain types of service the 
autotransformer is superior to the 2-winding transformer, offering better 
regulation, reduced weight and size per kva, lower cost, higher efficiency, and 
lower magnetizing current. 

In the autotransformer only a part of the kva input is transformed from 
the primary to the secondary by transformer action, while the remainder is 
transferred directly from the primary lines to the secondary lines. The 
relative amounts of power transformed and power transferred depend upon 
the ratio of transformation. Autotransformers offer the greatest advantage 

when the ratio of transformation is small; 
the smaller the ratio of transformation, the 
smaller the physical size of the autotrans¬ 
former required to supply a given load. 

However, the autotransformer has a dis¬ 
advantage in that the low-voltage side has 
a metallic connection to the high-voltage 
side contrary to the 2-winding transformer. 
Thus a ground on the high-voltage side of 
an autotransformer may subject the low- 
voltage circuit to the high voltage of the 
high-voltage line. 

Fig. 12-1 shows the schematic diagram 
of an autotransformer with a primary 
impressed voltage Fj and a load voltage 
Fg. Just as in the 2-winding transformer 
the core flux is determined by the induced emf the number of 

primary turns iV^, and the line frequency. The ratio of transformation is 
given by: 



Fig. 12—1. Schematic diagram of 
an auto transformer. 
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N, 


vrh 


( 12 - 1 ) 


The common part of the winding between A and C carries a current which is 
the difference between 1 2 and /j. If the magnetizing current is ignored the 
difference 1 2 - Ii may be taken algebraically. 

It follows from Fig. 12-1 that: 



E, 

E\ 

— a 

l-a-l 

En 

n 

I-a 

E, 


1 ! 

1 

E„ 

E\ 

= a- 1 


( 12 - 2 ) 


Rating as an autotransformer _ a 
Rating as a 2-w’inding transformer a - 1 

Full-load losses in % of autotransformer rating _ ® ~ 1 
Full-load losses in % of 2-winding transformer rating a 

Magnetizing current as an autotransformer _ a - 1 
Magnetizing current as a 2-winding transformer a 

Impedance drop as an autotransformer _ ® ~ 1 
Impedance drop as a 2-winding transformer a 

Short-circuit current as an autotransformer _ a 
Short-circuit current as a 2-winding transformer a - i 

Regulation as an autotransformer a - 1 
Regulation as a 2-winding transformer a 


(12-3) 

(12-4) 

(12-5) 

(12-6) 

(12-7) 

( 12 - 8 ) 


12-2. Instrument transformers. Instrument transformers are divided 
into two classes: potential transformers and current transformers. Each 
serves two purposes: (1) to insulate the high-voltage circuit from the measur¬ 
ing circuit, in order to protect the measuring apparatus and the operator; 
(2) to make possible the measurement of high voltages, with low-voltage 
instruments (usually 115 volts), or large currents with low-current ammeters 
(usually 5 amp), which procedure simplifies the measuring problem greatly. 
These transformers also are used to operate relays, solenoids, circuit-breakers, 
or other controlling devices. The principle of the instrument transformer is 
fundamentally the same as that of the power transformer. 

The potential transformer has the high voltage applied to the primary, and 
the secondary, usually rated at 115 volts, is connected to the voltmeter. 
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From Figs. 5-1 and 5-2 it is observed that the ratio of primary to secondary 
terminal voltage is not the same as the turn ratio, but also depends upon the 
character of the load, upon the impedance of the windings, and upon the 
magnetizing current The phase angle between primary and secondary 
terminal voltages is not exactly 180°, or zero if the phasor V 2 is reversed 
(see Fig. 7-1). In order to keep the ratio of primary to secondary voltage 
constant, or practically so, the potential transformer is designed with as 
small a leakage reactance and resistance as possible. The flux density in the 
core is also lower than that used in power transformers. Thus, in order to 
keep the ratio and phase-angle errors small, the instrument transformer is 
much larger than a power transformer of the same rating. Instrument trans¬ 
formers usually are rated from 25 to 500 volt-amperes according to the 
burden or secondary load. As far as heating is concerned, their rating as a 
power transformer would be from two to four times the rating as instrument 
transformers. 

From Fig. 5-1 it should be clear that Fj/Fg' is more nearly unity, or Fj/Fg 
more nearly equal to a, the smaller the load current, or the greater the load 
impedance. Also <f}^ is more nearly equal to <^2 under these same conditions. 
It also is clear that, for a given secondary burden, the ratio and phase angle 
can be specified accurately. Thus, the ratio and phase angle of instrument 
transformers usually are specified for a certain burden, and correction factors 
are applied, if necessary, for other burdens. Usually the departure from the 
specified values is very small. Fig. 12-2 shows a typical correction curve for a 
potential transformer. The phase-angle error is the angle of departure of F, 
from F 2 reversed, so it is nearly zero and not 180°. The phase-angle error is of 
importance only in power measurements, while the ratio error is important 
in both voltage and power measurements. Fig. 12-3 shows a typical volt- 



Fig. 12-2. Potential transformer, correction curves. 
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age transformer, rated 2400/120 volts. 
Note the fuses and bushings on the 
primary side. The low-voltage second¬ 
ary terminals are shown on the front 
of the case. 

Current transformers perform some¬ 
what the same service in a-c measure¬ 
ments as shunts do in d-c, and in 
addition they perform the important 
function, in high-voltage circuits, of 
insulating the measuring devices from 
the high-voltage lines. The important 
characteristic required in a current 
transformer is a constant ratio be¬ 
tween secondary and primary current, 
as well as a small phase angle between 
primary and secondary current. From 
the discussion of Art. 4-1 and from 
Figs. 5-1 and 5-2, it is observed that 
1^ and /j are more nearly equal, or 
/g=a/i when the magnetizing current 
I^ is small in comparison to /g'. The 
ratio of /g to differs from the turn 
ratio a when 1^^ is large, although it is 
not affected appreciably by the impedance of the windings. Ratio and phase- 
angle correction often must be applied to current transformers also, and the 
manufacturers will supply them when required. Thus, in instrument trans¬ 
formers, it is necessary to use high-grade laminations for the core, and to 
operate at relatively low flux densities. 

The secondary current of the current transformer depends mainly upon the 
primary current, and is nearly independent of the impedance of the instru¬ 
ments connected to the secondary. Primary current flows independent of 
whether the secondary circuit is open or closed; it is determined entirely by 
the line current. If the secondary circuit is open, no secondary current can 
flow, and hence there is no opposing mmf provided by secondary current. 
The result is that the primary current is then entirely a magnetizing current 
(see Fig. 3-3). This results in a very high flux density and a high induced 
voltage in the secondary, as well as a high impedance drop across the primary. 
The voltage may be sufficient to damage the secondary insulation, or to 
shock severely an operator coming in contact with the secondary terminals. 
Therefore, it is important that the secondary of current transformers be short- 
circuited when there are no instruments connected to it. This is an important 
consideration. Many portable current transformers have a shorting switch 
mounted directly on the transformer. 



Fig. 12-3. Potential transformer, 
2400/120 volts. 
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Fig. 12-4. Current transformer, 200/5 amperes. 

The primary of the current transformer has only a few turns, often only 
one, while the secondary has many turns, the number of them depending on 
the ratio desired. Fig. 12-4 shows a current transformer in which the primary 
consists only of a single bar of copper around which is placed the secondary 
winding. The secondary of both the current and potential transformer, as 
well as the iron core, always should be grounded. 

12-3. The constant-current transformer. Street lighting circuits, using 
arc or incandescent lamps, frequently employ lamps connected in series. All 
lamps in series have the same current which must be carefully regulated and 
maintained constant in order to insure maximum lamp life. The circuit 
current is the same as that of the lamps and is much lower than would be the 
case with lamps in parallel. However, the circuit voltage is usually rather 
high and depends upon the number of lamps in series. 

Constant-current transformers are designed to maintain a constant cur¬ 
rent in the series lamp circuits, regardless of the number of lamps connected 
in series across the secondary winding of the transformer. A common second¬ 
ary current rating is 6.60 amp, but other ratings such as 7.5 or 20 amp also 
are used. Regulation of the current to within ±i% of the rated value between 
J and IJ load is readily accomplished. Primary transformer voltages are 
usually 2400 or 4800 volts, and the secondary voltages under load may be 
as high as 4000 volts. 

The moving coil constant-current transformer may be an oil-immersed 
transformer, or a dry-type, air-cooled, indoor transformer. The primary 
winding is stationary and the secondary is free to move with respect to the 
primary; counterweights are used to effect a balance between the weight 
of the secondary coil and the force of repulsion between the primary and 
secondary. Fig. 12-5 shows a constant-current transformer. 

In operation a constant voltage is applied to the primary, and the second¬ 
ary adjusts its position relative to the primary so that the secondary voltage 
across the series lamp circuit produces the rated lamp current. At this 
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position a mechanical balance results 
between coil weight, counterweights, 
and the electromagnetic force of repul¬ 
sion. Should a single lamp in the series 
string burn out, it is automatically 
shorted by an oxide film device in the 
lamp base, and the transformer sec¬ 
ondary moves farther away from the 
primary. As the secondary winding 
moves farther away from the primary 
winding, the leakage flux increases 
and the secondary terminal voltage 
decreases to the value required to pro¬ 
duce rated lamp current. At all posi¬ 
tions of the coils the force of repulsion 
is essentially constant. 

Constant-current transformers are 
designed to have a high leakage react¬ 
ance while power transformers of simi¬ 
lar voltage rating have a much lower 
leakage reactance. 



i 


Example. A 100-kva, 2300- to -230- 
volt, 60-cycle, 2-winding transformer is 12-5. Constant current trans- 

used as an autotransformer ha ving a single tonner, 20 kw, 2400-volt primary, 0.6 

. j. 1 , , xu lx amp. secondary, 60 cycles, equipped with 

winding m order to step up the voltage ^ i i • i j 

r oonn ix i* v ino/ irxu x compound balancing lever and micro- 

of a 2300-voJt hne by 10%. If the trans- adjustment. Hinge-end 

former has 2% losses, a 2.2% regulation, view, 

and a 3.3% impedance (Z^) as a 2-winding 

transformer, its characteristics as a 2300/2530-volt autotransformer are : 


Primary voltage 
Load voltage 


= 2300 volts 
= 2530 volts 


Ratio of transformation 


/j (as 2-winding transformer) =43.5 amp 

ZoUU 

7 / o X r X 100,000 

1 2 (as 2-windmg transformer) = — = 435 amp 


1 2 (as autotransformer) 
I (as autotransformer) 
7, (as auto transformer) 


= 435 amp 
= 43.5 amp 
= 478.5 amp 




90 


A-C MACHINES 


Output (as autotransformer) 

=2530x435 = 1100 kva 

Losses 

=^ X 0.02 = 0.00182 

Regulation 

=j^ X 0.022 = 0.002 

Impedance 

= |~ X 0.033 =0.003 


Assume 230-volt winding to be insulated for 2300 volts. 

PROBLEMS 

1. An autotransformer is required to supply 200 amp at 220 volts from a 240- 

volt single-phase line. Neglecting losses and impedance drops, determine: (a) 
ratios and ! (^) currents /j, /g and 1 ; (c) percentage of power transferred 

directly; (d) percentage of power transformed. 

2. A two-winding, 1100/220-volt, 60-cycle transformer is used as an autotrans¬ 

former to boost the voltage of a single-phase, 1100-volt line 20%. If the trans¬ 
former was rated at 10 kva (2 winding), determine the output as an autotrans¬ 
former and the currents /g How much power is transferred directly and 

how much power is transformed. 

3. A short-circuit test is taken on a 10-kva. 2300/115-volt, 60-cycle, two-winding 
transformer, and the following data are recorded: 

Ksc = 118 volts 

/sc = 4.35 amp 

Psc = 225 watts 

If this transformer is connected as an autotransformer to boost the voltage of a 
2300-volt line 5%, and a short circuit occurs on the 2415-volt output side, deter¬ 
mine the theoretical short-circuit current which would flow. 

4. Calculate the regulation of the autotransformer in Problem 3 for full-load, 
0.80 power factor lagging. 

5. A 14-kva, 2300/230-volt, 60-cycle transformer has the following constants: 

2.5 ohms r 2 = 0.021 ohm 

= 10.2 ohms a-g = 0.10 ohm 

Neglecting the magnetizing current determine the regulation of this transformer 
when used as an autotransformer to boost the 2300-volt line 10%. The load is 
16.5 kw, unity power factor. 

6. What voltage impressed across the 2300-volt side of the autotransformer in 
Problem 5 will produce rated current when the 2530-volt side is short-circuited? 

7. Is it possible to arrange two autotransformers in a Scott connection and 
supply a 2-phase load from a 3-phase system? If a 2-phase, 230-volt, 4-wire, 60- 
cycle load is to be supplied from a 3-phase, 3-wire, 208-volt, 60-cycle system by 
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means of two autotransformers, specify the transformer requirements (voltages, 
taps) and show the manner of connection. 

8. Transformation of voltages from 3-phase to 6-phase may be accomplished 
by means of three autotransformers properly connected. A 6-phase converter 
requiring ring voltages of 150 volts from a 230-volt, 60-cycle, 3-phase, 3-wir6 sys¬ 
tem is to be supplied by means of autotransformers. Specify the transformers 
necessary and show the diagram of connections. 


Chapter 13 
A-C WINDINGS 


13-1. A-c windings. A-c windings can be single-phase or polyphafee (2 or 3 
or more phases). Only the polyphase windings are treated in this Vliapter. 
The single-phase windings are treated in connection with the single-phase 
induction motor (Chap. 26). 

Two conductors make one turn. Turns placed so closely togetlmr that 
they are all interlinked with the same flux make a coil. Thus there arc single¬ 
turn and multi turn coils. ( 

The coils are placed in slots (see, for example, Figs. 16~1, 16-2, 30\2, and 
30-11). Polyphase windings are usually 2-layer (Fig. 13-1), i.e., in each slot 

are placed 2 coil sides, one \above 
the other. The single-layer polyphase 
winding, with one coil side in theNslot, 
is used in the wound rotors of small 
induction motors (Art. 16-1) but 
seldom in the stators of these motors. 

The polyphase windings can be 
of lap or wave type. The wave-type 
polyphase winding is used mainly in 
wound rotors of medium size and 
larger induction motors (Art. 16-1). 
Polyphase windings are arranged 
Fig. 13-1. Two-layer winding. in groups of two or more single coils. 

There is one group per pole per phase. 
For this reason the group is often called pole-phase group. The total number 
of groups is apparently equal to the number of phases times the number of 
poles: 

Number of pole-phase groups =mxp {m is the number of phases). (13-1) 

The pole-phase group is the basic unit of the a-c winding. It determines the 
number of parallel paths of the winding. The number of single coils of the 
pole-phase group will be denoted by q. Thus the total number of slots 
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(13-2) 
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and, vice versa, if the total number of slots (Q), the number of phases (w), 
and the number of poles are given, the number of single coils per pole-phase 
group is 




mp 


(13~3) 


q is apparently also the number of slots per pole per phase. 

Two examples will be considered. (1) A stator with 12 slots is to be wound 
for 3 phases and 2 poles. The number of single coils per pole phase group, i.e., 
the number of slots per pole per phase, is then equal to g = 12/(2 x 3) = 2. The 
total number of pole-phase groups will be 3x2 = 6. Fig. 13-2 shows such a 
winding. (2) A stator Q —24 is to be wound for 3 phases and 4 poles. Also in 
this case the number of single coils per pole-phase group (=the number of 
slots per pole per phase) is 2 = 24/(3 x 4), but the number of pole-phase groups 
is 3 X 4 = 12. Fig. 13-5 shows such a lap winding and Fig. 13-9 shows such a 
wave winding. 




Fk;. 13' 2. Three-phase, 2-pole, 2-layer, lap winding with two slots 
per pole per phase. Multiturn coil. 


In the previous considerations, q, the number of slots per pole per phase, is 
assumed to be an integer (integral-slot winding), q can also be a fractional 
number (fractional-slot winding). These latter windings are not considered 
in this chapter. They are treated in Chapter 55. 

The layout of integral-slot windings will be considered now in some detail. 
The abbreviation “coil group” for pole-phase group will be used. 

(a) Polyphase lap windings. Fig. 13-2 shows a 2-pole, 3-phase, 2-layer lap 
winding placed in 12 slots. The number of slots per pole per phase is g = 2. If 
slots 1 and 2 are assigned to phase I, slots 3 and 4 must be assigned to phase 
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III, slots 5 and 6 to phase II, slots 7 and 8 again to phase I, etc. The reason 
for the phase sequence I, III, II is given in the following. 

Considering the upper coil side in slot 1 , the lower coil side which makes a 
complete coil with it lies in slot 7. The distance between both coil sides, the 
coil span, is 7 - 1 = 6 slot pitches. There are Q = \2 slots (total) and the number 
of poles is p = 2 , i.e., there are 6 slots per pole. Thus the coil span is equal to 
the pole pitch: the winding full-pitch or not chorded. Chorded or fractional- 
pitch windings will be discussed later in this chapter. 

All coils have the same coil span: this is always the case in a 2-layer winding. 
All connections, i.e., those between single coils, between coil groups, and 
from the winding to the terminals, lie on the same end of the winding. Con¬ 
sidering the coils at the end opposite the connections, upper coil side 1 is 
connected with lower coil side 1+6 = 7; upper coil side 2 with lower coil side 
2 + 6 = 8 , and so forth. As has been mentioned, a coil may consist of one or 
more turns. It is assumed in Fig. 13-2 that the coil has more than one turn. 
The short connectors C at the connection end connect the last turn of the 
first coil of a group with the first turn of the second coil of the same group. 
The second connector C from the left connects the end of coil (upper 
1-lower 7) with the beginning of coil (upper 2-lower 8 ). 

Each phase has two coil groups. Phase I consists of the coil groups ter¬ 
minating in la Ib and I^ 1^; phase II of the coil groups terminating in II^ 11*, 
and lie IldJ phase III of the coil groups terminating in 111^ III 5 and 
III^ Illrf. In each case a or c represents the beginning of a c^il group and 
h or d its end. According to the voltage to be produced in the case of a 
generator, or the voltage impressed in the case of a motor, the coil groups 
assigned to each phase are connected either in series or in parallel. 

The beginnings (as well as the ends) of the three phases must be displaced 
from each other by 120 electrical degrees. That is II^, Ilia in Fig. 13-2 are 
displaced from each other by 120 electrical degrees. A 2 -pole machine corre¬ 
sponds to 360 electrical degrees. Therefore, since a slot pitch is equal to 
360/12, or 30 electrical degrees, the beginnings of the three phases must be 
displaced from each other by 120/30 = 4 slots. Hence if slot 1 is taken as the 
start of phase I, then phase II must start in slot 1 +4 = 5, and phase III must 
start in slot 5 + 4 = 9. la, Ho, and Ilia are then the beginnings of the three 
phases. Ic, lie, HIc also could be taken as the beginnings of the three phases 
since they also are displaced by 120 electrical degrees. Note that it is the 
displacement of the beginnings of the phases by 120 electrical degrees which 
makes the sequence of the phases I, III, II, Fig. 13-2. 

For any instant of time, the direction of currents or emf’s in the windings 
can be found for alternating current in the same way as for direct current. 
However, the currents or emf’s in the three phases are displaced in time phase 
from each other by 120 electrical degrees. For example, if the instant, is 
chosen when the current in phase I is a maximum, Fig. 13-3, the current in 
the other two phases, II and III, is \ the magnitude of the current in phase I 
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and flows in the opposite direction, i.e., if the 
current in the coil group I*, of phase I flows 
from to I^, the current in the coil group II^ 

IIj, of phase II flows from II^ to !!« and in the 
coil group Ilia III& of phase III from IIIj, to 
Ilia- Further, it is important to note that 2 
upper (or 2 lower) conductors which lie a pole 
pitch (in the considered example, 6 slot pitches) 
apart carry currents of opposite directions. Thus 
if the arrow goes upward in upper conductor 
1, it must go downward in upper conductor 
1 + 6 = 7. 

In Fig. 13-2 the current directions are shown 
corresponding to the instant of time assumed in 
Fig. 13-3. Note that in a 2-pole winding half of 
the conductors carry currents shown by an upward arrow followed by the 
other half which carry currents downward. In a p-pole winding this change 
occurs p/2 times. • 

For a series connection of the coil groups of a phase, two coil ends which 
carry current in opposite directions have to be connected with each other; 
on the other hand, for a parallel connection of the coil groups, ends carrying 
current in the same direction have to be connected together. Therefore, for a 
series connection I^ is connected to 1^ in phase I, 11*, to II^ in phase II, and 
III*, to Illd in phase III. For a parallel connection of the coil groups is 
connected to 1^, and I*, to Ic in phase I; !!„ to.IId and II*, to Ilg in phase II; 
etc. Notice that the individual coils of a coil group must be connected in 
series, because they are shifted in space and the emf's induced in them are out 


T.L. 


A 



Fig. 13-3. Determination of 
the direction of current in a 
3-phase winding for a fixed 
instant of time. 



Fig. 13-4. One phase of a 4-pole, 3-phcise, 2-layer, fractional pitch 
lap winding with two slots per pole per phase. Multiturn coil. 




A-C MACHINES 



Fig. 13-5. Three-phase, 4-pole, 2-layer, fractional-pitch lap winding 
with two slots per pole per phase. Multiturn coil. 
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Fig. 13 7 Diamond coil 



Fig. 13-8. One phase of a 4-pole, 3-phase, 2-layer, wave winding 
with two slots per pole per phase. Single-turn coil. 

of phase However, all coil groups of a phase can be connected in parallel. 
Since there are p coil groups per phase, the maximum number of parallel 
paths IS p. 

The coil span in Fig. 13-2 is equal to a pole pitch (= 6 slot pitches) and 
the winding is full pitch. Normally, 2-layer windings are chorded (fractional 
pitch). Chordmg has an advantage in that the shape of the emf induced in the 
winding and the mmf produced by the winding is closer to a sinusoidal curve 
than in a full-pitch winding. Fig. 13-4 shows one phase of a 4-pole 2-layer 
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Ficj. 13-9. Three-phase, 4-pole, 2-layer, wav^e winding with two 
slots per pole per phase. Single-turn coil. 


chorded lap winding with = 2 slots per pole per phase. Upper coil side 1 is 
connected with lower coil side 6 (not with 7 as in Fig. 13-2). The coil span is 
equal to 6 - 1 = 5 slot pitches. The chording is equal to 1 slot pitch. Fig. 13-5 
shows the complete winding. There are p x m = 4 x 3 coil groups. The four 
coil groups of each phase are connected in series, leaving two leads for each 
phase. The directions of the currents shown in the leads correspond to the 
instant of time when the current in phase I is a maximum, see Fig. 13-3. 

The end-windings as shown in Figs. 13-2, 13-4, and 13-5 are away from 
the iron of the armature. In smaller machines the coils have a rectangular 
shape with round ends and the end-windings lie directly at the iron. Fig. 
13-6. In larger machines the coils are diamond-shaped, as shown in Fig. 
13-7. This coil has 7 turns (7 conductors per coil side) and each conductor 
consists of 2 parallel strands. 

The general considerations outlined in the preceding for 3-phase lap wind¬ 
ings also hold for 2-phase lap windings. The only difference is that the 2-phase 
winding has 2p coil groups while the 3-phase winding has 3p coil groups. 

(b) Polyphase wave windings. Fig. 13-8 shows one phase of a 4-pole, 
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Ficj. 13-10. Complete squirrel-cage rotor of a large induction motor. 


3-phase, 2-layer, wave winding with q — 2 slots per pole per phase; Fig. 13-9 
shows the complete winding. If this winding is compared with the lap 
winding in Fig. 13-5, it is evident that fewer end connections are necessary. 
While the diamond lap winding has loops on both ends of the coil. Fig. 13-7, 
the wave winding has a loop on only one end; on the connection side of the 
coil the ends go in different directions. Fig. 13-8. 

(c) Squirrel-cage unndings. The rotors of most induction and synchronous 
motors have squirrel-cage windings. These windings have solid, uninsulated 
bars in the slots and are connected on each end of the rotor by a short- 
circuiting ring. In small rotors of induction motors (up to 50 HP) the bars 
and rings are usually die-cast with aluminum, Fig. 16-7; in larger rotors the 
bars are usually made of copper, Fig. 13-10. 


PROBLEMS 

1. Draw the developed winding diagram of a 3-phase, 2-layer lap winding for a 
4-pole machine with 3 slots per pole per phase and a 77.8% chording. Single-turn 
coil. 

2. Repeat Problem 1 for a wave winding. 

3. Draw the developed winding diagram of a 2-phase, 2-layer lap winding for a 
4-pole machine with 4 slots per pole per phase. Chording is 87.5%. Multiturn coil. 

4. Suggestions for further armature winding layouts for 3-phase machines are: 


j)oles p q chording winding 

a. 2 6 61.1% lap 

b.. 6 2 83.3 lap 
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poles p q chordimj 


6 2 83.3 

6 4 83.3 

e. 6 4 75 

f. 8 2 83.3 

g. 8 3 77.8 


winding 

wave 

lap 

wave 

lap 

wave 








Chapter 14 


EMF OF AN A-C WINDING 


It has been shown in Chap. 1, Eq. 1-11, that the effective value of the emf 
induced in a coil with turns is 

JEc = 4.44/71c<I> 10“® volt (14-1) 

This equation has been derived under the following assumptions: 

1 . All ric turns of the coil are linked with the same flux at any instant. 

2 . The coil pitch is equal to the pole pitch = 180 electrical degrees {full- 
pitch winding). In this case the maximum flux interlinkage of a, turn is 
equal to the total pole-flux (see Fig. 1-2). 

3. The flux (B-) distribution along the armature is sinusoidal. 

Whether or not these three assumptions apply to an a-c winding will be 
discussed in turn. 


14-1. Distribution factor. The first assumption that all turns of the 
coil are interlinked with the same flux at any instant of time applies to any 
individual coil of a coil group (pole-phase group), because 
the nc turns lie close together in the same slot and they 
are all interlinked with the same flux. The emf’s induced 
in them are in phase. It has been mentioned in Art. 13-1 
that the emf’s induced in individual coils of a pole-phase 
group are out of phase. They are displaced from each 
other by the angle a., (the slot angle) 

180 xp_180 

^ ^ ” Q ~ mq 

electrical degrees and the resultant effective emf of the 
coil group is equal to the geometric sum of q emf’s shifted 
from each other by degrees. 

Consider as an example a 3-phase winding with q — 4. 

The angle between two slots is a, = 180/(3 x 4) = 15°. Fig. 

14-1 shows the voltage polygon of the induced emf’s in 
the four coils of the group. Each phasor AB, BC, CD, distribution factor. 
DF is equal in magnitude and represents the maximum 
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(14-2) 
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value of the emf induced in a coil (E^)^ is the maximum value of the 
resultant emf (Er), i.e., of the emf induced in the coil group. The ratio 

resultant emf 

sum of emf’s of individual coils ~ qE^ * 

is called the distribution factor. It is smaller than 1 and expresses the reduction 
of the resultant emf of the coil group (winding) caused by the distribution of 
the turns belonging to a coil group over several (q) pairs of slots rather than 
placing them in one single pair of slots. 



Fia. 14 2. Determination of the distribution factor. 


Fig. 14-2, which is the same as Fig. 14-1, is drawn in polar form and yields 
for the distribution factor 

k sill q(ocJ2) ^ si n g(a,/2 ) 

“ qE^ 2Rq sin (as/2) q sin (as/2) ' 

Eq. 14-1 yields now for the effective emf induced in a coil group of a poly¬ 
phase winding: 

E,=q/caEc = ^A4fncqka^ lO'S volt (14-5) 

where is the number of turns in a coil group (iV^^); therefore, 

E, = 4A4fN,ka^ x IQ-* volt (14-6) 

It has been also mentioned in Art. 13-1 that all pole-phase groups can be 
connected in parallel. The reason for this is that the pole-phase groups are 
shifted a pole pitch = 180 electrical degrees from each other and, therefore, 
lie in flux densities B of the same strength. In Fig. 13-2, for example, the 
upper coil sides 7 and 8 of the second coil group of phase A are each shifted 
one pole pitch (= 6 slot pitches) with respect to the upper coil sides 1 and 2 
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of the hrst coil group of this phase; also the lower coil sides (1, 2 and 7, 8) of 
both coil groups are shifted with respect to each other by one pole pitch. 

Consider again Fig. 13~2; if the two coil groups of a phase are connected in 
parallel, the emf induced in the phase is given by Eq. 14-6; if the two coil 
groups of a phase are connected in series, the emf of a phase will be twice the 
value given by Eq. 14-6. Consider Fig. 13-5 or 13-9. In both cases the four 
coil groups are connected in series and the emf induced in a phase is four 
times the value given by Eq. 14-6. If the four coil groups were connected in 
two parallel parts, each part consisting of two coil groups in series, the emf 
of a phase would be twice the value given by Eq. 14-6 and, finally, the emf 
of a phase would be that given by Eq. 14-6 if the four coil groups were con¬ 
nected in parallel. 

The number of series-connected turns per phase will be denoted by N. N 
is then equal to Ng times the number of coil groups connected in series and 
the emf per phase is 

E^^,UfNka<i> 10-® volt (14-7) 

14-2. Pitch factor. The assumption that the coil pitch is equal to the pole 
pitch is seldom true for an a-c winding. Normally the coil pitch is smaller 
than the pole pitch, i.e., normally a-c windings are fractional-pitched or 
chorded, as, for example, in Fig. 13-5, where the coil span is 5 slot pitches 
while to a pole pitch correspond 24/4 = 6 slot pitches. 



Fig. 14-3. Maximum flux interlinkage of a full-pitch and of a fractional-pitch coil. 

Due to the chording, the maximum fiux interlinkage with the coil is 
smaller than the pole flux. Fig. 14-3 shows the maximum flux interlinkage 
of a full-pitch coil and of a fractional-pitch coil with a coil span = W, For 
the full-pitch coil it is the total area of the sinusoidal half wave; for the 
fractional pitch coil it is equal to the cross-hatched area. The ratio of the 
latter area to the total area is 

p = (r+W)/2 . TT . /f-- . TT > , Wit 

kj,— \ sm-xdx \ sin-a:aa;=sin — - (14~8) 

J *=( t - W )/2 / J ^ 

kj, is called pitch factor. For a full pitch coil, W = r and kp — l. 
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The emf of the coil is proportional to the maximum flux interlinkage. 
Therefore, the general equation for the emf induced in an a-c winding with 
N series turns per phase by a sinusoidally distributed flux is 

E = 4A4fNkak,^ x IQ-^ volt =:4.44/iVfcrfp<D IQ-® (14-9) 

kap is the product of k^ and kj,. 

The quantity Nkakp can be considered as the number of effective turns per 
phase. It is smaller than the actual number of turns per phase iV, owing to 
the distribution of the winding over several slots under each pole and to the 
chording of the coils. The product kjcp is often called the winding factor. 

Some values of the distribution factor are given in the following table: 


Slots per pole per 








phase 

2 

3 

4 

5 

6 

8 

00 

Three-phase 

0.966 

0.960 

0.958 

0.957 

0.957 

0.956 

0.955 

Two-phase 

0.924 

0.910 

0.906 

0.904 

0.903 

0.901 

0.900 


It is seen from this table that the distribution of the winding causes a 
turn-loss or a voltage loss of 3.5 to 4.5 per cent in 3-phase windings and a loss 
of 7.5 to 10 per cent in 2-phase windings. The magnitude of the pitch factor 
kp depends upon the ratio of coil span to pole pitch. For lf/T = 5/6, for 
example, 0.966. 

14-3. Non sinusoidal flux (B-) distribution along the armature 
surface. The preceding considerations are based on the assumption of a 

sinusoidal flux distribution. The in¬ 
duced emf is then a sinusoidal func¬ 
tion of time (see Art. 1-2). The low 
saturated induction motors and the 
cylinder rotor synchronous machines 
(Art. 32-1) have a flux distribution 
close to a sinusoid. The salient pole 
synchronous machines (Art. 34-1) 
have a flat flux distribution, as shown 
in Figs. 1-3 and 14-4. In this latter 
case, the flux distribution curve is re¬ 
solved into a Fourier series (Fig. 
14-4) and the fundamental and the 
harmonics are considered separately 
(Chap. 39). To each harmonic flux distribution applies then Eq. 4-9. The 
harmonic emf’s of the salient-pole machine will be treated in connection with 



Fig. 14-4. Flux distribution curve at 
no-load with fundamental and only two 
harmonics shown. 
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the study of this machine (Chap. 39). Harmonic emf’s are undesirable. 
Chording of the coils reduces the harmonics. Also a larger value of q decreases 
the harmonics. 


PROBLEMS 

1. A 24-pole, 60-cycle, 3-phase synchronous generator has a total of 216 slots, 
18 conductors per slot in a 2-layer winding, a 3-parallel wye connection and a coil 
throw of 0.778. If the no-load generated voltage is 2300 volts between terminals, 
determine the no-load flux per pole. What is the line voltage for the same pole flux 
if the machine is reconnected 2-paralIel delta? 

2. With normal excitation the pole flux in a 60-cycle generator is 6 x 10* 
maxwells per pole and is sinusoidally distributed along the air gap. For a coil pitch 
of unity determine the generated armature voltage per turn. What is the form 
factor and shape of this emf ? If the coil throw is 0.833, what is the emf induced per 
turn? 

3. With normal excitation the pole flux in a 60-cycle generator is 10x10* 
maxwells and is sinusoidally distributed along the air gap. The armature has a 
2-layer, 3-phase winding with 12 slots per pole and 6 conductors per slot. What is 
the emf induced in the winding per pole if the coil throw is: (a) 1.0, (b) 0.833, 
(c) 0.75? All conductors are connected in series. 

4. A 7500-kva, 3-pha8e, 25-cycle, wye-connected generator is rated to deliver 
its output at 11,800 volts between terminals. The field structure has 12 poles, and 
the armature 180 slots containing a 2-layer winding with 4 conductors per slot. 
All conductors are connected in series. What is the no-load terminal voltage when 
the pole flux is 52 megalines per pole and the generator is driven at rated speed? 
The coil throw is 12 slots. 



Chapter 15 


THE MMF OF AN A-C WINDING • 
ALTERNATING MMF • ROTATING MMF 


15-1. Alternating MMF. Consider the elementary machine (Fig. 15-1). 
It is excited by a single coil of turns which may be considered as one phase 

of a polyphase winding with q~l and Uc con¬ 
ductors in the slot. The machine has two poles, be¬ 
cause the flux enters the armature (inner part) 
once and leaves the armature once. The coil 
carries a current It is seen from the figure that 
each line of force is interlinked with all nj ampere 
turns. Applying Ampere’s law of the magnetic 

circuit Hi dl- NJ (Eq. 1-23) to this elementary 

Fic 15-1 Flernentary 2 machine, the line integral ^ Hidl is the same for 
pole single-phase machine 

with a single-coil. all lines of force because the mmf nj is the same 

for all lines of force. Therefore, the representation 
of the mmf as a function of space around the stator between the coil sides 
will be a rectangle with the height Uci (Fig. 15-2). 

For reasons which will immediately become obvious, it is expedient to 



mmf 



Fio. 16-2. Mmf curve of the elementary machine of Fig. 15-1. 
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Fici. 15--3. Mmf curv^e of the 
elementary machine of Fig. 
15-1. 


move up the axis of abscissae the distance rtct/g, "i 

so that the half of the mmf Ufi which drives the 

flux into the rotor is assumed positive and the j | Li” j4..| i i|j i V 

half which drives the flux from the rotor into i i;;-.'.J11 ^ 

the gap is assumed negative (or vice versa). This .J.117x1 ^ 

yields the graphical representation shown in ^ ^ 

Fie. 15-3 

o. . Fio. 15-3. Mmf curve of the 

Since the permeability /x of iron is high (see elementary machine of Fig. 

Fig. 1-8) only a small value of field intensity H in 15-1. 

the iron is necessary for any finite value of the 

flux density B = OAnfill. This means that the path in the iron contributes but 

little to the line integral (j) Hidf and it can be assumed that (j) Hidl = Hg2g, 

i.e., nci~Hg2g (^ = length of air gap). Since Bg^OAirHg, Bg~{)Aimcil2g 
~0ATT(ncil2){llg). Thus if gr is a constant quantity, as is the case in all 
induction motors, Fig. 15-3 represents not only the mmf-curve but, to 
another scale, also the flux distribution in the gap (the B curve). The repre¬ 
sentation of the latter curve must consist of areas above and below the axis 
of abscissae which are equal to each other, because the area of the iS-distribu- 
tion curve is the flux per unit length of the core (see Art. 1-2, Eq. 1-32) and 
the flux going into the rotor (positive area) must be equal to the flux leaving 
the rotor (negative area). Thus the representation of the mmf-curve with posi¬ 
tive and negative areas, as shown in Fig. 15-3 has the advantage that it also 
yields the j5-distribution curve which must contain positive and negative areas. 



Fig. 16-4. Mmf curve of the 2>pole, single-phase winding of Fig. 15-1 
with the fundamental and only two harmonics shown. 
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If the Fourier series is applied to the rectangular jnmf-curve of Fig. 15-3, 
a fundamental wave and harmonic waves are obtained as shown in Fig. 
15-4. The wave length of the fundamental is the same as that of the rec¬ 
tangular mmf-curve, namely, 2t. The amplitude of the fundamental wave is 
4/7r times the height of the rectangular wave, i.e., (4/7r)(n<.?7-)- Introducing 
i^j2 I sin (jjt, the equation of the fundamental mmf wave becomes 

/(x) = ^- ^cl sin cot cos - x~0.9nJ sin cot cos ^x (15-1) 

For a fixed instant of time t, this mmf and also the i5-distribution produced 
by it are cosine functions of space (a:) around the stator. For a fixed point x, 
both the mmf and B are a maximum when the current is a maximum and are 
zero when the current is zero. If the direction of the current is reversed, the 
direction of the mmf and B is also reversed. Such an mmf and flux are 
referred to as alternating mmf and alternating flux. The alternating flux thus 
can be characterized as a flux which is fixed in space (standing wave) while 
its magnitude varies from a positive maximum to a negative maximum 
(standing wave). Such an alternating flux has already been considered in the 
single-phase transformer. 


15-2. Rotating MMF. Fig. 15-1 refers to an elementary single-phase 
machine since there is only one coil fed by a single-phase current. Fig. 15-5 

shows an elementary 2-pole Il-phase machine: here 
three coils are displaced from each other in space by 
120 electrical degrees and it will be assumed that 
they are fed by three currents shifted from each other 
120° in time. Each of the three coils will produce a 
rectangular mmf as that shown in Fig. 15-4 of which 
only the fundamental will be considered here. The 
three fundamental waves produced by the three coils 
will be displaced from each other in space by 120 ' 
since the three coils are displaced from each other 
Fig. Elementary angle. Using coil (phase) I as a reference 

and placing the x — 0 point, as before in Fig. 15-4, 
in the axis of this coil, the three mmf waves produced by the three coils are 

n/2 4 . 7T* 

f\(x)— - n^l sin cot cos - x 

2 TT T 
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The first of these three equations is identical with that derived for the single 
coil (Eq. 15-1). It is observed that the amplitude of each wave is 


X -Ucl 

TT 


In order to obtain the resultant mmf produced by all three phases, the 
sum /i+/ii+/in is f-o be taken. Observing that sin a cos p = \ sin (a-/3) + 
^ sin (a -f- jS) the final result obtained is: 


, 3>/2 4 


t^o 


(^(ot ~-x^ — l.35nj sin (15-3) 

The resultant mmf contains a sine function of time and of space. The meaning 
of this function can be seen readily from Fig. 15-6 which represents the 
position of the resultant around the stator (in 
the air gap) for three different instants of time. 

Fig. 15-6a refers to ^ — 0, Fig. 16-8b refers to 
f = and Fig. 15-6c to t=t 2 >ti. Observe 
the position of a .fixed point of the wave, for 
example point A, at the different instants of 
time: as time elapses this point moves to the 
right in the positive direction of the x-axis. 

This means that the function sin [wt - (7tIt)x] 
represents a traveling wave. 

Referring to Eq. 15-3, the amplitude of the 
traveling mmf wave 







at different instants of time. 


is a constant quantity. Thus the resultant mmf 
of a 3-phase (polyphase) winding is an mmf 
which travels around the stator (in the gap) with 
constant amplitude. Such an mmf and the flux 
produced by it are referred to as a rotating mmf 
and a rotating flux. 

A comparison of the rotating mmf or flux with the alternating mmf or 
flux shows that the former has a constant amplitude and moves around in 
the gap of the machine while the latter has a variable amplitude and is fixed 
in space. 

A rotating mmf and flux can be produced in another way. Consider Fig. 
30-3 which shows the rotor of a synchronous machine. The field coils on the 
salient poles are fed by a direct current. When this pole structure is driven 
by a Diesel engine or a waterwheel, the effect of its rotation is a rotating mmf 
and flux. However, a prime mover is necessary to produce this effect, whereas 
in the discussion considered above the rotating mmf and flux were produced 
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by non-moving coils with polyphase currents flowing in them. The discovery 
of the possibility of producing a rotating flux by non-moving coils and 
polyphase currents was a turning point in the development of the electric 
machine, because the induction motor, which is the most commonly used 
electric machine, operates on the basic principle of a rotating flux produced 
by fixed coils. 

The velocity of propagation of the mmf wave represented by Eq. 15-3 
and of the flux produced by it can be determined from Eq. 15-3. Imagine 
an observer traveling with the mmf wave and sitting on point of the 
wave (see Fig. 15-6c). For this observer, the magnitude of the mmf will 
always have the same value PiP^^ i.e., for him the right side of Eq. 15-3 is a 

constant quantity. Since the factor?^ has a constant value, the con- 

Z TT 

dition that exists for the observer is: 


and, therefore. 


sin 



X = constant 


cot — x = constant 

T 


Differentiating this equation with respect to t, the velocity of propagation 
of the mmf wave dxidt is obtained as 


dx 



(15-4) 


This equation states that the wave moves, during one cycle of the current, 
a distance x twice the pole pitch, i.e., its wave length. 

For rotating machines it is customary to express the velocity of propa¬ 
gation in rpm rather than as a distance. The distance covered by the wave in 
one minute is 2/t x 60. The distance which corresponds to one revolution of 
the rotor is pr. Thus the speed in rpm is 


2/t X 60 _ 120/ 
pr p 


(15-5) 


Note that this is the same equation which has been derived for the frequency 
of the a-c emf induced in an armature winding moving with n rpm relative 
to a pole-structure with p poles (Eq, 1-9). 

Applying the relation s‘n a cos j8 = ^[sih a-j8)+sin (a-fj3)] to P]q. 15-1, 
there results 


Comparing this equation with Eq. 15-3, it is seen that an alternating mmf 
can be replaced by two rotating mmf’s traveling in opposite directions and 
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each having an amplitude equal to half of that of the alternating mmf. Use 
of this concept, to replace an alternating mmf by two rotating mmf’s, is 
made in the treatment of the single-phase motor (Chap. 26). 

Eqs. 15~1 and 15-3 were derived under the assumption that there is only 
one coil per pole pair per phase (see Figs. 15-1 and 15-5), i.e., one slot per 
pole per phase (g = 1). If there are q>l slots per pole per phase, i.e., the coil 
group consists of q individual coils, the resultant mmf is obtained by treating 
the mmf given by Eq. 15-1 and also that given by Eq. 15-3 as phasors. This 
is permissible because they are sinusoidal functions. The phasors represent¬ 
ing the amplitudes of the mmf’s of the individual coils of the coil group are 
shifted with respect to each other by the electrical angle which corresponds 
to a slot pitch, and the resultant mmf is obtained by a geometric addition of 
the mmf’s of the q single coils. This is the same consideration as that applied 
to the determination of the resultant ernf of a coil group with q coils (see 
Figs. 14-1 and 14-2). It leads to the introduction of the distribution factor 
as given by Eq. 14-4, and the resultant mmf is that given by Eq. 15-1 or 
that given by Eq. 15-3 times k^q. 

Eqs. 15-1 and 15-3 refer to a full-pitch winding. This can be seen from 
Figs. 15-1 and 15-5 in which the coil pitch (measured as an arc) is equal to 
the pole pitch. If the winding is chorded, then the pitch factor must be intro¬ 
duced as was done for the determination of the ernf of a chorded winding. 

Compare Eqs. 15-1 and 15-3. The factor | in Eq. 15-3 is due to the fact 
that a 3-phase winding has been considered as an example (Fig. 15-5). If an 
m-phase (m>l) winding were considered, the factor m/2 would appear in 
Eq. 15-5. Multiplying Eqs. 15-1 and 15-3 by qka in order to include the 
case of a coil group with q single coils, and further, multiplying these 
equations by the pitch factor in order to include the case when the coils 
are chorded, and finally introducing into Eq. 15-3 m/2 instead of f, the 
amplitude of the fundamental of the mmf of a single-phase winding becomes 

F^i).\)n,qkaJ (15-7) 

and that of the polyphase winding (m>l) 

F QAbmn,qkaJ (15-8) 

n^q in Eqs. 15-7 and 15-8 is the number of turns per pole pair. The total 
number of turns per phase N is 


{15-9a) 

Introducing n^q from this equation into Eqs. 15-7 and 15-8 the amplitude 
of the fundamental of the mmf of a single phase^winding is 

N 

F=l,S~k,J 


(15-10) 
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and the amplitude of the fundamental of the mmf of a polyphase winding 
(m>\) is 

N 

F ~0,^m~ kapi (15-11) 

Only the fundamental mmf wave has been considered throughout this 
article. The harmonics (see Fig. 15-4) have been disregarded. An investiga¬ 
tion of the harmonic mmf’s in the same manner, as has been done for the 
fundamental wave, shows that a single-phase winding produces harmonic 
alternating mmf’s and fluxes and that a polyphase winding produces har¬ 
monic rotating mmf’s and fluxes. The speed of the rotating harmonic mmf’s 
and fluxes is different from that of the fundamental wave, Eq. 15-5. Some 
of the rotating harmonic mmf’s (fluxes) travel in the same direction as the 
fundamental mmf (flux) and some travel in opposite directions. A 3-phase 
winding does not produce mmf harmonics of the order 3 or a multiple of 3. 
This will be discussed in Chap. 24. 

The useful torque of the machine is produced by the fundamental flux. 
All harmonic fluxes are undesirable, especially in induction motors, where 
they produce not only additional losses (see Art. 29-1) but may produce 
vibration and noise. They may also distort the torque-speed curve and cause 
locking torques. The harmonic mmf’s which produce the harmonic fluxes 
must be kept as small as possible. This may be achieved by a chording of the 
coils and chosing a value of q which is not too small. These same means are 
also used to keep down the harmonics of the induced emf (see foregoing 
chapter). Chording reduces the harmonics of low order (5th and 7th). Skew¬ 
ing of the rotor or stator is very helpful for the reduction of the influence on 
the rotor of the harmonic fluxes of high order and is used in small and 
medium-sized induction motors for this purpose (see Fig. 23-5). The influence 
of the harmonic fluxes on the operation of the induction motor is treated in 
detail in Chaps. 24 and 58. 


Example 15-1. The total mmf of a 3-phase 2-pole winding with 2 slots per pole 
per phase will be determined. It will be assumed that the winding is fractional- 
pitch, the coil span 5 slot pitches; the mmf will be determined for 
the instant shown in Fig. 15-7, i.e., when the current in phase 
III is zero while in phases I and 11 the currents are equal and of 
opposite sign. 

The circles in Fig. 15-8a represent coil sides and this figure 
shows the slot distribution over the two poles. 1^, 11^,, and III^ 
are the beginnings of the three phases. Since the currents in 
phases I and II are opposite, the beginning of phase II must be 
marked by a dot if the beginning of phase I is marked by a cross. 
This determines the current directions in the top and bottom 
layers around the machine. Fig. 15 ~8b is the ampere-conductor 




Fio. 15-7. Fig¬ 
ure for the ex¬ 
ample. 


distribution of the winding. It is obtained by adding the currents of Fig. 15-8a, 
observing the signs and magnitudes of the individual currents. In the case con- 
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Fio. 15 8. Minf curve of a 3-phase winding (q~2). 


sidered, the magnitudes of all currents are ecjual. Fig. 15-8c is the total mmf of 
the winding. It is obtained through graphical integration of h'ig. 15-81). The inte¬ 
gration can be started at any point and a line then is drawn in such a manner that 
the positive and negative areas of the mmf curve are equal. 

PROBLEMS 

1. Show the shape of the total mmf of the 3-phase winding of Problem 1, Chap. 
13, for the instant of time: (a) when the current in phase I is zero; (b) when the 
current in phase 1 is a maximum. 

2. Repeat Problem 1 for the 2-phase winding of Problem 3, Chap. 21. 

Note —Problem 4, Chap. 13, offers added suggestions for problems on determining 
the .shape of the mmf wave of 3-phase windings. 



Chapter 16 


MECHANICAL ELEMENTS OF THE POLYPHASE 
INDUCTION MOTOR AND ITS MAGNETIC CIRCUIT 


16-1. It follows from Biot-Savart’s law (Art. 1-2) that all electric machines 
must have two indispensable elements, the magnetic flux and the conductors 
carrying current (the armature). In the induction motor the flux is produced 
by the outer part, the stator, while the rotating inner part of the machine, the 
rotor, is its armature. The stator is excited by alternating currents which 
produce rotating fluxes. The stator iron must be laminated (Art. 29-1). 

The armature conductors are placed parallel to the axis of the armature or 
they are skewed at a slight angle to the axis and the armature iron is also 
laminated (Art. 29-1). 




Fig. 16-1. l.<arninated segments of stator and rotor of large induction motors. 
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Ficj. 16-2. Complete stack of stator laminations of a small 
induction motor with semi-open slots. 


(a) Stator. Fig. 16-1 shows laminated segments of large induction motors: 
A represents a stator segment, B a segment of a squirrel cage rotor, and C a 
segment of a phase-wound rotor. The difference between these two rotor 
types is explained later. Fig. 16-2 shows a complete stack of stator lamina¬ 
tions for a smaller induction motor with semi-open slots; the laminations of 
small motors are usually punched from one piece. 


The stator or primary winding of 
the induction motor is connected to 
a source of power, is placed in the 
stator slots, and is completely insu¬ 
lated corresponding to the voltage of 
the power supply. Fig. 16-3 shows 
the connection end of a partially 
wound stator, and Fig. 16-4 shows 
the complete stator for a larger motor. 

(b) Rotor. The rotor or secondary 
winding of the induction motor is its 
armature winding. It is placed in 
the slots of the rotor. The armature 
winding is not connected to a source of 
power but gets its power by induction 
from the flux produced by the stator 
winding—hence the name indwtion 
motor. 



Fig. 16-3. Partially wound stator of an 
induction motor. 
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Fig. 1(i- 4. Complete stator of a medium-size induction motor. 


There are two general kinds of rotor windings, one the squirrel-cage 
winding, the other an insulated phase winding similar to that of the stator 
The squirrel-cage winding consists of bare bars put in the slots and connected 
together at each end by a ring. A complete squirrel-cage rotor for a larger 
induction motor was shown in Fig. 13-10. A laminated segment of a squirrel- 
cage rotor similar to that shown in Fig. 13-10 is shown in Fig. 16-IB. The 
slots are shallow and semi-open. This produces a definite speed-torque 
characteristic. In order to produce a different speed-torque characteristic, 
the slots and bars often are narrow and much deeper, as shown in Fig. 16-5, 
which represents a complete rotor of a small induction motor, equipped with 
ventilating fans. The slots here are skewed in order to produce better start¬ 
ing performance and to reduce noise (Chaps. 58 and 59). Fig. 16- 6 shows a 
squirrel-cage motor with round bars. Fig. 16-7 shows a complete rotor of a 



Fig. 16-5. Complete rotor of a squirrel-cage rotor with deep bars. 
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__ 1 ... / ■ v&Jifc.. .... 

Fig. 16-6. Squirrel-cage rotor with round bars. 



Fig. 16-7. Complete squirrel-cage rotor with die-C€tst aluminum bars, 
end rings, and ventilating fans. 


smaller motor, in which the rotor bars as well as the rings and ventilating 
fans are cast in aluminum. 

Certain desirable operating characteristics can be achieved by the use of 
two squirrel cages in the same rotor (Art. 22-5). Different shapes of slots for 
double-cage rotors are shown in Fig. 22-4. Fig. 16-8 shows the rotor punch¬ 
ing for a double-cage rotor, having twice as many slots in the upper cage as 
in the lower one. Fig. 16-9 shows a complete double-cage rotor. 
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Fig. 16-8. Punching of a double-cage rotor. 



Fig. 16“9. Complete double-cage rotor. 


A punching of a phase-wound rotor is shown in Fig. 16-1. Fig. 16-10 shows 
a partially wound rotor with phase winding, and Fig. 16-11 shows a complete 
phase-wound rotor. These rotors are usually 3-phase. In order to connect the 
rotor to an external rheostat, for starting and control i)urposes, the begin- 
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Fig. 16-10. Partially wound rotor with phase winding. 



Fig. 16-11. Complete wound rotor of a larger induction motor. 

nings of the phases are connected to slip rings; a 3-phase motor has three slip 
rings. Brushes riding on the slip rings provide the connection to the rheostat. 
The phase-wound rotor is called simply a woui/hd rotor or also slip-ring rotor. 

Fig. 16-12 shows a cutaway section of a squirrel-cage induction motor, 
totally enclosed type, fan-ventilated. The flow of air for this motor is shown 
in Fig. 29-3. Fig. 16-13 shows the parts of a small 3-phase induction motor, 
with cast-aluminum rotor, and ventilating fan. Fig. 16-14 shows a complete 
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Fig* 16-12. Cutaway section of a totally enclosed fan*v6>nt ilated 
squirrel-cage induction motor. 



Fig. 16-13. Parts of a small 3-phase squirrel-cage induction motor 
with cast aluminum bars. 
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induction motor, open type, and Fig. 

16-15 shows a splash-proof motor. 

Fig. 16-16 shows a complete medium¬ 
sized motor with phase-wound rotor. 

The standard ratings of polyphase 
induction motors are given in Table 
49-5. 

(c) The niagnetic circuit of the in¬ 
duction motor. Fig. 16-17 shows the 
magnetic paths of a 4-pole induction 
motor. Each of the four paths in¬ 
cludes a part of the stator core, two 
sets of stator teeth, two air-gaps, two 
sets of rotor teeth, and a part of the 
rotor core. The circuital law of the 
magnetic field (Eq. 1-23) is the basic 
relation for the study of the magnetic 
circuit of the induction motor. The mmf necessary to drive a given flux 
through a given structure is determined in Chap. 50. 


Fig. 16-14. 


Open-type polyphase induc¬ 
tion motor. 


A 



Fig. 16-15. Splashproof, ball-bearing, squirrel-cage induction motor. 






Chapter 1 7 


THE POLYPHASE INDUCTION MOTOR AS A 
TRANSFORMER 


It has been pointed out already that in the induction motor, contrary to 
other electric machines, only one machine part, the stator, is connected to a 
source of power. The rotor of the induction motor is not connected to any 
power line, but receives its emf and current by means of inditction. This 
same feature also applies to the transformer, and it will be shown in the 
following that the indiwiion motor operates on the transformer principles. 

The stator winding of the polyphase induction motor is usually 3-phase, 
seldom 2-phase. The rotor winding is either of the squirrel-cage type (Fig. 

16- 6) or wound 3-phase type (Fig. 16-11) connected to three slip rings. When 
the rotor winding is phase-wound, it must be wound for the same number of 
poles as the stator winding. It will be shown in Art. 17-3 that a squirrel-cage 
winding automatically assumes the same number of poles as the stator. 

17- 1, The induction motor at standstill, (a) Rotor winding open. Con¬ 
sider a 3-phase motor with a 3-phase wound rotor. Fig. 17-1, the slip rings of 
which are at first open. In this case the induction motor behaves exactly 




Fig. 17-1. Schematic diagram of a 3-phase, wound-rotor induction motor. 

19 .^ 
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as a transformer with an open secondary (no-load). The impressed line 
voltage forces currents into the stator windings which produce a rotating 
flux. The magnitude of the currents and of the flux is such that KirchhofF’s 
mesh law is satisfied (see Eq. 3-9). There are, besides the impressed voltage, 
two emf’s in the stator circuit, one of them produced by the main flux, the 
other by the leakage fluxes of the stator. 

As in the transformer, the main flux is that flux 
which is interlinked with both windings, i.e., the 
stator and rotor winding. Its path consists of the 
stator and rotor cores, stator and rotor teeth, and 
twice the air gap g (Fig. 16-17). The leakage fluxes 
of the stator are those fluxes which are interlinked 
with the stator winding only. The stator winding is 
embedded in slots, and its leakage fluxes are diflerent 
from those of the transformer. They are: 

1. The slot leakage flux (Fig. 17-2) 

2. The tooth-top leakage flux (Fig. 17- 2) 

3. The end-winding leakage flux (Fig. 17-3) 

4. The differential (harmonic) leakage flux. 

The slot leakage flux is that which crosses the slot 
within the slot space. The tooth-top leakage flux is 
Fig 17-2 Slot and fhat between the tooth tops ill the gap without going 
tJoth-top leakage through the iron of the rotor. The end-winding leak- 
age flux is that around the end-windings, i.e., around 
the external connections between the conductors. It has been explained in 
Art. 15-2 that an a-c winding produces a fundamental mmf wave, the length 
of which is equal to twice the pole pitch 
of the machine 2t, and harmonic mmf 
waves. Only the flux produced by the 
fundamental mmf wave produces the 
useful torque of the machine. The har¬ 
monic fluxes are parasitic fluxes and are Fio. 17 3. End winding leakage flux, 
to be considered as a leakage flux. This 

leakage flux is called the harmonic or differential leakage flux. The designation 
“differential” means that the difference between the total mmf and the fun¬ 
damental wave is to be considered as leakage. The fundamental wave is 
called the main wave or synchronous wave. 

Only the end-winding flux is a real leakage flux. The three other leakage 
fluxes together with the fundamental flux constitute the total flux of the 
machine. Physically only a single flux exists in the machine, namely, the 
total flux. The division into the main flux and leakage flux is necessary for 
the same two reasons which were stated for the transformer. The main 
reason is that it is only the flux interlinked with both windings which induces 
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an emf in the secondary (rotor) winding. The second reason is that the two 
kinds of flux have paths with entirely different reluctances (see Art. 3~1). 
While the reluctance of the leakage fluxes is determined mainly by air 
resulting in a high reluctance path, (see Eq. 1-27), the main flux path 
lies in the iron with a high /jl and in the air gap which is small relative to the 
air paths of the leakage fluxes 1, 2, and 3. 

The fact that the reluctance of the paths of the leakage fluxes is determined 
mainly by air = and is therefore almost constant makes the magnitude 
of the leakage fluxes directly proportional to the current (mmf) producing 
them. This does not apply to the main flux, the path of which lies in the air 
gap and iron (see Art. 3-1). The magnitude of the main flux is determined 
by the mmf producing it, by the length of the air gap, and by the permeability 
of the iron. Since the last changes with the mmf according to the saturation 
curve of the iron used, the main flux is not proportional to the mmf producing 
it. 

Referring again to Fig. 17-1 with the rotor winding open, the two emf’s 
induced in the stator winding are: (a) the emf induced by the main flux; 
(b) the emf induced by the leakage fluxes. Both emf’s lag their fluxes by 
90^. As in the transformer (see Art. 3-2) the main flux is produced by the 
reactive component 1^ of the magnetizing current while the leakage 
fluxes are produced by the total stator current which, with the rotor open, 
is only a little larger than i„j. As in the transformer, the magnetizing current 
1^ has an active component hi counter-phase with the emf induced by 
the main flux which is necessary to supply the hysteresis and eddy- 
current losses due to the main flux (Fig. 3-2). As in the transformer, 

(17-1) 

As in the transformer (see Eq. 3-9), Kirchhoff’s mesh law for the stator 
winding is 

+ (17-2) 

or 

4- /,rj (17-2a) 

The subscript 1 indicates the primary (stator) winding. Fj, Ei, /j and the 
parameters rj and are assumed to be phase values, so that the voltages in 
Eqs. 17-2 and 17-2a are per-phase quantities. 

The relations between 1,^ and E^ are the same as for the transformer, i.e., 
Eqs. 3-4 to 3-6 also hold here. 

The emf E^ induced by the main flux in the stator winding is equal to 
(see Eq. 14-9) 

E = 4.44 lO"® volt (17-3) 

The main flux induces a voltage not only in the stator winding but also in 
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the rotor winding. The speed of the rotating flux* produced by the stator 
currents is, with respect to the stator (see Eq. 15-5), 




V 


(17-4) 


The speed 120/,/p is called the synchronous speed, and the subscript«indicates 
this fixed value of the speed. Generally, when the rotor rotates with a speed n 
in the direction of the rotating flux, the relative speed between the rotating 
flux and the rotor winding is n^-n. Since the rotor is considered here at 
standstill n—-0, the relative speed between the rotating flux and rotor is 
equal to i.e., the frequency of the emf induced in the rotor winding is 
(see Eq. 1-9) 


h 


120 


Thus the emf induced in the rotor winding, at standstill, is 


and 


A ^2 = 4.44 iVa/i^JfcdpglO ^ volt (17-5) 


^ 2^dp2 
El 


(17-6) 


i.e., the ratio of the emf’s induced in both windings by the main flux is equal 
to the ratio of their effective turns, just as in the transformer. 

The magnetizing current drawn from the lines by the polyphase in¬ 
duction motor with an open secondary (rotor) is much larger than that drawn 
by the transformer. This current is from 18 to 40% of the rated current in 
the induction motor and only 3% to 15% of the rated current in the trans¬ 
former. The larger magnetizing current of the induction motor is caused by 
the air gap, i.e., by the higher reluctance of the main flux path of the induction 
motor: a larger mmf is necessary to drive the same main flux through the 
induction motor than through the transformer. 

(b) Rotor winding closed. It will be assumed in this discussion that the 
rotor winding is closed but that the rotor is blocked so that it can not rotate. 
In this case the emf induced in the rotor by the main flux, Eq. 17-5, will 
produce polyphase currents in the rotor winding. These currents yield 
rotating mmf’s consisting of a main wave and harmonics just as the polyphase 
currents in the stator winding yield a main mmf wave and harmonics. Just 
as in the stator, the harmonic fluxes of the rotor produced by its harmonic 
mmf’s are considered as leakage fluxes (rotor differential leakage), and only 
the main wave of the rotor is to be taken into account because only it 
contributes to the useful torque. For this reason the rotor mmf considered 
in the following discussion refers to the main wave only. 

It has been explained that the frequency /g of the rotor currents at stand- 

* Here and in following discussions the rotating flux means the main flux. 
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still is equal to the stator frequency/|. Therefore the speed of the rotor mmf 
mth reaped to the rotor, at standstill, is 

120 /* 120 /, 

This equation shows that the speed of the rotor mmf relative to the rotor is 
identically the same as the speed of the stator mmf relative to the stator, 
namely, Thus it follows that at standstill the mmf waves of 

stator and rotor are stationary with respect to each other. It will be shown in 
the next article that this is also true when the rotor rotates, no matter what 
the speed of rotation. Standstill of stator and rotor mmf waves with respect to 
each other is a necessary condition for the existence of a uniform torque in the 
machine. 

The rotor winding is the armature winding of the induction motor. When 
currents flow in the rotor winding, an mmf wave is produced by them, and 
this wave reacts upon the stator mmf wave which is always at standstill with 
respect to the rotor wave. Just as in the transformer the secondary mmf 
reacts upon the primary mmf (see Art. 4-1). The reaction of the rotor mmf, 
i.e., the armature reaction, is here such that it opposes the stator mmf and 
tends to reduce the main flux and E^. In accordance with Kirchhoff’s equa¬ 
tion (Eq. 17-2) the stator is forced to draw more current from the lines, thus 
compensating for the armature reaction and sustaining the main flux, i.e., 
the emf E^. The terms I^r^ and increase with increasing primary cur¬ 
rent /j. However, these terms are, in the normal range of operation, small in 
comparison with the emf induced by the main flux, E^, so that the main flux 
varies but little in the normal range of operation, just as in the transformer. 

When the rotor carries current, there are two mmfs in the machine, and 
the main flux is determined by the resultant mmf. The two mmf’s are (see 
Eq. 15-11): 


— O.Omj hapili 

(17-7) 

and 



(17-8) 

As in the transformer, a simplification of the formulas, the phasor diagram, 
and the equivalent circuit is achieved when the secondary quantities are 
'^referred to the primary'" or, in other words, when it is assumed that the rotor 


winding is identical with the stator winding, i.e., that it has the same number 
of phases and the same number of effective turns as the stator 

winding. 

Such an assumption will be permissible if care is taken that the referred 
quantities of the rotor are such that (see Art. 4-2): 
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1. The rotor retains the original value of its mmf as given by Eq. 17-8, 
i.e., the main flux is not changed. 

2. The kva of the rotor retains its original value. 

3. The I^R loss of the rotor retains its original value. 

4. The magnetic energy of the leakage fluxes of the rotor (retains 
its original value. 

Rotor quantities referred to the stator will be indicated by a prime. The 
first condition above means that the rotor current referred to the stator, 
/g', must be such that 


or 


N, 

P 


0.9wii — kapil2 = 0.9m2 


P 


k^dp2^2 




2^dp2 T 


(17-9) 


1 2 flowing in the stator winding, will produce the same mmf as the current 
I 2 produces flowing in the rotor winding. The second condition means 
that 


or 




_ , jp jp 

^2 "="wir' 

2^dp2 


(17-10) 


i.e., that the secondary and primary emf’s induced by the main flux are 
equal. This is in accordance with the assumption that the number of 
effective turns of the secondary winding is equal to that of the primary 
winding. 

The third condition means mj^ 2 ^r 2 —m 2 l 2 r 2 or, inserting the value of 
I 2 from Eq. 17-9, 




mj 

m 2 



(17-11) 


The fourth condition means that 


\mj2^X2 =\rn2lt^X2 


where X 2 — (j^Li 2 = 2 TTf^Li 2 is the leakage reactance of the rotor at line fre¬ 
quency/i. Inserting into this equation the value of I 2 , 


m 2 



(17-12) 


It follows from Eqs. 17-9 to 17-12 that the reduction factors from the second¬ 
ary to the primary are: 
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~^2^dp2 


for voltage 


and 


^2 

N^kdj,i 


for current 


\^2^dp2/ 


for resistance and reactance 


(17-13) 


Since these reduction factors satisfy conditions 1 to 4, calculations made 
with the referred quantities E 2 , l 2 > ^2 X 2 do not change anything in 
the magnetic or electric behavior of the machine. 

The total mmf which produces the main flux O is given by the geometric 
sum of the mmf’s of both windings and F 2 , Eqs. 17-7 and 17-8. This 
geometric sum yields the magnetizing mmf (see Eq. 4-8) 


0.9mi i, + 0.9m2 : 

P P 


:0.9m 


N,k 


dv\ 


P 


(17-14) 


Substituting for /g the value from Eq. 17-9, the result is the same as that 
for the transformer 

/i+4'-4n (17-14a) 

Therefore, the same considerations apply as for the transformer (see Art. 
4-4) and Eq. 4-10 and 4-lOa, derived for the transformer, also apply to the 
induction motor, the secondary of which carries current. However, it should 
not be forgotten that the rotor is considered here to be at standstill, at 
which operating condition stator and rotor mmf’s are at standstill with 
respect to each other. Eqs. 4-10 and 4-lOa can be considered applicable to 
the machine during running only when proof is given that stator and rotor 
mmf’s are at standstill with respect to each other at any rotor speed. 

Kirchhoiff’s mesh equations for the stator and rotor are, (see Eq. 17-2) 

(17-15) 

(17-16) 


The second equation (17-16) for the rotor applies only to the case considered 
here, i.e., to the rotor at standstill. 

The foregoing considerations refer to the induction motor with a phase 
wound rotor and an external resistance in the rotor circuit, Fig. 17-1. The 
same considerations also apply to the squirrel-cage rotor, but in this case no 
external resistance can be inserted into the rotor ; therefore, the squirrel-cage 
rotor corresponds to the case of a wound rotor with an external resistance 
equal to zero. The squirrel-cage rotor and the wound rotor with no external 
resistance behave at standstill as a transformer the secondary of which 
contains only its own resistance and leakage reactance, i.e. as a transformer 
at short-circuit. For this condition the main flux of the transformer and 
induction motor is small, and the current is high and limited mainly by the 
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leakage reactances and resistances of the primary and secondary windings 
(see Art. 22-2). Due to the fact that the leakage reactances of the induction 
motor are much higher than those of the transformer, the short-circuit 
current (current at standstill) of the induction motor is much smaller than 
that of the transformer. The short-circuit current is 3.5 to 8 times rated 
current in the induction motor and 7 to 40 times rated current in the trans¬ 
former. 


17-2. The induction motor when running. The slip. When the blocked 
rotor, with closed winding, is released, it starts rotating because the rotating 

flux exerts tangential forces on its cur¬ 
rent-carrying conductors. The direction 
of rotation of the rotor is the same as 
that of the rotating flux which rotates 
at the constant speed n,. —120/j/p rela¬ 
tive to the stator, i.e., at synchronous 
speed (Eq. 17-4). When the rotor is at 
standstill, the relative speed between the 
rotating flux and rotor is equal to the 
synchronous speed and the emf in¬ 
duced in the rotor is When the 

rotor rotates at a speed n, the relative 
speed between the rotating flux and the 
rotor is n., - n (Fig. 17-4). Since it is the 
relative speed between the flux and 
rotor winding which determines the 
magnitude and frequency of the emf induced in the rotor, the magnitude of 
the emf induced in the rotor winding at the speed n is 

E^'=^E,' (17-17) 

and the frequency of this emf is 

(17-18) 

The quantity - n)lns is called the slip^ i.e., the slip is defined as: 



n. = speed of the mmf wave of the 
stator 

n == (1 — s)n, = rotor speed 

= n, — n = speed of the rotor mmf 
wave with respect to the rotor 
n, »= n -i- sn,. 

Flo. 17-4. Illustration of the speed of 
the mmf waves of stator and rotor in a 
polyphase motor. 


ris-n 

n. 


(17-19) 


The slip gives the relative speed between the rotating flux and the rotor 
as a fraction of the synchronous speed w,. At standstill, ?i = 0 and 5 = 1; at 
synchronous speed n—n^ and 5 = 0. At synchronous speed the relative speed 
between the rotating flux and the rotor is equal to zero and no emf is induced 
in the rotor. Therefore, there is no current in the rotor and no tangential 
force is exerted on the rotor at synchronous speed. An induction motor is 
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not able to reach the synchronous speed; it will run with a slip sufficient 
enough to induce the current necessary to produce the tangential force and 
torque required by the load. The slip is the basic variable of the induction 
motor. 

Introducing Eq. 17-19 into Eqs. 17-17 and 17-18, the emf induced in the 
rotor by the rotating flux as a function of slip s is 

E^/=sE^' (17-20) 

and the frequency of this emf is 

/a = s/i (17-21) 

At standstill of the rotor (s — l) the frequency of the rotor emf is equal to the 
line frequency; this is in accordance with the result obtained previously. 

Thus, for the rotor running with the speed n the quantity sEz =sE^ is to 
be introduced for E 2 ~E^ in Kirchhoff’s mesh Eq. 17-16. In the same equa¬ 
tion, X 2 is the rotor leakage reactance at line frequency/,. Since, at the rotor 
speed n, the frequency of the rotor current is/g= 5 /,, the quantity sx^ instead 
of X 2 is to be introduced for the running rotor. Hence Kirchhoff’s mesh 
equation of the rotor circuit becomes 

sE^ -ji^sx^ =12^2 (17-22) 


Eq. 17-16 which applies only to standstill is a special case of Eq. 17-22, 
obtained from the latter equation by setting .s = 1. 

According to Eqs. 17-21, 17-4, and 17-19, the speed of the mmf wave 
produced by the rotor, relative to the rotor is 


n, - 


120/2 

P 


I2q^ 

P 


= Sn^ = 71^-71 


Since the rotor speed is equal to 71, the speed of the rotor mmf wave relative 
to the stator is ti -f n f =71^. This is the same as the speed of the stator mmf wave 
relative to the stator, i.e., rotor and stator mmf waves are stationary with 
respect to one another at any rotor speed n. It has been pointed out in the fore¬ 
going article that this is the condition for the existence of a uniform torque 
in the polyphase machine. Thus, the polyphase induction motor is able to 
produce a uniform torque at any rotor speed. It will be seen later, (see Art. 
23-3), that the synchronous motor does not possess the ability to produce a 
uniform torque at all speeds. 

With the proof given that stator and rotor mmf’s are at standstill with 
respect to each other at any rotor speed, just as at standstill of the rotor, Eqs. 
17-14 and 17-14a also apply to the running motor and consequently Eqs. 
4-10 and 4-lOa hold for the running motor, i.e., no matter what the speed 
of the rotor, 

-/,X= 


(17-23) 

(I7-23a) 
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Dividing Eq. 17-22 by the slip s. KirchhofF’s mesh equation of the rotor 
becomes 

^2 +> 2 ') i/ ( 17 - 24 ) 

which also can be written as 

E,' = E, = (r,’ +jx,’) i,' + ( 1 ^) T,'i,' (17-24a) 

Comparing this equation and Eq. 17-15 for the stator with the corresponding 
mesh equations of the transformer, it is seen that they are of the same 
character and that the mechanical power of the induction motor can be 
represented as the power dissipated in a pure resistive load, the resistance 
being equal to [(1 -5)/5]r2^ i.e., the induction motor, when running, behaves 
as a transformer loaded with a pure ohmic resistance. It could be expected that 
the load circuit of the induction motor, considered as a transformer, contains 
only resistance and no reactance, since the developed power of a rotating 
induction motor is a mechanical power which can only be represented by a 
resistance, and not by a reactance. 

The similarity of the fundamental equations of the induction motor and 
the transformer must lead to a similarity of both their phasor diagrams and 
equivalent circuits. 

17-3. The squirrel-cage rotor. Its number of poles and phases. Con¬ 
sidering the rotor, the number of rotor poles has been assumed to be the 
same as that of the stator. Stator and rotor must have the same number of 
poles in all electric machines. In the phase-wound rotor the equality of 
numbers of poles is achieved simply by winding the rotor for the same number 
of poles as the stator. It has been mentioned that the squirrel-cage rotor 
automatically produces the same number of poles as that of the stator. 

Consider Fig. 17-5. The rotating flux is sinusoidally distributed as shown 

by the j^-curve. This flux moves with the 
speed n., while the rotor rotates at speed n. 
With respect to the rotor the rotating flux 
moves at a relative speed n^-n. Applying 
Faraday’s law in the Blv form, the emf’s 
induced in the individual bars of the 
squirrel cage are also sinusoidally distrib¬ 
uted as shown in Fig. 17-5. In order to 
simplify the explanation, the assumption 
will be made that the rotor speed n is close 
to the synchronous speed n^, as is gener¬ 
ally the case for operation at rated output. 
The rotor leakage reactance sxf then becomes very small, and it can then be 
assumed that the current and emf of the individual rotor bars are in phase. 



Fig. 17-5. Explanation of the num¬ 
ber of poles of a squirrel-cage rotor. 
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Therefore the emf’s of the individual bars in Pig. 17-5 represent, to another 
scale, the currents of the individual bars and, if the currents are indicated by 
crosses under the positive half-wave of the B curve, they must be indicated 
by dots under the negative half-wave of the B curve. It is seen that the flux 
wave produces a 2-pole current distribution and hence also a 2-pole mmf 
distribution in the squirrel-cage rotor. Since the number of poles of the flux 
wave is the same as that of the stator winding, the squirrel-cage rotor ^produces 
the same number of poles as that of the stator. 

The emf’s of the individual bars are sinusoidal functions of time, since B is 
sinusoidal. As such, they can be represented by phasors. The time angle 
between the phasors representing two 
adjacent bars is equal to the space 
angle between two bars (slot angle 
oLs), The total number of phasors is 
equal to the number of bars (Q 2 ). Fig. 

17-6 shows the phasor diagram of a 
squirrel-cage rotor with 15 bars. Com¬ 
pare this phasor diagram with that of 
a 3-phase winding, Fig. 13-3. It is 
seen that the squirrel-cage winding is 
a polyphase winding with — 
phases. The number of turns per 
phase is A = 1/2, because each phase 
consists of one conductor. The dis- Fig. 17- 6. Phaser diagram of a squirrel- 
tribution and pitch factors are equal cage rotor with 15 bars, 

to 1. Thus, for the squirrel-cage rotor 

^2 = 1/2; A:,2 = 1; A:^2 = 1 (17-25) 

The above relations have been derived on the assumption that the stator 
had a two-pole winding. If the number of poles is p, then in Eqs. 17-25, 
mg = 2 Q 2 /P, since the mmf pattern and current distribution repeat for each 
pair of poles. These quantities are to be introduced for the squirrel-cage rotor 
in Eqs. 17-5, 17-6 and 17-8 to 17-14, in order to obtain the secondary quan¬ 
tities referred to the primary (stator). 1 2 ^ are the values per 

bar. If the rotor is skewed, in the previous equations has to be multiplied 
by the skew factor (Art. 56-6) which is another distribution factor. 

PROBLEMS 

1. Determine the frequency of the rotor currents in an 8-pole, 60-cycle, 3-phase, 
squirrel-cage induction motor when operating at speeds of 890, 885, 870 and 850 
rpm. 

2. A 30-HP, 10-pole, 60-cycle induction motor operates at a rated speed of 704 
rpm. Determine: (a) full-load slip; (b) the number of space degrees during one 
cycle. 
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3. For the motor of Problem 2 determine: (a) the speed of the stator mmf with 
respect to the stator; (b) the speed of the rotor mmf with respect to the rotor; (c) 
the speed of the rotor mmf with respect to the stator; (d) the difference between 
speeds (a) and (c). Remember that the result of (d) is the necessary condition for 
the existence of a uniform torque in the induction motor. 

4. A 4 pole, 3 phase, Y-connected induction motor has 48 stator slots and 10 
series conductors per slot. The coil throw is 10 slots, (a) Determine the pitch and 
distribution factors, (b) Determine the maximum flux per pole when connected to 
a 230-volt line neglecting resistance and reactance drops in the stator winding. 

5. If the rotor of the motor described in Problem 4 has a Y-connected winding 
with 36 slots, six series conductors per slot, and a coil throw of 9 slots, determine 
the ratio of transformation. 

6. Determine the emf generated in a single conductor rotating in the air gap of 
the machine of Problem 5 at 1740 rpm. Neglect resistance and reactance drops. 

7. A 6-pole, 3-phase, Y-connected induction motor has 54 stator slots, 12 series 
conductors per slot and a coil throw of 7 slots, (a) Determine pitch and distribution 
factors; (b) determine the maximum flux per pole when connected to a 230-volt 
line, neglecting resistance and reactance drops in the stator winding. 

8. The rotor of the motor in Problem 7 has four slots per pole per phase with 
four series conductors per slot. The winding is full pitch. Determine the ratio of 
transformation. 

9. Determine the emf generated in a single conductor rotating in the air gap of 
the machine of Problem 7 at 1160 rpm. Neglect resistance and reactance drops. 




Chapter 18 

APPLICATION OF THE FUNDAMENTAL 
EQUATIONS • PHASOR DIAGRAM AND 
EQUIVALENT CIRCUIT OF THE POLYPHASE 
INDUCTION MOTOR 


18-1. Application of the fundamental equations. The equations 17-15, 
17-22, and 17-23 

(18-1) 

sE^=iir^ (18-2) 

E,=E,'=-i^Z„=-(l,+h')^^ (18-3) 

are the fundamental equations of the polyphase induction motor. To them 
the same considerations apply as to the fundamental equations of the trans¬ 
former, Art. 4-6. They will be used to 

(a) set up the phasor diagram 

(b) derive the equivalent circuit of the polyphase induction motor 

(c) derive the power and torque relations 

(d) derive the geometric locus of the primary current for 

variable load (slip). 

Examining the fundamental equations 18-1 to 18-3, two questions arise. 
The first one is related to the fact that, in the transformer, both windings are 
at standstill with respect to each other and their coefficient of mutual 
inductance is a constant quantity (except for the saturation influence), while 
in the induction motor the secondary winding rotates and the coefficient 
of mutual inductance between primary and secondary is not a constant 
quantity but is a function of the relative position of the axes of the two 
windings. This shift between the axes of the two windings which is a function 
of time does not appear in the fundamental equations 18-1 and 18-3. It is 
shown in Art. 51-1 that equations 18-1 to 18-3 are correct. 

The second question is why, for stator and rotor, only one Kirchhoff’s 
mesh equation is used, while there are several phases (windings) in each of 
them. The answer to this question is that here only the steady state operation 
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of the induction motor is considered and that, therefore, voltages and current 
are the same in each phase. It should further be taken into account that Eq. 
18-3 comprises all stator and rotor phases (see Eqs. 17-14 and 17-14a), i.e., 
El and are emf’s induced by fluxes produced by all phase windings of 
stator and rotor. 

18-2. The phasor diagram of the polyphase induction motor. Kirch- 
hoff’s mesh equations for the primary and secondary electric circuits (Eqs. 
18-1 and 18-2) and Eq. 18-3 for the magnetic circuit yield the phasor 
diagram of (mmf’s) currents and voltages shown in Fig. 18-1. 



Fig. 18-1. Phasor diagram of voltages and rnrnf’s (currents) of 
the polyphase induction motor under load. 


The main flux O is in phase with the reactive component of the magnetizing 
current 7^. The emf’s induced by the main flux in both windings, E^ and E^ 
respectively, are equal and in phase, and lag the main flux O by 90°. 

The active component of the magnetizing current which supplies the 
hysteresis and eddy-current losses due to the main flux is in counter-phase 
with El. The geometric sum of 7^ and is the magnetizing current 7^. 
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In the transformer this current is practically equal to the no-load current 1^, 
In the induction motor, running at no-load, the difference between the no-load 
current Iq and is larger than in the transformer. 

The secondary emf E 2 ~E^ is equal to the geometric sum of 12 (^ 2 1^) = 
1 2 ['^2 +^ 2 '{( i ~^)/^}]^ hi phase with I 2 , and the secondary leakage reactance 
drop 1 2^2 which leads 1 2 by 90° (refer to Eqs. 17-24). The angle j/fg* 
between rotor (secondary) current 1 2 and rotor emf E2 is 

i/f2s =tan-^~y =:tan' ^ (18-4) 

fa Is f2 

The magnitude of i/fas depends on the slip. The slip of the induction motor 
operating at its rated torque is usually small, from 0.01 to 0.05; the larger 
value applies to small motors and the smaller value to large motors. For this 
slip the angle is very small and the rotor current is almost in phase with 
its emf E2 . 

The primary current /j is found as the geometric sum of and - /g'. The 
stator terminal voltage \\ is the geometric sum of ~ (the counter emf) 
and the voltage drops and I^Xy, the former in phase with /j and the 
latter 90° ahead of 7j. 

The phasor diagram of (mmf's) currents and voltages of the running 
induction motor is identical with that of a transformer loaded with a pure 
resistance (see Fig. 5-1). The power factor angle (f>^ between the primary 
current /, and primary voltage F, is always lagging in the induction motor, 
while it can be lagging, zero, or leading in the transformer, depending upon 
the character of the load (see Fig. 5-3). The lag of /j with respect to Fj is 
caused by the magnetizing current and by the leakage reactance drops. 
Reactive current is required to sustain both the main flux as well as the leakage 
fluxes. Induction motors and transformers are the main consumers of reactive 
current from the power lines. These reactive currents are a necessary evil 
since they do not contribute to the power transfer but increase the copper 
losses in the induction motors and transformers, in the wires transferring the 
power and in the generators producing the power. 

18-3. The equivalent circuit of the polyphase induction motor. The 

equivalent circuit of the polyphase induction motor can be derived exactly 
in the same manner as that of the transformer, namely, from KirchhofF’s 
mesh equations of both electric circuits (Eqs. 18-1 and 18-2) and from Eq. 
18-3 which refers to the magnetic circuit. These equations are 

Vi=-Ei + ii{ri+jXi) (18-la) 

(18-2a) 

•/j+Zg =im— ~EiY„— —EijZl„, 


(18-3a) 
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where (see Art. 3-1) 
and 


^ m — 9m j^n 


(18-6) 


(18-6) 

are the main flux admittance and the main flux impedance respectively. 
From Eq. 3-6, 

r^ 2a-;7 2 g 2 “ 5 2 (^ ) 


a ^-\ b ^ " 6/2 + 5 2 

l/m ' ym ’ 

Kirchholf’s mesh equations, Eqs. 18-la and 18-2a ,can be written as 


ij2 —^1 —-^2 ^2 

where 

+ j^2' =^ 2 ' + ^ 2 ' ~^j^2 

These two equations combined with Eq. 18-3a yield 

E, (/„, - A)Z/ = - E\ Yj,' - 1, Z,' 

Ei(l + } 2 E^ = - 77 7 } ‘ ,v 

( 1 /^ 2 ')+ 1^, 

Therefore, 

F, =/,Z, 4 . . = /, [z, + - ^ 1 

(i/z,') + y,„ ‘L {W)4-r„J 


(18-8) 

(18-9) 


Therefore, 


Fi=/,Zi4 . ' . -A 

( 1 /^ 2 ')+ J^rn 


( 18 - 10 ) 


The quantity in the brackets is the total impedance of the polyphase induc¬ 
tion motor looking into the primary terminals. This impedance is the same 

as that of the transformer (see Eq. 5-8). 
r; , Hence the equivalent circuit of the poly- 

. induction motor is, in general, the 

^ 4 ^' - ► j' same as that of the transformer and is 

1 ^ given by Fig. 5-4. The main difference lies 

K Am 3 E\=E 2 I expression for Zg': in the induction 

^ I motor the resistance r 2 is associated with 

I _I the slip 5, while it is a constant in the 

);__L__ transformer. 

F,o. 18-2. Equivalent circuit of the Breaking up the impedances Z„ Z,, 

^ rw _J __1_"J-J_ TT _J.1_ 


polyphase induction motor. ftHd the admittance into their 

components, four identical forms of the 
equivalent circuit of the polyphase induction motor are obtained, as shown 
in Figs. 18-2 to 18-5. 
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Fig. 18- 3. Equivalent circuit of the polyphase induction motor. 


It has been pointed out in Art. 4-1 that the magnitude of x^{l)^) depends 
upon the saturation of the iron, i.e., upon the magnitude of the main flux O. 
Since the main flux changes little between no-load and full-load, can 

be treated as a constant, especially for medium-sized and larger-sized 
motors. 

It will be shown in Chapter 22 how the 
parameters rj, ■, x^y 

and b^) can be determined from the 
no-load and the blocked rotor tests. 

The equivalent circuit is very helpful 
in making calculations with fixed para¬ 
meters or with varying parameters, 
especially when the circuit is set up on 
a calculating board. It should be kept Fig. 18-4. Equivalent circuit of the 
in mind that an equivalent circuit does polyphase induction motor, 

not necessarily represent the actvxil 

behavior of all parts of the apparatus to which it is equivalent. The equivalent 
circuit of the transformer does not yield the actual values of the secondary 
voltage and current but “referred” quantities. The equivalent circuit of the 
induction motor is even further removed from the actual behavior of its 




Fig. 18-5. Equivalent circuit of the polyphase induction motor. 
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secondary circuit than in the transformer. The differences can be seen from 
the following tabulation: 


Equivalent Circuit 

1. Magnitude of the secondary emf 
independent of the slip 

2. Secondary leakage reactance 
constant 

3. Frequency of secondary emf 
and current equal to line fre¬ 
quency (/,) 

4. 4 -^ 2 ' 


Actual Behavior 

1 . Magnitude of the secondary emf 
proportional to the slip 

2 . Secondary leakage reactance 
proportional to the slip 

3. Frequency of secondary emf 
and current equal to slip fre¬ 
quency (. 9 / 1 ) 

4. /j + ( -1^) 


A polyphase induction motor connected to a 60-cycle line has, at rated load, 
rotor currents of 60(0.05 to 0.01) ~ 3 to 0.6 cycles, while the rotor current of 
its equivalent circuit is line frequency, i.e., 60 cycles. However, calculations 
based on the equivalent circuit yield correct results. This is due to the fact 
that in the equivalent circuit is not the actual rotor current but a current 
which, flowing in the stator winding, produces the same mmf as the actual rotor 
current flowing in the rotor udnding, see Eq. 17-4. The substitution of an 
equivalent stator current of line frequency for the actual rotor current of slip 
frequency is possible because the rotor mmf is at standstill with respect to the 
stator mmf at any rotor speed, i.e., independent of the frequency of the rotor 
current. 

Note that, as in the case of the transformer, the phasor diagram of voltages 
and mmf’s and the equivalent circuit are derived on the basis of KirchhofFs 
mesh equations of the electric circuits, and Ecj. 18-3a which is based on 
Ampere’s law of the magnetic circuit (see Art. 4-4). Therefore calculations 
using the basic equations directly yield the same results as calculations 
using the equivalent circuit. Formulas for the secondary current, primary 
current, primary power angle, etc., derived from the basic equations are 
given in Chap. 51. For performance calculations some engineers use the 
equivalent circuit while others use the basic formulas. The main advantage 
of the equivalent circuit is that it can be set up on a calculating board. 
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POWER AND TORQUE RELATIONS 
POWER BALANCE 


19-1. Developed mechanical power and torque. Multiplying KirchhofF’s 
equation of the rotor (Eq. 18-2) by the rotor current and the number of 
phases leads to expressions for developed mechanical power and torque 
characteristic for the polyphase induction motor. Eq. (18-2) yields 

• (19-1) 


The first term represents the total power, active and reactive, of the second¬ 
ary. The second term is the reactive power contained in the secondary leak¬ 
age fluxes. The third term is the active power of the rotor. Since the emf 
and current of the rotor are induced by the rotating flux, the active power 
of the rotor is called power of the rotating field (Prot.f)' 

Prot. f — watts (19-2) 

s 


A part of this power appears as heat in the rotor winding. This part is equal 
to mi/g'Vg'. The balance is the developed mechanical power of the rotor. 
Denoting the power loss in the rotor winding by P^ (electric power of the 
rotor) and the developed mechanical power by P,n.dev» yields 


P(. —m^l^r^ watts 


(19-3) 


Piii.dcv — ^1^2 ^ „ ^1^2 ^^2 — ^1^2 ^ ^ 

o S 




1 -.V 


r., watts 


(19-4) 


Eqs. 19-3 and 19-4 follow also from the equivalent circuit (Figs. 18-3 and 
18-5), as they should, because the equivalent circuit has been derived from 
the fundamental equations 18-1 and 18-3. 

From Eqs. 19-2 and 19-3 


Pe — Prot.f ^ ^ 
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(19-5) 
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From Eqs. 19-2 and 19-4 

An.dev = Frot.fX(l“5) (19-6) 

Using the basic relation of mechanics that 

(19-7) 

the expression for the developed torque of the polyphase induction motor can 
be derived either from Eq. 19-2 or from Eq. 19-4. Using Eq. 19-2, for n the 
synchronous speed n., has to be substituted in Eq. 19-7, because the rotating 
flux has the constant speed n^. Using Eq. 19-4, the actual rotor speed 
n = {l -s)n^ (see Eq. 17-19) has to be substituted in Eq. 19-7. Thus, from 
Eqs. (19-2) and (19-7) 

T’dev = “ Ib-ft (19-8) 

s 

and from Eqs. 19-4 and 19-7 

7 04 1 —7 04 r ' 

The same result for the developed torque is obtained from both equations 
(19-2) and (19-4). This could be expected. 

From Eqs. 19-2 and 19-8 

= ProUM) Ib-ft (19-9) 

Tls 

i.e., the developed torque of the polyphase induction motor is directly propor¬ 
tional to the power of the rotating field. 

The equation for the torque, Eq. 19-8, has been derived from the power 
equation 19-4. The same equation for the torque can also be obtained from 
Biot-Savart’s law of forces on current-carrying conductors in a magnetic 
fleld (Art. 1 -2). This is shown in Chap. 52. 

Eq. 19-8 for characterizes the induction motor. It does not apply to 
the other type of a-c machines (the synchronous machine) because in the 
synchronous machine both machine parts are connected with a source of 
power. 

Eq. 19-8 yields the developed torque. The torque delivered at the shaft is 
less than the developed by the torque which corresponds to the mechanical 
losses of the motor (see Art. 19-3). 

It follows from Eq. (19-8) that T^jev is ^ function of slip and secondary cur¬ 
rent. When the motor parameters (r^, r^, r^, X 2 ) are given, I 2 can 

be determined for any value of s from the fundamental equations (18-1 to 
18-3) or from the equivalent circuit, and the T(jev can be computed from 
Eq. 19-8. It has been pointed out previously that the slip is the basic variable 
of the induction motor. 
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Percent Synchronous Speed 

Fig. 19-1. Torque-speed curves of a polyphase induction motor, 

NEMA classification. 

The shape of the torque-speed characteristic depends upon the magnitudes 
of the machine parameters. Therefore, motors designed for different purposes 
will have parameters of different magnitudes. Three different shapes of 
torque-speed characteristics of squirrel-cage motors are shown in Fig. 19-1. 
C and D are special machines designed to have high starting torques, i.e., 
high torques at standstill (ri = 0) ; design A is that of the general-purpose 
motor, see Table 49-1 (“Characteristics and Applications of Polyphase 
60-Cycle A-c Motors”). 

The motor of design A shows a maximum torque, called pull-out torque, at 
a definite slip. When the load torque becomes larger than the pull-out torque, 
the motor comes to standstill. The slip of the general-purpose motor at rated 
load is small, between 1% and 5%, i.e., the speed at rated load is between 
95% and 99% of the synchronous speed (the larger slip applies to small 
motors, the smaller slip to large motors). The slip at which the pull-out 
torque occurs, the pull-out slip, is about 5 to 7 times the slip at rated load. 

19-2. The pull-out torque. The ratio of pull-out torque to rated torque 
determines the overload capacity of the motor and is an important quantity. 
The Standards of the NEMA prescribe a certain overload capacity for the 
different motor types (see Table 49-1). In order to determine the pull-out 
torque, without calculating a number of points of the torque-speed curve, 
Eq. 19-8 can be used. For this purpose must be expressed in terms of the 
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primary voltage Fj, the parameters of the motor, and the slip. This can be 
done by eliminating and from Eqs. 18-1 to 18-3 as shown in Chap. 51. 
This yields 

= (19-10) 

where 

i - (1 + T2)r, + (1 + Tj) -Y- ; 

s 

inserting the value of from Eq. 19-10 in Eq. 19-8 yields 




m + (1 4- r^)Xo - 


x^ s 


(19-11) 

(19-12) 


1 


7.04 FiVa' 

n,s (i^+m^) 


(19-13) 


Differentiating Eq. 19-13 with respect to the slip yields the pull-out slip at 
which the pull-out torque occurs as 




(1 1 T.) r/ 
iri + ( 1 -f T| )X2 


(19-13a) 


Now the pull-out torque may be calculated from Eq. 19-13, by using the 
value as determined from Eq. 19-13a. 


19-3. Power balance. It has been mentioned previously that the electric 
machines are energy converters. Any conversion of energy, from one type 
to another type, is connected with energy losses with the conversion machine. 
In the induction motor these losses are: 

(a) 7 2 / 2 -loss (copper loss) in the stator winding 

(b) 7272 .I 0 SS (copper loss) in the rotor winding 

(c) Iron loss due to the main flux (P^+g, Art. 3-1) 

(d) Friction loss in the bearings and windage loss (Pf+w). 

While the losses under (a) to (c) are electrical and magnetical losses, the 
losses under (d) are mechanical losses and as such are proportional to the 
rotor speed. There are two other types of losses in the induction motor 
which, although not of mechanical nature, are also proportional to the speed 
and must be considered as belonging to the category of mechanical losses. 
These two types of losses are iron losses in the teeth and on the surface of 
stator and rotor and are caused by the slot-openings of stator and rotor and • 
by the harmonic fluxes of stator and rotor (see Art. 15-2 and Art. 29-1). 
They are denoted by Pir.roi (rotational iron losses). 
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■^inp. 

^ P rot./ 

P »i dev. 

Fdel. ^ 

HiiV, /, cos 

i 

w, £*2 a'COS 

cosV' 2 ,= 

ni\h s \ 


at shaft 


T . . - T T 

^i/i n m,/2 r;= 


stator copper iron Joss -^rot.y^*^ ^ir.voX. 

loss due to main rotor copper 
flux loss 

Fig. 19-2. Balance of power in a polyphase induction motor. 

The power distribution in the polyphase induction motor is demonstrated 
by Fig. 19-2. The power input of the stator is 

= COS (p^ watts 

A part of this power, the stator copper loss and the iron loss due to 

the main flux Pn+e are consumed by the stator. The balance is the power of 
the rotating field, i.e., 

-Prot.l = -Pln-(»i,/iVi + P»^,) (19-14) 

From Eq. 19-2 and phasor diagram Fig. 18-1 also 

^ ' 

cos >Ji 2 s = m 2 p 2 h cos (19-16) 

6 * 

xjj^s is given by Eq. 18-4. 

A part of the power f is consumed by the rotor as electric power. This 
is the copper loss of the rotor 

P, =7nJPr^ (19-16) 

(see Eqs. 19-3 and 19-5). The difference between the power of the rotating 
field and the electric power of the rotor is the developed mechanical power 
(Eq. 19-4) 

'?Vdev = -Prot.f-^^ = (l = ^ r^'- -Tf (19-17) 

s s 

The mechanical power delivered at the shaft (P,n.dri) is less than the mechani¬ 
cal power developed by the amount of mechanical losses 

P in.dcl = P m.dcv ~ F+W + Ar.rot) (1 

Example 19—1. A 3-Hp, 440/220-volt, 3-phase. 60-cycle, 4-pole, 1750-rpm 
squirrel-cage induction motor has the following data and parameters The data and 
parameters given will be determined later, in Chapter 22, from a no-load and a 
locked-rotor test. 

(a) Parameters for starting 

ri=2.69 ohms—0.0311 p-u 
rg' =2.79 ohms =0.0322 p-u 
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=^ 2 ' = 3.40 ohms = 0.393 p-u 
a:^ = 103 ohm8 = 1.19p u 
= 3.66 ohms =0.0423 p-u 

(b) Parameters for running 

ri = 2.69 ohms = 0.0311 p-u 
r 2 —2.14: ohms =0.0248 p-u 
=4.36 ohms = 0.0505 p-u 
a-g' =4.50 ohms =0 052 p-u 
a:^ = 103 ohms = 1.19 p-u 
=3.66 ohms = 0.0423 p-u 

(The difference between starting and running parameters is explained in Chap. 

22 .) 

It is required to determine the performance at start and during running con¬ 
ditions. The friction and windage loss is 44 watts, total no-load iron loss (due to 
main flux and rotation) 122 watts, and the stray-load loss 48 watts. The no-load 
current is 2.36 amp at 440 volts. Assume iron loss due to main flux equal one half 
of total no-load iron losses. 


(a) Starting performance: 


=2.69 + j3.40 = 4..33/M.6 
Za' = 2.79 + j3.40 = 4.40/50.6 
Z„ = 3.66 + jl03 = 103/8^96 


from Eq. 18-10 


254/0 

h (inrush) = 8 ^ 59 = 29-6/^.•'5.L§ 

h' = 7 -(See Figs. 18-2 to 18-5.) 


/a'=29.6 /-51. 8 X 
/a'==29.6 /-51.8 X 


103 /87.96 
M5'+jI%.4 
103 /87.96 
T07.5 /86..56 

= 28.4 /-50 .4 amp 
7 04 

T^tatt = X 3 X (28.4)=“ X 2.79 = 26.4 Ib-ft (Eq. 19-8) 
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(b) Running performance: assume s =0.03 


Zi = 2.69-t j4.36 =5.13 /58.3 

Z^’ = (2.14 + 69.2) +j4.50 = 71.4 /3.60 


= 3.66 +J103 


= 103 /87.96 


from Eq. 18-10 


254/0 254/0 

“ :^+^ eas/m 

= 4.18/-38.2 


Input power factor = cos 38.2° =0.785 


/g' — 7i X 


-^TK. + ^2 


= 4.18 /-38.2 X 


= 4.18/- 38.2 X 


103 /87.96 

103/87.96 + 71.4/3.60 

103 /87.96 

131/55.5 


7 04. 2 14 

T.„.j^x3x(3.28).x^.9.01b-f. 

7 04 

Mechanical loss-torque = x (48 +44 + 61) =0.60 Ib-ft 
loUO 

T^del =* T^dev - T^loss = 8.40 Ib-ft 

Power input = 3 x 254 x 4.18 x 0.785 =2500 watts 
Losses 

mjj\ =141 watts 

mj^^r^ = 69 

no-load iron (main flux and rotation) = 122 
stray load = 48 

friction and windage _ 

Total loss 424 watts 

Power delivered = 2500 - 424 = 2076 watts = 2.78 HP 

2076 

Efficiency = ^=0.83 


'2500-(141+61) 2298 


=0.03 (check) (Eq. 19-2) 


Slip 
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Speed = (1 _ 0.03) = 1746 rpm 

^dei X2.78 =8.40 Ib-ft 

174o 


which checks with value previously determined. 

It should be noted that normal slip is slightly greater than 0.03 since the calcu¬ 
lated output for 5 = 0.03 is 2.78 HP. An approximation of the normal slip is: 


From Eq. 19“13a 


3.0 

2.78 


X 0.03 = 0.0324 


pull-out slip 


1.042 x2.14 
^4.36T1 .042 X 4.50 


= 0.246 


at 5 =0.246 r 




Zj' = (2.14 + 6.56) + .)4.50 = 9.81 /27.3 
254/0 254/0 




h' = h 


Zi + (Z„Z,7(Z„ + Z,')] 14.1 /41.1 

z. 


= 18.0/7 4L1 


Zm + Z, 


= 17.2/ -36.6 


7 04 2 14 

J'„.-i555-<3x(17.2).>. 5355-30,2 Ib-ft 


Normal torque = x 8.40 = 9.05 Ib-ft 
2.7o 


9 05 

^^o.^30.2 
Tn 9.6 


= 2.92 


= 3.36 


PROBLEMS 

Parameters for the starting and running performance for three 3-phase squirrel- 
cage induction motors are listed below. All values are given in ohms per phase. Also 
included are the friction and windage, no-load iron, and stray-load losses as a 
fraction of the output rating. Assume the iron losses due to the main flux = \ (total 
no-load iron losses). 

Determine the complete starting and running (.9 = 0.025) performance for each 
motor. 
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Problem 1 

Problem 2 

Problem 3 


lO-HP 

15-HP 

20.HP 


220-volt 

220-volt 

440-volt 


2-pole 

4-pole 

6-pole 


60-cycle 

60-cycle 

60-cycle 

Starting: 

h . 

0.142 

0.138 

0.259 

ri . 

0.188 

0.121 

0.352 

. 

0.350 

0.233 

0.842 

. 

11.7 

8.64 

20.7 

. 

0.194 

0.130 

0.390 

Running: 

h . 

0.142 

0.138 

0.259 

rj' . 

0.168 

0.104 

0.324 

^1 . 

0.421 

0.281 

1.04 

^2 . 

0.440 

0.302 

1.17 

. 

11.7 

8.64 

20.7 

rm ••••■•. 

0.194 

0.130 

0.390 

Losses: 

Friction and windage , ... 

0.015 

0.01 

0.008 

No-load iron. 

0.02 

0.024 

0.024 

Stray-load. 

0.02 

0.015 

0.015 

















Chapter 20 


OPERATION OF THE INDUCTION MACHINE AS 
BRAKE AND GENERATOR 


20-1. Operation as a brake. No fixed value for the slip s has been used in 
the derivation of KirchhofF’s equation for the secondary (see Eq. 17-22). 
Therefore, s can be large or small, positive or negative. It is of interest to 
find the modes of operation which correspond to the different values of s. 
The answer to this is given by Eq. 19-4 for the developed mechanical power 

= ( 20 - 1 ) 

s 

and by Eq. 17-19 which defines the slip 




n. 


( 20 - 2 ) 


At 5 = 0, n—n^ and the relative speed between rotating flux and the rotor 
is zero. Therefore, at 5 = 0 no emf is induced in the rotor windings; the rotor 
current (l^) is zero and Pm.dev is zero. For values of s larger than zero and 
smaller than 1; (0<5<1), n is smaller than and Pm.dcv is positive, i.e., 
mechanical power is supplied hy the rotor. At 5 = 1 (w = 0). Pm.dev becomes 
zero, as could be expected, because the rotor is at standstill. 

According to Eq. 20-2, 5>1 is possible when n is negative, i.e., when the 
rotor rotates in a direction opposite to that of the rotating flux. This con¬ 
dition occurs on a 3-phase motor if, when it is running at a certain speed, two 
of the three connections to the power lines are suddenly interchanged. The 
developed power, Pm.dev then becomes negative, i.e., mechanical power is 
supplied to the rotor. Since there is no machine to supply power to the rotor 
(no prime mover), the mechanical power is taken from the kinetic energy of 
the rotating mass and the mass soon comes to a standstill. After coming to 
a standstill the machine again operates as a normal induction motor; it 
accelerates in the direction of the new rotating flux to a subsynchronous 
speed corresponding to the load torque. It is evident that during the period 
from the interchange of line connections to standstill of the rotor the machine 
operates as a brake. This operation is known as plugging. Plugging of induc¬ 
tion motors for the purpose of stopping, or of stopping and reversing, is used 
frequently. 
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20-2. Operation as a generator. According to Eq. 20-2, a negative slip 
(s<0) is possible when n>n^. Since the machine when running as a motor 
cannot reach even the speed n=n^, there must be another machine (a prime 
mover) which brings the rotor up to the speed larger than n^. At 5<0, 
^m.dev becomes negative. This means that at supersynchronous speeds the 
rotor does not supply mechanical power but consumes mechanical power, 
i.e., the machine operates as a generator. Thus an induction motor, driven by 
a prime mover above its synchronous speed operates as an induction gener¬ 
ator. It is a characteristic feature of all electric machines that they are able 
to operate both as a motor and as a generator. The following consideration 
shows that the torque changes its sign when the rotor speed becomes larger 
than the synchronous speed: at a subsynchronous speed an emf is induced 
in the rotor winding corresponding to the relative speed between the rotating 
flux and the rotor, (w, -n). At synchronous speed (n—Us) this emf becomes 
zero because the relative speed between rotating flux and rotor is zero. At 
supersynchronous speeds (n>ns) the relative speed between rotating flux 
and rotor changes its sign as compared to subsynchronous speeds, and 
therefore and change their signs. Since torque is determined by the 
product of flux and armature current, see Eq. 1-28, the torque changes sign 
at supersynchronous speed. This also follows directly from Eq. 19-8 in 
which s is negative for generator operation. 

This behavior of the induction generator, derived from the equation for 
Pm.dev Biot-Savart’s law does not give a complete notion of its operation. 
Such a notion can be obtained only from Kirchhoff’s equations for generator 
operation. They are (compare with Eqs. 17-2, 17-22, 17-23a) 



(20-3) 

SE 2 

(20-4) 

E^—E2— -(/i+/2 ')Zm 

(20-5) 


In the rotor equation (20-4) s is negative. Fig. 20-1 shows the phasor diagram 
corresponding to Eqs. 20-3, 20-4, and 20-5. The secondary emf leads the 
flux <S> by 90° and is opposite to the direction of E^' for the motor (Fig. 18-1). 
Since s is negative, •\-jl 2 SX 2 lags the current by 90° and /g' leads E^ 
The magnitude of the angle between 1 2 and E 2 is given by the same equa¬ 
tion as for the motor (Eq. 18-4). The primary current is found 

in the same way as for the motor (Eq. 18-3). E^ is ahead of Fj as it should 
be for a generator (in a motor F, is ahead of E^, see Fig. 18-1). 

As the phasor diagram (Fig. 20-1) shows, the primary current leads the 
primary voltage, Fj, i.e., the induction generator, when singly operated, can 
supply a load with leading current (a capacitive load) only. The explanation 
for this is the following: the prime mover can influence only the active com¬ 
ponent of current and not the reactive component; therefore, the rotor can 
not supply reactive current. Since a reactive current (/^) in phase with the 
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Iiri II/i 

Fig. 20 1. Phaser diagram of an induction generator. 

main flux (O) is necessary to sustain this flux and another reactive current 
is necessary to sustain the leakage fluxes, these currents must be supplied 
by the stator. As the phasor diagram 20-1 shows, only a leading stator 
current can accomplish this. 

If an induction generator operates not singly but in parallel with syn¬ 
chronous generators (these generators are able to supply loads with lagging 
as well as with leading current, Art. 32-1) and the load is inductive, the syn¬ 
chronous generators have to supply the lagging current required by the load 
and also the lagging current necessary to sustain the fluxes of the induction 
generator. Loads are ordinarily reactive. Therefore, an induction generator 
is at dual disadvantage in comparison to the synchronous generator, since 
it is incapable of delivering a lagging current to the load and moreover takes 
a lagging current from the line. Induction generators are used seldom. 

Curves which show the current and 1 2 as a function of slip for motor, 
generator, and brake operation are shown in Fig. 20 -2. Both currents change 
little at high slips. At s = 0 , /, =/q. Fig. 20-3 shows the developed torque T 
and the mechanical power at the shaft, Pm.dcb as a function of slip for motor, 
generator, and brake operation. T and Fni.dpi negative at negative values 
of s (generator operation). T is positive for all positive values of s but 
-Pm.dei changes its sign at 5 = -h 1 where the range of operation as a brake 
starts. This will be demonstrated once more in Chapter 21 which deals with 
the circle diagram of the induction motor. 
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Fig. 20-2. Stator and rotor currents as a function of slip for motor, 
generator, and brake operation. 



The following tabulation shows a summary of the magnitudes of the slips 
and the corresponding modes of operation of the induction machine: 


Slip and n 

Mode of operation 

Conversion of energy 

0<s<l 

Wj>n>0 

Motor 

Electrical into mechanical 

s>\ 



oo>n>0 (but op¬ 
posite to rotating flux) 

Brake 

Kinetic into electrical 

5<0 

n>nf, 

Generator 

Mechanical into electrical 
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In Kirchhoff’s equation of the stator, is the line voltage in the case of the 
motor (Eq. 18-1) and an induced voltage in the case of the generator (Eq. 
20-3). Considering Vi to be the line voltage in both cases, the sign of Vi 
must be changed in the equation of the generator and Kirchhoff’s equations 
become the same for motor and generator. Therefore, with Fj to be the line 
voltage, the equivalent circuit derived for the induction motor (Fig. 18-2 to 
18-5) applies also to the induction generator. 



Chapter 21 


CIRCLE DIAGRAM OF THE POLYPHASE 
INDUCTION MOTOR 


21-1. Determination of the circle diagram. The same equations of both 
electric circuits and of the magnetic circuit (Eqs. 18-1 to 18-3) which led to the 
phasor diagram of mmf’s and voltages and to the equivalent circuit of the 
polyphase induction motor also lead to the geometric locus of the end-point 
of its primary current. A comprehensive study of this geometric locus is 
given in Chap. 51*. Only a brief explanation is given in this chapter. 

Consider Eq. 18-10 derived from the basic equations mentioned above. 
The quantity in the brackets of this equation represents the total impedance 
of the polyphase induction motor looking into its primary terminals. Eq. 
18-10 can be written as 

ii = y iYi = Vj(gt-jbt) ( 21 - 1 ) 

where Yt is the total admittance, Qt the total conductance, and the total 
susceptance, looking into the primary terminals, and 6, are functions of 
the six parameters of the machine and of the slip. 

Assuming the real and imaginary axes as shown in Fig. 

21 -1, and further introducing a Cartesian system of co¬ 
ordinates y\ x' so that y' lies in the real axis and x' lies in 
the imaginary axis, and placing the phasor arbitrarily 
in the real axis, 

Vy^V, ( 21 - 2 ) 

iy=y'-jx' (21-3) 

In the latter equation, y' and x' are the coordinates of the 
end-point of /j. It follows from Eqs. 21-1 and 21-3 that ^ig. 21-1. Deri- 
y'z=V^Q*=Jji (21-4) vation of the circle 

l' = VA=l (21-5) 

where and ^2 S'^e two different functions of the six parameters and the 
slip. Eliminating the slip s from Eq. 21-4 with the aid of Eq. 21-5, or vice 
versa, a quadratic equation for y' and x' is obtained (see Chap. 51) which is 
the equation of a circle, showing that the end-point of the primary current 
moves on a circle. Using the rules of analytic geometry, the coordinates of 
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the center-point and the radius of the circle can be determined. Having the 
coordinates of the center-point C, the angle (a) which the imaginary axis 
makes with the line connecting the origin of coordinates and the center-point 
C (Fig. 21-2) can be determined: 


^c' ^m(l +2 ti- f Tg) 


(21-6) 


Tj and Tg are given by Eq. 19-12. 

In practical problems, two points of the circle are given either by test 
(see Chapter 22) or by computation. These points are the no-load point Pq 
and the short-circuit (locked-rotor) point Pj^ (Fig. 21-2). P^ corresponds to 




Fig. 21-2. Construction of the circle 
diagram. 


Fig. 21-3. Construction of the circle 
diagram. 


the current /q which the motor draws from the lines at no-load; Pj, corre¬ 
sponds to the current which the motor draws from the lines at standstill 
(rotor locked). The perpendicular bisector DD' (Fig. 21-3) of the line which 
connects P^ and Pj, must go through the center-point of the circle. Since the 
center-point must also lie on the line OA which makes the angle a (Eq. 21-6) 
with the imaginary axis, the perpendicular bisector DU intersects the line 
OA in the center-point. Thus the circle on which the end-point of /j moves is 
determined by the no-load and short-circuit (locked rotor) currents and by 
the angle a. 

Each point of the circle corresponds to a certain value of the primary 
current and therefore also to a certain value of the slip s. 

Notice that a increases with increasing primary resistance. In larger 
machines, a is small, and the center-point can be assumed to lie on the 
imaginary axis. 


21-2. Developed-mechanical-power line and delivered-mechanical- 
power line. There are four characteristic points on the circle. These are: the 
no-load point and the points which correspond to 5 = 0, 5 = 1 and 5 = ± oo. 



CIRCLE DIAGRAM OF THE POLYPHASE INDUCTION MOTOR 


167 


5 = 0 means n = i.e., the rotor runs synchronously with the rotating 
flux and the rotor current is zero (see Art. 20-1). It has been explained that 
the rotor is not able to achieve this speed by itself but must be brought up 
to this speed by another machine, and this machine will have to supply the 
mechanical losses of the rotor, i.e., the friction and windage losses and the 
rotational iron losses. The active component of the stator current at 5 = 0 is 
smaller than that at no-load (Iq cos q)^) by the amount corresponding to 
these losses. The point on the circle which corresponds to 5 = 0 will be 
denoted by Pq\ It lies on the circle below the point Pq (see Fig. 21-4). 



Fig 21.-4. Construction of the mechanical-power-lines. 


5 = 1 means n = 0, i.e., standstill (locked rotor). The developed mechanical 
power is zero (see Art. 20-1). This is in agreement with n = 0. Consider 
Fig. 18-3 or 18-5. The resistance [(1 -s)ls]r 2 which corresponds to the load is 
zero, and the motor draws a large current from the lines, limited practically 
only by the resistances and leakage reactances of both windings (see Art. 
22-2). The point of the circle which corresponds to 5 = 1 has been denoted by 
Pi (Figs. 21-2 and 21-3). 

At 5 = 0 the rotor current is zero and the developed mechanical power of 
the rotor is zero. At 5= 1, w = 0 and again the mechanical power is zero. It is 
shown in Chap. 51 that if a straight line is drawn through the points Pq 
and Pi (Fig. 21-4), the distance from any arbitrary point on the circle to 
this line is proportional to the mechanical power developed at the stator 
current or slip which corresponds to this point of the circle. Thus for the 
point A of the circle (Fig. 21-4), i.e., for the current OA and the slip 
which correspond to the point A, the developed-mechanical-power is 
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proportional to the distance AB, The line through and Pj, is called 
the developed-mechanical-power line (P^ jjev"Line). 

The developed mechanical-power is positive for the part of the circle which 
lies above the Pm.dev-Line and is negative for the part of the circle which lies 
below this line. This means that mechanical power is available at the shaft, 
and the machine operates as a motor on the part of the circle which lies 
above the Pm.dev'Line; inversely, the machine accepts mechanical power from 
the shaft and operates as generator or brake on the part of the circle below 
the Pm. dev'Llne. The range of operation as a brake will be discussed below. 

At no-load the developed-mechanical-power of the motor is equal to its 
mechanical losses (friction and windage losses and rotational iron losses). 
At no-load the mechanical power delivered to the shaft is zero. The delivered- 
mechanical-power line, Pm.depLine, is obtained with good approximation 
by drawing a straight line parallel to the P^ jjev-Line through the no-load 
point Po (Fig. 21-4). The distance from any point on the circle to the Pm.der 
Line is then proportional to the delivered mechanical power. The P^ dei'F'ine 
thus drawn applies only up to the maximum value of Pm.jeii point on 
the circle corresponding to maximum Pm.dei s^nd maximum Pm.dev is deter¬ 
mined by the tangent to the circle which is parallel to the P„,,dei ^m.dev 
lines. 

21-3. The torque-line and the slip-line. Of interest is the point on the 
circle at which 5 = ± oo. Consider the equivalent circuit. Fig. 18-3 or 18-5. The 
load of the induction motor, [(1 -s)ls]r 2 l 2 ^, which represents its developed 
mechanical power, is the same at 5 = -h oo and 5 = - 00 , namely, 

This means that 5 = -h 00 and 6* = - 00 are represented by the same point on 
the circle. The developed mechanical power at this point is negative, i.e., 
mechanical power is supplied to the shaft. The magnitude of this mechanical 
power supplied to the machine is equal to which is equal to the copper 

loss in the rotor. This means that at« = ±00 the rotor copper loss is supplied 
from outside and that the power of the rotating field is zero. Since the power 
of the rotating field is proportional to the torque on the rotor (see Eq. 19-9) 
the torque on the rotor is zero at 5 = ± 00 . The torque on the rotor is also zero 
at 5 = 0, because at 5 = 0 the rotor current is zero. Thus the circle points at 
which 5 = O(Po') 5 = ± co{P^) are those at which the torque is zero, and it 
is shown in Chap. 51 that when a straight line, the Torque-Line, is drawn 
through these two points (Fig. 21-5), the distance from any circle-point to 
this line represents the developed torque of the machine for the point con¬ 
sidered. Thus in Fig. 21-5 the distance AC from point A on the circle to the 
Tdev-Line represents, to a certain scale, the developed torque of the motor 
at the slip or the primary current which corresponds to the point A. If a 
tangent BB* to the circle is drawn parallel to the T^ev-Line, the distance 
A'C* represents the pull-out torque (maximum torque) of the motor. 

The circle-point P* can be found approximately in the manner described 
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below. Observe first that the distance from any point on the circle to the 
imaginary axis is cos and, therefore, a measure of the power input (or 
power output) of the stator. The imaginary axis can be called the 'power- 
input Line. Consider Fig. 21~5. The distance is the developed mechanical 
power at 5 = ± oo, i.e,, is equal to The distance P^D is the power 

input of the stator at 5 = ±oo. Consider further the equivalent circuit 
Fig. 18-4. At 5 = 1 the secondary impedance is much smaller than 

the main flux impedance (r^ +3^m) only a little magnetizing current 
flows through the latter impedance. This means that at 5 = 1 the main flux 
is small, and the iron losses due to the main flux are negligible (see Art. 22-2). 
The same applies to other points on the circle for which the slip is large. 
Therefore, the power input at 5 = ± co consists mainly of the stator copper 
losses /iVj. It then follows that the distance FD (Fig. 21-5) is divided by 
the point P^ in the ratio I^T^iP^F) to I^^r^{P^D). The magnetizing current 
is small at large values of slip: Hence it can be assumed that the 

point Pqo divides the distance FD in the ratio rg' to r^. The same ratio applies 
approximately to the perpendicular P^Z)' drawn from the point Pj^(5 = l), 
i.e., the divides the distance P^D' in the ratio to r^. This 

enables the construction of the P^jev-Line and the location of the point P*: 
drop a perpendicular to the imaginary axis from point Pl(s ~ 1) which is 
usually known ; divide this perpendicular in the ratio rg' to in order to 
locate the point H on this perpendicular; draw the straight line through the 
points Pq and H which is the Ttiev'^ine. 
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When the primary copper losses are neglected (ri=0), the distance Poo^ 
and also the distance HD' become zero, i.e., in this case the T^^y-ljine 
coincides with the power-input line. 

It has been explained (Art. 20-1) that when the motor operates as a brake 
the slip is positive and larger than 1. Apparently, the range of operation as 
a brake lies between the points and 

Consider point G in Fig. 21-5. This point lies below the point Pq for which 
5 = 0 and, therefore, corresponds to a negative slip. The machine operates 
here as a generator. Accordingly, the active component GG' of the current 
I^—OG is negative, i.e., power is supplied by the induction machine to the 
lines. Note that, while the active component of the primary current is 
reversed, its reactive current component OG' remains unchanged, and, 
therefore, reactive current must be supplied by the lines in order to sustain 
the main flux and the leakage fluxes of the generator, or, when operated 
singly, the load must be capacitive (Art. 20-1). 

The main consumers of reactive currents from power lines are induction 
motors and transformers and the generators must supply the reactive 
currents. The asynchronous (induction) generator is unable to supply reactive 
current. This is the reason the induction generator is seldom used. 

Fig. 21-6 shows how the slip-line, as well as the slip for any point on the 
circle, can be determined. The slip-line is found in the following way (see 
Chap. 51): connect the center-point of the circle P^ with the point P^ and 
draw at random a perpendicular SS to this line PcP®. The line 8S is the 



Fig. 21-6. Construction of the slip line. 
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161 


slip-line. The point 5 = 0 is given by the intersection of the slip-line with the 
line PoPacj with the torque-line. The point 5 = 1 is given by the inter¬ 
section of the slip-line and a line drawn through P^^Pl- The slip is dis¬ 
tributed uniformly over the slip-line, i.e., the point 5 = 0.5 is in the center 
between 5 = 0 and 5 = 1, and so on. The slip for any point A of the circle 
(Fig. 21-6) is found by connecting this point with the point P ^; FF' is the 
slip which corresponds to the point A. 

It will be observed in Fig. 21-6 that the following proportionalities exist 


for the point A : 

AD^P, 

'^Pin.dvv 

OD^(AD-AC) M^i-Prot.f) 

= mi/i2ri-f-P/,+e 

CB==(AC-AB) ^(ProU-Pm.do.y) 

PP' = (^P -^P')/^(Pni (lev - -Pm.dcl) 

= Pf+W + Ar.rot 


(primary power input) 

(power transferred by the rotat¬ 
ing field) 

(developed torque) 

(developed mechanical power of 
the rotor) 

(mechanical power delivered at 
the shaft) 

(primary copper losses and iron 
losses due to the main fiux) 

(secondary copper losses) 

(friction -h windage losses and 
rotational iron losses) 


It should be noted that the geometric locus of the primary current is a 
circle only when the six parameters of the machine are constant quantities, 
independent of the slip. As it will be shown later (Art. 22-5 and Art. 22-6), 
this is not the case in medium-size (about 50-HP) and larger machines and 
often not even in smaller machines, so that the field of application of the 
circle diagram for the accurate determination of torque, slip, etc., is limited. 


21-4. Determination of the scales for the power and torque lines. If 

the current scale of the circle diagram is chosen so that l"=a amp, the 
power scale is such that V—niiVia watts, since and Vi are constant 
quantities. This power scale applies to the distances between the point on 
the circle and the power input line (imaginary axis), the f-Line (torque 
line), the P^ dev-Line, and the P,n.derLine. 

The distance between the point of the circle and the P^ depLine which 
corresponds to the rated (normal) output at the shaft is equal to 


HP X146 HP X146, ^ 

-amp =--inches =QQ 

V^a 


(Fig. 21-7) 


nil ^ 
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where HP is the rated horsepower of the motor and Q the intersection point 
of the Pm.derLine and the axis of ordinates. Drawing a line Q'A^ parallel to 



Fig. 21-7. Determination of the normal 
operating point on the circle diagram. 


the Pni dei-Line at the distance QQ* 
inches from this line yields the normal 
operating point on the circle (point 
An, Fig. 21-7). The rated primary 
current of the motor is then OAn 
and is the primary power factor 
angle. 

Since (see Eq. 19-9) 

7.04 

^dev ~~~ Fpot.f (watts) Ih-ft 

Tig 

the scale for the developed torque is 
7 04 

r=:m,Fia — Ib-ft 
ns 


PROBLEMS 

1. (a) Construct the circle diagram of the 3-HP, 440/220-volt, 3-phase, 60-cycle, 
4-pole, squirrel-cage motor treated in the Example of Chapter 19, using the para¬ 
meters for running, and determine from this diagram the rated primary current, 
power factor, pull-out torque, starting current, and starting torque. 

(b) Construct the circle diagram using the parameters for starting and deter¬ 
mine the rated primary current, power factor, pull-out torque, starting current, 
and starting torque. 

(c) Compare the results obtained from the circle diagrams with those obtained 
from the equivalent circuit in Chap. 19. 

2. Repeat Problem 1 for the 10-HP, 220-volt, 3-phase, 60-cycle, 2-pole, squirrel- 
cage motor the parameters of which are given in Problem 1 of Chap. 19. 

3. Repeat Problem 1 for the 15-HP, 220-volt, 3-phase. 60-cycle, 4-pole, squirrel- 
cage motor the parameters of which are given in Problem 2 of Chap. 19. 

4. Repeat Problem 1 for the 20-HP, 440-volt, 3-phase, 60-cycle, 6-pole, squirrel- 
cage motor the parameters of which are given in Problem 3 of Chap. 19. 

These problems will show that the circle diagram constructed with the para¬ 
meters for running, yields inaccurate values for the starting performance; also, that 
the circle diagram constructed with the parameters for starting, yields inaccurate 
results for the running performance and the.pull-out torque. 



Chapter 22 


DETERMINATION OF PARAMETERS FROM A NO- 
LOAD AND A LOCKED-ROTOR TEST • INFLUENCE 
OF PARAMETERS ON PERFORMANCE • INFLUENCE 
OF SKIN-EFFECT AND SATURATION ON THE 

PARAMETERS 


It has been mentioned previously that the six parameters of the induction 
motor can be determined from a no-load and a locked-rotor (short-circuit) 
test, just as in the case of the transformer. This is shown in the following. The 
voltage and current are per phase; power is total power. 

22-1. The no-load test. During this test the load on the motor shaft is 
zero and the following measurements are taken: 

(a) the primary voltage which is usually equal to the rated voltage, 

(b) the primary current Iq, 

(c) the power input Pq- 

The power Pq is equal to the motor losses at no-load. These are the copper 
losses mj/oVi in the stator winding, the hysteresis and eddy-current losses 
due to the main flux P/i+e, the friction and windage losses of the rotor 
^f+Wj the rotational iron losses due to the slot-openings (see Arts. 19~3 
and 29-1), i.e., 

P0 -f P;i+e + PF+W + ^ir.rot (22-1) 

Since all these losses are small the active component of /q is small in 
comparison with its reactive component and, therefore, the power factor 
at no-load 

is also small, about 0.05 to 0.15. 

Only a very small rotor current is necessary to account for Pf+w + Ar.rot» 
and the secondary circuit can therefore be considered to be open. This may 
also be deduced from the magnitude of the resistance which represents the 
mechanical power of the rotor, r 2 '(l -s)ls: this resistance becomes very high 
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Fig. 22-1. Equivalent 
circuit of the induction 
motor at no-load. 


because the slip at no-load is negligibly small, i.e., 
the rotor circuit is practically open at no-load. Thus 
the equivalent circuit of the motor at no-load is 
represented by Fig. 22-1. 

A knowledge of is necessary in order to 

determine for the latter represents these losses. 
Ph+e can be separated from the other no-load losses 
by two tests. One test requires that the rotor be driven 
by another machine at synchronous speed (5 = 0). 
In this case the rotor current is exactly zero and the 
losses and Pir.rot are supplied by the driving 

machine. The power input of the stator of the induc¬ 
tion motor is then equal to 




(22-3) 


where Pq' and Iq are the power input and stator current at 5 = 0. Having 
determined by another test, the loss P^^^ can be calculated. {1^ is the 
current which corresponds to the point Pq on the circle diagram (see Fig. 
21-6). 

The emf induced by the rotating flux in the stator winding at no-load 
is approximately 

(22-4) 


As in the transformer (see Art. 8-1) the conductance of the main flux path 


P 

m^E{^ 

From the equivalent circuit at no-load (Fig. 22 -1), 


(22-5) 


(22-6) 


The main flux resistance (see Eq. 8-3) 


- 


9m 




(22-7) 


Thus the no-load test yields the main flux parameters and (or and 
bm)^ provided that the primary leakage reactance x^ in Eq. 22-4 is known. 
This reactance and the secondary parameters and x^ are obtained with 
the aid of the short-circuit test. 


22-2. The short-circuit (locked-rotor) test. During this test the rotor 
is blocked and the following measurements are taken: 

(a) the primary voltage Vj, which is less than the rated voltage for the 
reason given below% 
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(b) the primary current //,, 

(c) the power input Pj^. 

At standstill the slip s is equal to unity, and the equivalent circuit of the 
motor is given by Fig. 22-2. Since the secondary impedance is small 

in comparison with and the primary voltage drop is large, only a small 
current flows through the main flux circuit, and the main flux and also the 
iron losses due to the main flux are small. At standstill there is no mechanical 
power [{(1 - 5)/5}r2'=0] and there are no mechanical losses (Pf+w—A* 
Pir.rot —machine. Therefore, the power input at standstill is 
consumed mainly by the copper losses of both windings. 



Fig. 22-2. Kcpiivalent circuit of the induc¬ 
tion motor at standstill (lockcKi rotor). 


It is seen from Fig. 22-2 that at standstill the primary current is practi¬ 
cally determined by the sum of the primary and secondary impedances 

is the counter-emf which reduces the primary 
current when the motor runs (6*<^1). But there is only a small counter-emf 
present at standstill. Therefore, the primary current becomes high, about 
4 to 8 times the rated current, if rated line voltage T, is applied to the stator 
during the short-circuit test. In order to avoid over heating of the windings 
the short-circuit test is taken at a voltage Vi which is about 30 to 50% of 
rated voltage. 

The power factor at standstill 

is larger than that at no-load (see Fig. 21-2) but is still small due to the high 
reactive current component necessary to produce the stator and rotor leakage 
fluxes. 

The measured quantities VIj,, and Pi^ determine the short-circuit 
impedance the short-circuit resistance-P/,, and the short-circuit react¬ 
ance Xi, 
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7 






On the other hand, the equivalent circuit Fig. 22-2 yields 


Ri 




1 + T< 


+ x,> -- 


r^2 

^rn 


(22-9) 


( 22 - 10 ) 


where r^—x^jx^ (Eq. 19-12) 

The stator resistance is normally measured in connection with the no-load 
test. Since i?/, is known from Eq. 22-9 




( 22 - 11 ) 


For the separation of x^ and X 2 observe that rg is small, about 0.03 to 0.06, 
and also that the quantity rirg'/^m is small (especially for medium-size and 
larger machines) so that with fair approximation 


X/, Xi + X 2 and Xi X 2 




( 22 - 12 ) 


With this value of x^ the main flux parameters x^ and can now be deter¬ 
mined (Eqs. 22-4 to 22-7). 


22-3. Per-unit values of the parameters. The parameters can be ex¬ 
pressed either in ohms or in ‘‘per-unit”, i.e., as fractions of a fixed unit of 
impedance. The advantage of the “per-unit” expression of the parameters 
for transformers has been explained in Art. 8-4. The same advantage exists 
here. When expressed in “per-unit”, the parameters apply to a wide range 
of induction motors, i.e., to induction motors of different sizes, different 
speeds, different voltages, etc. When expressed in ohms, the parameters 
apply to a sjjecific motor having a fixed speed, fixed output, fixed voltage, 
etc. The unit of impedance in which the parameters of induction motors are 
expressed, is defined as follows: 

Unit voltage = rated voltage per phase. 

Unit current = current per j)hase which corresponds to the output at the 
shaft 

_^Px746 

Unit impedance — unit voltage/unit current. 

Unit powers unit current xunit voltage. 

When expressed as fractions of the so defined unit of impedance, the para¬ 
meters of polyphase induction motors (at rated loads) are approximately: 

ri=:0.01 to 0.05 rg'-O.Ol to 0.05 r^-0.02 to 0.03 

Xi^O.OO to 0.12 a:2'=0.08 to 0.12 x^ = 1.5 to 3.5 
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The larger values of rj and apply to small motors, the smaller values to 
large motors. The smaller values of and apply to high-speed machines; 
the larger values, to lower-speed machines. The lower values of x^ apply to 
lower-speed machines; the higher values, to high-speed machines. 

22-4. Influence of the parameters on the performance of the motor. 

The performance of an induction motor is characterized by the following six 
quantities: 

(a) Heating of the windings and iron. 

(b) Efficiency. 

(c) Power factor. 

(d) Pull-out torque. 

(e) Starting current (inrush). 

(f) Starting torque. 

The requirements with respect to the magnitudes of the parameters, are not 
the same for all six quantities; they partially contradict each other, so that 
compromises must be made by the designer. These contradictions should be 
noted in the discussions below. 

(a) The heat of the windings and iron depends upon the /^r losses and 
the iron losses. Since the currents are determined by the load the /V losses 
become small when r^ and r^ are made small, i.e., when as much winding 
material as possible is arranged in the available space. It will be shown under 
(f) that a certain value of 7 * 3 ' is necessary to produce the desirable starting 
torque. In order to make the iron losses due to the main flux small, it is 
necessary to make the main flux small. However, since the torque is deter¬ 
mined by the main flux and the rotor 
currents, a small main flux requires high y 
currents and high V^R losses. Also with 
respect to the pull-out torque, a small /? 
flux is not permissible. With respect to 
heating the rotational iron losses should 
be made as small as possible. 

(b) The efficiency is determined by the ^ 
total losses of the motor. The lower the 
losses at a given load the higher will be 
the efficiency at this load. The consider¬ 
ation for low I^R and iron losses is given 
under (a). 

(c) Consider Fig. 22-3. The point A on Fig. 22-3. Reactive current of the 

the circle corresponds to a certain load: induction motor. 

OA is the total current at this load and 

BA is the reactive current component of OA. At no-load (point Pq) the cur¬ 
rent IQ is almost equal to the current which sustains the main flux (see Art. 
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22~1). In the circle diagram is practically equal to the reactive current OF. 
Considering the reactive current at load BA, it consists of two parts, BF' — 
OF = 1^ and F'A. The first part is necessary to sustain the main flux, and the 
second part is necessary to sustain the leakage fluxes of stator and rotor. If 
there were no leakage fluxes, only the reactive current would appear (at all 
loads) and the geometric locus of the end-point of the primary current /, 
would be a straight vertical line through the point F. These are the leakage 
fluxes which make the geometric locus of the end-point of 1^ become a circle. 

For a high power factor a low reactive current is necessary, i.e., a low 
value of 1^ and small leakage reactances and X 2 are necessary. For a low 
value of 1^ the air gap must be small and the flux must be small. For this 
reason the air gap of induction motors is kept as small as mechanically 
permissible. A small flux is not permissible with respect to the considerations 
under (a). It will be seen under (e) that the leakage reactances cannot be 
made too small if the starting current (inrush) requirements are to be 
satisfied. 

(d) Consider Fig. 21-5. The distance between the point and the 

imaginary axis, P^D, is equal to the primary copper losses The 

higher these copper losses, the more the point P^ moves up the circle, and 
the smaller becomes the pull-out torque. With respect to a high pull-out 
torque the primary resistance must be small. Physically this can be explained 
in the following way: the torque is determined by the power of the rotating 
field, and the higher the primary losses for a given power input, the smaller 
is the power of the rotating flux field. 

It can be seen from Fig. 21-5 that the pull-out torque increases with 
increasing diameter of the circle, just as the lodged-rotor current (starting 
current) increases with increasing diameter of the circle. Consider Fig. 22-2 
which represents the equivalent circuit of the motor at locked rotor. Here, 
as at all large slips, the magnitude of the primary current is determined 
mainly by the stator and rotor leakage reactances. The smaller the values of 
Xy and X 2 , the larger is the diameter of the circle and the pull-out torque. 
However, small values of Xy and X 2 are not permissible with respect to the 
locked-rotor (starting) current. 

The secondary resistance r^ has no influence on the wugnitude of the pull-out 
torque because rf has no influence on the power of the rotating field. The 
magnitude of r^ influences only the slip at which the pull-out torque occurs 
(the pull-out slip, see Eq. 19-13). 

(e) It has been explained under (d) that the starting current is determined 
mainly by the leakage reactances Xy and xf (in the smallest polyphase motors 
also by ry and rf). A high starting current is not desirable because of the 
voltage drop which it produces in the supply lines, and standards, limiting 
the inrush current, have been established for small and medium-size motors 
by the NEMA (National Electric Manufacturers Association). The leakage 
reactances Xy and X 2 ' must have certain values in order to meet these stand- 
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ards. Thus the limitations with respect to the starting current are contrary 
to the requirements for a high power factor and high pull-out torque. 

(f) Eq. 19-8 for the torque shows that at standstill the torque is directly 
proportional to the copper losses of the rotor A high starting torque 

is only possible when the copper losses of the rotor at standstill are high. At 
standstill i.e., at standstill is almost equal to the locked-rotor 

current. This current is limited by the source of power supply. Therefore, 
for a high starting torque the rotor resistance must be high. A high rotor 
resistance contradicts the requirements for a high efficiency. 


22-5. Skin-effect rotors. Influence of skin effect on rotor parameters 
and . The requirements for a large with respect to the starting torque 
and a small with respect to the efficiency can be easily realized with the 
wound rotor motor by inserting a resistor between the slip rings for starting 
and cutting out this resistance during running. However, there are certain 
rotor-slot arrangements which make it possible to achieve a high resistance 
at starting and a low resistance during running also for the squirrel-cage 
rotor. 




(a) 




Fi( 3. 22-4. Slot shapes of squirrel-cage rotors for skin effect. 


These rotor-slots arrangements are shown in Fig. 22-4. The first one (a) 
consists of a deep bar {deep-bar rotor), and the second one (Fig. 22-4, b and c) 
consists of two cages {double-cage or Boucherot rotor). The operation of these 
rotors is based upon the skin-effect phenomenon which, at higher frequencies, 
allows the current to flow only in the top part of the conductor in the case 
of the deep-bar rotor and mainly in the upper conductor in the case of the 
double-cage rotor. 

For the skin-effect phenomenon in the deep bar, the following explanation 
can be given. Consider Fig. 22-5 which shows a slot with a bar and the 
slot-leakage flux produced by the current in the bar. The main flux has its 
path through the core below the slot. Assume that the bar is divided into 
many strands across the slot. The strands which lie at the bottom of the 
slot are interlinked with a much larger leakage flux than the strands which 
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lie at the top of the slot. Therefore, the leak¬ 
age reactance of the bottom strands is much 
larger than the leakage reactance of the top 
strands. Since all strands are linked by the 
same main flux and, therefore, the induced 
emf is the same in all strands, a much larger 
current will flow in the top strands than in the 
bottom strands. This effect is more noticeable 
the higher the frequency, because the leakage 
reactance is proportional to the frequency. 
At standstill the rotor frequency is highest 
(equal to the line frequency, Eq. 17-21) and 
at this frequency the rotor current flows only 
in the upper part of the rotor conductor and 
Fig. 22-5. Explanation of the the rotor resistance appears to be high, 
skin effect in conductors due to the double-cage rotor each conductor 

IS divided essentially in two parts, one part 
lying in the top cage, the other part in the bottom cage. Both cages are 
separated by a relatively long and narrow slit and therefore the bottom 
part of the bar is interlinked with a mu(;h higher leakage flux than the top 
part, i.e., the leakage reactance of the bottom bar is much larger than that 
of the top bar. The effect of higher frequency thus is the same as in the deep- 
bar motor. At standstill, current flows mainly in the top bar whereas the 
bottom bar carries only a small current. The top bar usually has a higher 
resistance than the bottom bar. For this reason the top cage often is referred 
to as the high-resistance-low-reactance and the bottom cage as the low- 
resistance-high-reactance cage. 

As the motor comes up to speed, the rotor frequency decreases and there¬ 
fore the leakage reactance of the assumed single strands in the deep-bar rotor 
or of the two bars in the double-cage rotor decreases. The influence of the skin 
effect becomes smaller. At low slips and at normal slip the frequency of the 
rotor current is very small and the leakage reactance of the single strands of 
the deep bar or of the two cages of the double cage is negligible as compared 
with the resistance. The current now is distributed uniformly over the deep 
bar or divided in the ratio of the resistances of both cages in the double-cage 
rotor. 

The starting action in the skin-effect squirrel-cage rotors is similar to that 
of the slip-ring rotor: the resistance of the rotor circuit decreases with in¬ 
creasing speed. At normal speed the resistance of both kinds of rotors is 
equal to the d-c resistance of the rotor winding. 

22-6. Influence of saturation on the parameters and xf. It has been 
explained in Arts. 3-1 and 17-1 that the magnitude ofthe main flux reactance, 
depends upon the saturation of the main flux path. However this react- 
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ance changes but little between no-load and full-load. At high slips, for 
example at starting, the magnitude of the main flux reactance is of little 
importance since it is always large in comparison with the rotor impedance 
at high slips (see Fig. 22-2), so that little current flows through it and its 
presence can be disregarded (see Art. 22-2). The result is that can be 
treated as a constant parameter, although it may have different values at 
full-load and at high slips. 

The leakage reactances, and x^, have been tacitly treated as constants 
(except the case of the skin-effect motor in which x^ is a variable, see fore¬ 
going article). The magnetic path of the leakage fluxes lies, to a great part, in 
the air for which the permeability jut is a constant (see Art. 17-1), so that x^ 
and X 2 are practically constant between no-load and over-load, i.e., as long 
as the stator and rotor currents are not too high. At larger slips, and especi¬ 
ally at standstill, these currents are high and they more or less saturate the 
iron part of the leakage-flux path. Because of this fact, x^ and x^' may be 
considerably smaller at starting than at running with full-load, namely, 
about 75 to 85% of the latter values. 


Locked 

Amps.& kw. 
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T 800 
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6000 600 
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600 1000 1600 2000 2600 
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Fig. 22-6. Influence of saturation on the leakage reactances. Locked rotor charac¬ 
teristics of a 600-HP, 6-pole motor with squirrel-cage rotor. 


The short-circuit (locked) test usually is made at reduced voltage (Fl), 
i.e., at a relatively small locked-rotor current (Z^) at which the saturation is 
not yet noticeable. Therefore, the determination of the locked current at 
rated voltage (FJ by multiplying the tested current by the ratio VJVj^ 
may yield a value too small for the locked current; the real locked current at 
full voltage may be much larger. Fig. 22-6 shows the locked current as a 
function of voltage for a 600-hp 6-pole motor. The straight line a would be ob¬ 
tained if there were no saturation. Due to saturation the locked current at nor¬ 
mal voltage is 35% higher than without saturation, i.e., the equivalent leakage 
reactance at normal voltage is about 35% smaller than without saturation. 
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Since the influence of saturation in the leakage paths occurs only at high 
current (at high slip) while at normal current there is no saturation in the 
leakage paths, then for calculating the performance (currents, power factor) 
at small slips the non-saturated leakage reactances have to be used. On the 
other hand, for calculating the performance at high slips (starting current and 
starting torque) the saturated leakage reactances have to be used. The cur¬ 
rent at pull-out slip is also relatively high and the saturation of the leakage 
I^aths may affect the magnitude of the pull-out torque. 

22-7. Summary on variation of parameters with the slip. It follows 
from Arts. 25 5 and 22-6 that, due to 
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Fig. 22-7. Current diagram of a 20-HP, 6-pole, 50-cycle squirrel- 
cage motor with deep bars. 


It has been mentioned previously (Art. 21-3) that when the parameters of 
the machine are not constant quantities but change with the slip, the geo¬ 
metric locus of the endpoint of the primary current is not a circle. Fig. 22-7 
shows the current diagram of a 20-HP deep-bar motor with six poles at 
50 cycles. Fig. 22-8 shows the current diagram of a 20-HP double-cage motor 
with four poles at 50 cycles. 

Fig. 22-9 shows the characteristic curves of a 3-HP, 4-pole, 3-phase, 
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Ficj. 22 8. Current diagram of a 20-HP, 4-pole, 5()-ryele squirrel- 
cage motor with double cage.. 



F’ig. 22-9. Characteristic curves of a 3-HP, 3-phase, 4-pole motor 
with squirrel-cage rotor. 
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Fig. 22 10. Characteristic curves of an 800-HP, 8-pole, 

3-phase motor with squirrel-cage rotor. 

220-volt, 60-cycle, 1745-rpm squirrel-cage motor. Fig. 22-10 shows the 
characteristics of an 800-HP, 8-pole, 3-phase, 2300-volt, 60-cycle, 888-rpm 
squirrel-cage motor. Up to about \\ times rated torque the slip is propor¬ 
tional to the torque. 

The influence of voltage and frequency variation on the performance of 
polyphase induction motors is shown in Table 22-1. 


Example 22-1 . The six parameters of a 3-HP, 440/220-volt, 3-phase, 60-cycle, 
4-pole squirrel-cage induction motor will be determined from a no-load and a 
locked-rotor test. The stator resistance at 25°C is 2.26 ohms, and the friction and 
windage loss is 44 watts. Stray load loss =48 watts 


No^oad test—irfC 
Fj =440 volts 
Iq = 2.36 amp 
Pq = 211 watts 


Locked-rotor test {full voltage) —75°C 
Vj^ = 440 volts = VI 
7/^ =29.1 amp 
= 13.92 kw 


Locked-rotor test (reduced voltage) 
Fjr =76 volts 
/jr =4.25 amp 

The skin-effect factor for r^ is 1.30 and for is 0.97 (see Fig. 22-11). 



TABLE 22-1. GENERAL EFFECT OF VOLTAGE AND FREQUENCY VARIATION ON INDUCTION-MOTOR CHARACTERISTICS 

-f = Increase — = Decrease 
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Note: This table shows general effects, which will vary somewhat for specific ratings. 
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Saturated reactances 

— =8.73 ohms 
^3 x29.1 

,, 13,920 , 

3 X (29.1)* 

Xi = JZt} - Ry^ = 6.80 ohms 

ri(at 75“C) = 2.26 x = 2.69 ohms 
234.5 + 20 

r^' = 5.48 - 2.69 - 2.79 ohms 
Xi = = 3.40 ohms 

Unsaturated reactances 
76 

7jj ^ ^ ]0.3 ohms 

^3x4.25 

X,, = n/( 10.3)*- (.5.48)* = 8.72 ohms 
4 > ^4.36 ohms 


The ratio of unsaturated leakage reactance to saturated leakage reactance 
(4.36/3.40) is called the saturation factor^ and equals 1.28. 

In order to determine the running performance from the e(|uivalent circuit it is 
necessary to correct rg' and Xg' for skin-effect since the unsaturated parameters 
above were taken at 60 cycles. 

2.79 

(corrected) = = 2.14 ohms = rg' 


4 36 

(corrected) =4.50 ohms = xf 


254-2.36x4.36 243.7 


= 103 ohms 


2.36 2.36 

+ ^ir.rot =211 - 3(2.36)2 X 2.69 - 44 = 122 watts 
It will be assumed that one half of the iron losses are due to the main flux so that: 




61 


^g = 61 watts 
= 3.43 X 10"^ mho 


3 X (243.7)2 ■ 

= 3.43 X 10“^ X (103)2 = 3.66 ohms 
= 3 > (2.36)2 X 3.66 = 61 watts 
61 


(check) 

The parameters determined above are tabulated in Ex. 19 1. 
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Example 22-2. The example of Chap. 19 will now be solved on a per-unit basis. 

440 

Unit voltage = —jr- =254 volts 
n/3 

Unit current = f ^ = 2.94 amp = /hp 

3 X 254 

254 

Unit impedance = = 86.5 ohms 

Unit power = 254 x 2.94 = 746 watts = 1 HP 
Unit speed = 1800 rpm 

Unit torque = 7.04 x .3 x = 8.80 Ib-ft 

unit speed 


(a) Parameters for starting (p-u) 


rj =0.0311 
r^' =0.0322 
(x^ =0.0393 

a:„, = 1.19 
=0.0423 


(b) Parameters for running (p-u) 


=0.0311 
rg' = 0.0248 
=0.0505 
Xg'=0.0520 
x^ = 1.19 
r„. =0.0423 


(a) Starting performance (p-u) 


it ^0.0500 /5I.6 
Zj' ==0.0508/50.6 
i„, = 1.19/87.% 


From Eq. 18-10 


7,[0: 


1/^ = /, 0.0500/51.6 + 


0.0508/50.6 X 1.19 /87.96 


0.0508/50.6 + 1.19/87 
10.05/ -51.8 (p-u) 


/87.96 ~ 


(check) 


/i(amp) = 10.05 x 2.94 = 29.6 
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=10.05/ -51.8 X 
==9.66/- 50.4 


1.19 /87.96 


0.0508/50.6 + 1.19/87.96 


The starting torque on a p-u basis is the same as Prot f on a p-u basis (see Eq. 
19-9): 

^rot.f = (9.66)2 X — — - = 3.0 
Tat p-u =3.0 

(check) 7\t (Ib-ft) = 3.0 X 8.80 = 26.4 

(b) Running performance .s=0.03 

r,'(L^)=0.80 

0.0593/58.3 
ig'=0.825/3.60 
Z,„ = 1.19/87. 9 6 


from Eq. 18 10 


/,= 


1 . 0/0 


0.825/3.60x1.19/87.96' 
0.0593/58..1 + 5 ^ 1719 /^77^ 


= 1.42/- 38.2 

Input power factor = cos 38.2"' = 0.785 
1.42 /-38 .2: 


1.19/87.96 


0.825/3.60 + 1.19/^87.96 


(check) 


-1.115/- 5.74 

0 0248 

/W-(1.115)2x ^J^-1.025 
Tuov-1.025 

T„ev (Ib-ft) = 1.025 X 8.80 - 9.05 
(48+44+61) 


7.04 X 


Mech. loss torque (p-u) =- 


1800 


= 0.068 


(check) 


8.80 

Tdei (p-u) = 1.025 - 0.068 = 0.957 
Tuei (Ib-ft) = 0.957 X 8.80 = 8.40 
Power input = 3 x 1.0 x 1.42 x cos 38.2° = 3.35 
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(check) 


Losses 

mi/iVi-O.lsS 

0.093 

no-load iron == 0.163 
stray load = 0.064 
Friction and windage = 0^059 
Total = 0.568 
Pdci = 3.35-0.568-2.78 
Pdei (watts) =2.78 X746 =2076 =2.78 HP 
2 78 

Efficiency = 0.83 

o.«jO 


slip = 
^normal = 


0.093 


3.35-(0.189-0.082) 
3 0 

X 0.03 = 0.0324 


= 0.03 


From Eq. 19-13 




2.78 
1.042 x 0.0257 


= 0.246 


From Eq. 18-10 


(check) 


“ 0.0505 + i:042 > 0.0520 
a' =0.0758 

Za'=0.1133/ 27.3 

/i = 6.12 /-41.4 
/a'= 5.85/ -36.6 

P _/rerv2 0.0248 
Prot.f - (o.^o) X —~ _ 3.44 

T’p.o. =3.44 

(check) rp.o.(lb-ft) = 3.44 x 8.80 = 30.2 

The normal torque delivered by this machine at 3.0 HP output, >s =0.0324, is 

5250 


1800(1-0.0324) 
= 1.025 p-u 
3.0 

T„ 1.025 
rp.o. 3.44 
T„ 1.025 


X 3 = 9.05 Ib-ft 


= 2.92 
= 3.36 


PROBLEMS 

For the influence of skin-effect on and use Fig. 22-11. For saturation 
factors use Fig. 22-12. 
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The saturation factor is defined as the ratio of the unsaturated values of and 
iCg', to the saturated values of these reactances. 

1. For the motor of Examples 22-1 and 22-2 calculate the primary current and 
primary power factor for slips of 1.0, 0.8, 0.6, 0.4, 0.2, 0.1, and 0.03. 

2. Determine the developed torque-speed characteristic for the motor of Ex¬ 
amples 22-1 and 22 2, using the slips specified in Problem 1. Calculate on a p-u 
basis. 

3. Repeat Problem 1 for 115% rated voltage. 

4. Repeat Problem 1 for 85% rated voltage. 

5. Repeat Problem 2 for 115% rated voltage. 

6. Repeat Problem 2 for 85% rated voltage. 

7. Construct the circle diagram for the motor of Examples 22-1 and 22-2, using 
the unsaturated values of and X 2 , From this diagram determine the developed 
torque-speed characteristic for slips of 1.0, 0.8, 0.6, 0.4, 0 2, 0.1, and 0.03 and com¬ 
pare with Problem 2. 

8. The motor of Examples 22 1 and 22 -2 is required to develop a higher starting 
torque. To do this the end rings of the squirrel cage were turned down in a lathe 
so that the rotor resistance at standstill, as well as at running, was increased 25%. 
Determine the starting performance. 

9. Determine the running performance of the motor in Problem 8 at a slip of 
0.04. 

10. Determine the pull-out slip and pull-out torque for the motor in Problem 8. 

11. It is required to reduce the starting line current of the motor in Examples 
22 1 and 22-2 by 20%. 

(a) If an auto transformer is used determine the turn ratio. 

(b) If series reactors are used determine their value in ohms, 

(c) What is the new starting torque developed (express as a percentage of 
starting torque developed in Examples 22-1 and 22-2^. 

12. The six parameters of an 800-HP, 2300-volt, 3-i)hase, GO-cycle, 8-pole, 
shallow-bar, squirrel-cage induction motor are to be determined from the no-load 
and locked-rotor tests given below. The stator resistance is 0.103 ohm per phase at 
75°C; the stator is wye-connected. (Neglect skin effect.) 


No-load test 
Fi-2300 volts 
1q ==43 amp 
P^y = 12.5 kw 


Locked-rotor test {full voltage) 
F/,-2300 volts 
1 = 1200 amf) 
/>^=1060kw 


Locked-rotor test {reduced voltage) 
F/. = 600 volts 
= 240 amp 


The friction and windage loss is 4.4 kw, and the iron losses due to the main flux are 
40% of the total no-load iron losses. Assume the temperature of the stator winding 
at no-load and locked-rotor tests is 

13. The stray-load losses of the motor of Problem 12 are 5.0 kw. Determine the 
running performance for a slip of 0.013. Calculate throughout in p-u. 

14. Determine the starting performance of the motor of Problem 12. 
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15. Determine the primary current and power factor at slips of 1.0, 0.8, 0.6, 0.4, 
0.2, 0.1, and 0.013 for the motor of Problem 12. Plot. 

16. Plot the developed torque-speed characteristic for the motor of Problem 12 
a"- slips of 1.0, 0.8, 0.6, 0.4, 0.2, 0.1 and 0.013. 

17. Repeat Problem 15 for 115% rated voltage. 

18. Repeat Problem 15 for 85% rated voltage. 

19. Repeat Problem 16 for 115% rated voltage. 

20. Repeat Problem 16 for 85% rated voltage. 

21 . Determine the pull-out slip and pull-out torque for the motor of Problem 12. 

22. It is desired to reduce the starting current of the motor in Problem 12 by 
30%. (a) Determine the series resistors which will accomplish this reduction in 
current, (b) For reactor starting what magnitude of reactance is needed? 

23. No load and locked-rotor tests were taken on a 7|-HP, 440-volt, 3-phase, 
60-cycle, 6-pole, wye-connected, squirrel-cage induction motor, and the following 
data were recorded: 


No-load test 
= 440 volts 
/o = 5.84 amp 
Pq = 600 watts 


Locked-rotor test (full voltage) 
T%^440 volts 
Z/, ^60.4 arnp 
P/,-24.16 kw 


Locked-rotor test (reduced voltage) 

Fx = 210 volts 
7/, = 13.5 amp 

The stator resistance per phase is 1.2 ohms at 75T. The friction and windage loss 
is 60 watts and the iron losses due to the main flux are 50% of the total no-load iron 
losses. Assume the temperature of the stator winding at both no-load and locked- 
rotor tests to be 75"C. 

Determine the six parameters of the equivalent circuit in ohms and p-u for both 
starting and running performance. 

24. The stray load losses of the motor in Problem 23 are 93 watts. Determine the 
running performance at 5 = 0.024. 

25. Determine the starting performance of the motor in Problem 23. 

26 . Determine the primary current and power factor for the motor of Problem 
23 for slips of 1.0, 0.8, 0.6, 0.4, 0.2, 0.1 and 0.024. Calculate in p-u. Plot. 

27. Determine the developed speed-torque characteristic in p-u for the motor of 
Problem 23 at slips of 1.0, 0.8, 0.6, 0.4, 0.2, 0.1 and 0.024. 

28. Calculate the pull-out slip and pull-out torque (in p-u) for the motor of 
Problem 23. 

29. Repeat Problem 26 for 115% rated voltage. 

30. Repeat Problem 26 for 85% rated voltage. 

31. Repeat Problem 27 for 115% rated voltage. 

32. Repeat Problem 27 for 85% rated voltage. 

33. Fig. 22-13 refers to 3-phase, 4-pole, 60-cycle, 230-volt induction motors. 
This figure can be used for preparation of problems on performance of polyphase 
induction motors. Resistances and reactances are in per-unit. Losses are given as a 
fraction of power output, and are saturated values. 



per unit 



Fig. 22-11. Skin effect factors for problems. 
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Fig. 22-12. Saturation factor for problems. 



Fig. 22-13. Motor parameters and losses for 3-phase, 4-pole, 60-cycle motors 


per unit 









Chapter 23 


STARTING AND SPEED CONTROL OF THE 
POLYPHASE INDUCTION MOTOR 


23-1. Starting a squirrel-cage motor. Curve in Fig. 23-1 represents 
the torque-speed curve of a typical squirrel-cage motor. Once the squirrel- 
cage motor is constructed, its parameters 
cannot be changed, and its torque-speed 
characteristic is-fixed. (In a wound-rotor 
motor, resistance can be inserted in the rotor 
circuit, changing r^.) During the starting 
period the motor goes through the total 
torque-speed curve Ty, Fig. 23-1, until it 
reaches the speed at which the motor torque 
is equal to the load torque. At no speed be¬ 
low rated should the load torque T be 
larger than the motor torque ; otherwise 
the motor will be unable to reach its rated 
speed. The difference (Ty-T^) is used to 
accelerate the rotating masses. The larger 
this difference, the shorter is the accelerating 
period. 

Referring to Fig. 21-4, the position of point Pj^ determines the starting 
current and the starting torque. For a squirrel-cage motor, the starting 
current is the same as the short-circuit current. As the squirrel-eage motor 
starts, it draws at first its locked current from the line. As it speeds up and 
approaches its load condition, the current in Fig. 21-4 moves along the 
circle from point to the point corresponding to the load condition. The 
developed torque moves along the curve in Fig. 23-1, first increasing up 
to pull-out torque and then decreasing to the value which corresponds to the 
load torque. The variation of the current and torque during the starting 
period depends solely upon the parameters of the motor and are independent 
of the opposing torque of the load. 

When an induction motor with squirrel-cage rotor is connected to a dis¬ 
tribution system which also supplies incandescent lamp loads, the high 
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s=\ S—0 

n=o n-Us 

Fig. 23 1. Torque-speed char¬ 
acteristics of a squirrel-cage 
motor and its load. 
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starting current of the motor is undesirable since it may produce a consider¬ 
able voltage drop and hence a variation in light intensity. When the voltage 
drop is large, other motors may “pull-out”. In many cases, such as ventilating 
fans and centrifugal pumps, where the required starting torque is small, the 
starting current of the motor can be reduced, thereby decreasing the starting 
torque. This may be accomplished by the following means: 

(a) Series resistor 

(b) Series reactor 

(c) Autotransformer 

(d) Star-delta connection 

(e) Part-winding starting. 

It follows from Eqs. 19-8 and 19-10 that the torque of the induction motor 
varies with the square of its terminal voltage. Thus an increase in the terminal 
voltage of 10 per cent raises the torque curve Fig. 23-1, 21 per cent and, 
vice versa, a decrease of the terminal voltage of 10 per cent lowers the torque 
curve 19 per cent. A reduction of the terminal voltage of the motor, in order 
to reduce the starting current, is used in the methods (a) to (d). 

When a series resistor or reactor is used, the starting current of the motor, 
which in this case is equal to the line current, is reduced directly with its 
terminal voltage while the starting torque is reduced with the square of the 
terminal voltage. For example, with a series resistor or reactor which pro¬ 
duces a voltage drop of 30 per cent, the line (motor) current will be 70 per 
cent of its full voltage value and the starting torque of the motor will be 
49% of its original value. 

When an autotransformer is used. Fig. 23-2, the line current and the 
motor current are not equal; the line current is the primary current of the 
transformer while the motor current is the secondary current; therefore, the 

ratio of line current to motor current must 
be the same as the ratio of motor voltage 
(secondary voltage of the transformer) to 
line voltage (primary voltage of the trans¬ 
former), for the primary and secondary 
kva must be the same (Fi/i^F 2 ^ 2 )- 
example, if the secondary voltage of the 
transformer is 70% of the line voltage, the 
motor current is 70% of its original value 
and the line current is0.7(F2/Fi) = 0.7 x 0.7 
= 0.49 = 49% of the motor current at full 
voltage. At 70% voltage the motor torque 
is 49% of its original value as in the case 
of the series resistor or reactor. The auto- 
transforrner reduces the line current with 
the square of the motor terminal voltage 



Winding 

Fig. 23-2. Starting of a squirrel- 
cage motor with the aid of an auto- 
transformer. 
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while the resistor or reactor reduces the line current, at the same starting 
torque, directly with the terminal voltage. For the same starting torque the 
autotransformer yields a larger reduction of the line current than the resistor 
or reactor but is more expensive than the latter. 



Fig. 23-3. Wye-Delta (Y-^) starting of a squirrel-cage motor. 

The application of the star-delta connection is as follows: Normally, the 
motor operates with a delta-connected stator. At start, however, the wind¬ 
ing is connected in star (Fig. 23-3). If the motor starts with a star-connected 
stator, the line current is ^ of the line current with a delta-connected stator. 
This is due to the fact that the phase voltage in the star connection is 1/^3 
times the phase voltage in delta connection and the line current in star 
connection is also l/Vs times the line current in delta connection. Also, the 
starting torque is decreased to J of its value with a delta-connected stator, 
since the change from delta to star decreases the phase voltage to l/\/3 of 
its original value and the torque is proportional to the square of the phase 
voltage. The delta-star transformation is used principally to start smaller 
motors. 

In the part-winding starting method, the stator winding must consist, for 
normal operation, of two or more parallel circuits in each phase. For starting, 
first one of the parallel circuits is used and then the other circuits are switched 
separately onto the line. Using one of the parallel circuits increases the impe¬ 
dance of the stator winding and reduces starting current and starting 
torque. 

The simplest arrangement for part-winding starting is that with only two 
parallel circuits in the stator winding. The distribution of the coil groups 
belonging to each of the two circuits can be made in different ways. For 
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example, assigning to the first coil group of a phase the number 1, all odd 
coil groups can be connected in series, making one circuit, and all even coil 
groups are then connected in series, making the other circuit. With this 
arrangement, called alternate pole connection, the motor draws from the line 
about 75 per cent of its full-winding starting current and develops 50 to 60 
per cent of its full-winding starting torque. Two contactors are necessary for 
the two-circuit starting: a main contactor for connecting to the line the first 
circuit and a paralleling contactor which, after the motor comes up to speed, 
connects to the lines the second circuit (see Fig. 23-3a). 


(Stepl) (Step 2) 

Main Paralleling 

contactor contactor 



Fig. 23-3a. Part-winding starting. 


23-2. Starting of a wound-rotor (slip-ring) motor. In the wound- 
rotor motor, the resistance of the rotor circuit is not fixed as is the case in 
the squirrel-cage motor; it can be varied between an infinitely large value 
(open slip rings) and the resistance of the rotor winding (slip rings short- 
circuited). The secondary resistance of the wound-rotor motor is in general 
^ 2 ' + ^cxt' — where fext' is the external rotor resistance referred to the stator. 

Consider a motor running with constant load torque. According to Eq. 19-9 
this means that Pr„t.f is constant. The electric power of the rotor is Pe ~«5Prot.f- 
Since Pjot.r is a constant quantity, the electric power of the rotor must be, 
for constant load torque, 

Pe—s Xconstant (23-1) 

Assume now that the rotor resistance of the motor under consideration has 
been doubled, from r^' to 2r2, by reducing the cross-section of the bars. The 
copper loss of the rotor winding (P^) corresponding to 2 r 2 must be twice 
that due to r-g'. It is seen from Eq. 23-1 that for constant torque, P^ will be 
doubled when s is doubled, i.e., for a given torque, the slip is proportional to 
the rotor resistance, or, what is the same, for a given torque, the ratio r^js, is 
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a constant quantity. The same can be seen from the equivalent circuit, 
Fig. 18-4. The performance of the circuit remains the same as long as the ratio 
r^ js is constant. Vice versa, for a fixed performance there must be a fixed ratio 
r/ls: for a fixed torque, the motor will 
adjust its slip corresponding to the value 
of r/. 

In a squirrel-cage motor the rotor 
resistance is fixed and the ratio 

r^js is determined only by the slip s. 

This yields a single torque-speed curve as 
shown in Fig. 23-1. In the wound-rotor 
motor the rotor resistance 
can be varied. Since the slip for a given 
torque is proportional to the rotor resist¬ 
ance, each value of determines an¬ 
other torque-speed curve. Fig. 23-4 
shows several such torque-speed curves. 

Curve I corresponds to r^y^^' — () (this is 
the normal torque-speed curve) while 
the other three curves correspond to 
S.Srj' and H.Sra' respectively. 

The pull-out torque is independent of the rotor resistance and is therefore 
the same for all torque-speed curves (see Art. 22-4d). A line drawn parallel 
to the axis of ordinates shows that different torques can be developed at 
the same slip. 

The latter statement applies also to standstill {s — l): it is possible to start 
a wound-rotor motor with any torque between 0 and the pull-out torque, 
while the starting torque of the squirrel-cage motor is fixed. The external 
resistance necessary to start a wound-rotor motor with a given value of 
torque can be easily determined. As an example, the case will be considered 
where it is desirable that the motor develop rated torque at standstill 
(s — 1). Refer to the equivalent circuit Fig. 18-4. At rated torque it is desir¬ 
able that r^.xt = 0 in order to avoid a reduction in efficiency through additional 
copper losses in the external resistance. If the slip at rated torque is equal to 
then at rated torque the ratio r/js is equal to order that rated 

torque appear at standstill where s = 1, the ratio r/js must be the same as at 
rated torque, i.e., 

r2 ^r,xt{s = l) 


Fk;. 23-4. Torque-speed character¬ 
istics of a wound-rotor motor for 
various values of secondary resist¬ 
ance. 


-!a 

Sn 


or 




If Sn = 0.02, the external resistance must be 0.98/0.02 = 49 times the resistance 
of the rotor winding (skin effect included). 

The squirrel-cage motor must go through its whole torque-speed curve 
during the starting period, up to the point where the motor torque is equal 
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to the load torque. On the other hand, it is possible to keep the torque of a 
wound-rotor motor constant during the entire starting period. This is achieved 
by keeping the ratio r/js constant, i.e., by a gradual reduction of the 
external resistance during acceleration. The torque during the starting period 
is then a line parallel to the axis of abscissae in Fig. 23-4. Since the starting 
resistance cannot usually be changed gradually but in steps, the torque and 
current during starting also change in steps, as shown in Fig. 23-5. 



F'lo. 23-5. Starting of a 
wound-rotor motor. 


23-3. Speed control of the polyphase induction motor. Gradual speed 
control over a wide range is possible only with the wound-rotor motor. The 

speed of the squirrel-cage motor can be changed 
only in a few large steps. The speed regulation 
can be achieved in several ways, some of which 
will be described in the following paragraphs. 

(a) Speed regulation by means of a resistance 
in the rotor circuit. Consider Fig. 23-4. Any line 
parallel to the axis of abscissae corresponds to 
speed regulation at constant torque. Assume 
that a wound-rotor motor has to drive a mill 
which requires a constant torque at variable 
speed. At the highest speed the motor operates 
on its natural torque-speed curve (Curve I, 
r^xt' = 0), and a fixed point on this curve corresponds to the required torque. 
Let the slip at this point be s ^; the ratio r//6‘ for this point is then equal to 
rfjsi. If the rotor resistance (rf is now changed, the motor auto¬ 

matically assumes a slip of of such a magnitude that the ratio (rf +r^.xt)|s 2 
is equal to rf/si, because to a fixed value of torque there corresponds a fixed 
ratio of r/js (see foregoing article). Thus variable speed can be obtained by 
means of a variable resistor in the rotor circuit. 

However, this kind of speed control is not economical. Consider Eq. 19-5 
which states that the electric power of the rotor, i.e., the power dissipated in 
the rotor as copper losses, is equal to the slip times the power of the rotating 
field. In the case of the constant-torque drive considered above the power of 
the rotating field remains constant, i.e., independent of the slip, since, 
according to Eq. 19-9, the torque is equal to a constant quantity times the 
power of the rotating field. Also the power input to the motor does not change 
with rotor speed when the torque remains constant (see Eq. 19-14). There¬ 
fore, the higher the slip, the larger the part of the power input dissipated as 
copper losses in the rotor circuit and the lower the efficiency of the motor. 


The percent decrease in efficiency is almost equal to the percent decrease in 
speed. 

(b) Speed control by changing the number of poles. Assuming a constant 
line frequency, speed variation in a few steps may be obtained by varying 
the number of poles of the motor, since, according to Eq. 17-4, 
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Special windings are capable of producing different numbers of poles by a 
regrouping of coils. The most common winding of this kind is that with the 
pole ratio 1: 2. Such a winding for 4 and 8 poles with/j = 60 cycles yields two 
synchronous speeds of 1800 and 900 rpm respectively. If more than two 
speeds are desired, two separate windings can be arranged in the stator slots. 
Normally a squirrel-cage rotor is used for this kind of speed variation, or 
otherwise the rotor must have the same kind of winding as the stator, which 
then necessitates a larger number of slip rings than the normal three. If a 
slip-ring rotor is used, variation of speed between steps (synchronous speeds) 
can be accomplished by inserting resistance in the rotor circuit. 

(c) Speed control with the aid of a special regulating set. With the aid of a 
regulating set it is possible to obtain a continuous and economic speed 
regulation of the wound-rotor motor. The operation of such a set is based 
upon the considerations discussed in the following paragraphs. 
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Fig. 23-6. Phaser diagrams for explanation of speed control of a 
polyphase wound-rotor induction motor. 


To overcome a given opposing torque at the shaft of the motor a definite 
rotor current is necessary, i.e., there must be a definite induced emf E^s and 
with it a corresponding slip. Consider Fig. 23-6a which represents a simpli¬ 
fied phasor diagram of the induction motor with rj, and assumed to be 
negligible. In this case, the induced emf jEgs is consumed by the resistance 
drop /grg. In Fig. 23-6b, the value of /grg is the same as in Fig. 23-6a and, 
therefore, the values of and of the torque are the same as for Fig. 23-6a. 
However, in Fig. 23-6b a voltage OB is impressed upon the slip rings of the 
rotor in phase with I^r 2 - Since the total emf necessary to produce the current 
1 2 is equal to OA, and since a voltage OB is introduced from the outside 
through the slip rings, the emf to be induced in the rotor by the rotating 
flux of the machine must be OA - OB —BA. This is less than OA, and there¬ 
fore the slip will be less than in the case of Fig. 23-6a. 
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Figs. 23-6c, d, and e refer to the same current /g, i.e., to the same torque 
as Figs. 23-6a and b. In Fig. 23-6c, the voltage impressed upon the slip 
rings, OB, is equal to OA—I^r^ and no emf induced in the rotor by the 
rotating flux is necessary; in this case the slip will be zero and the rotor 
speed will be the same as that of the rotating flux, namely, the synchronous 
speed rig. In Fig. 23-6d, the impressed voltage OB is larger than the voltage 
drop necessary for the required torque. This forces the rotor to run above 
the synchronous speed, i.e., with a negative slip so that E 2 S becomes negative. 
The magnitude of is equal to OB -OA. Here the machine operates as a 
motor above the synchronous speed. In Fig. 23-6e the impressed voltage OB 
is in counter-phase with /grg. This forces the rotor to run with a higher slip 
than without the impressed voltage, because the induced rotor emf has to 
overcome the opposing voltage OB and also supply the voltage drop /grg. 

Thus it is possible to regulate the speed of a wound-rotor induction motor 
below as well as above its synchronous speed, if a variable voltage is im¬ 
pressed on its rotor which is opposite in-phase to or in-phase with the emf 
induced in the rotor by the rotating flux. 

Fig. 23-7 shows a regulating set consisting of a 
synchronous converter (RC) and a d-c machine (DC)- 
IM is the induction motor the speed of which is to be 
regulated. The synchronous converter is a combination 
of a synchronous machine and a d-c machine (see Art. 
r~| —I 43-1). The slip rings of the induction motor are con- 
"B" DC I nected with the slip rings of the synchronous converter. 
L The commutator of the synchronous converter is con- 

^ nected with the commutator (armature) of the d-c 

fv_ machine, which is coupled to the induction motor. The 

il starter is short-circuited during running. 

_I When the induction motor operates at a certain slip 

Fig 23 7 S d electric power of the rotor 19-5) 

regulation consumed by the synchronous converter (RC) and 

wound-rotor motor delivered to the d-c machine (DC). The synchronous 
with the aid of a part of the converter consumes power from the induction 
rotary converter and motor and operates as a synchronous motor. Therefore 
a d-c machine synchronous converter operates as a 

( ramer caaca e). ^ ^ generator, and the d-c machine (DC) which con¬ 

sumes power from the converter operates as a d-c motor. Thus the electric 
power of the rotor of the induction motor is delivered back to its shaft as 
mechanical power. 

The speed variation is accomplished by varying the excitation of the d-c 
machine (DC). The greater the excitation, the lower the speed of the induc¬ 
tion motor. The regulating set does not operate near synchronous speed 
because the voltage at the slip rings becomes too small to cause the rotary 
converter to rotate. 


Fig. 23-7. Speed 
regulation of a 
wound-rotor motor 
with the aid of a 
rotary converter and 
a d-c machine 
(Kramer cascade). 
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The arrangement shown in Fig. 23-7 in which the d-c machine is coupled 
to the induction motor is used when increasing torque with decreasing speed 
is required (constant HP drive). When the torque is constant or decreases 
with speed (fan drive), the d-c machine (DC) is not coupled with IM, but 
with a synchronous machine which then operates as a generator and delivers 
the electric power of the rotor of the induction motor back to the line. 

It is possible to correct the power factor of the induction motor with the 
aid of the excitation of the synchronous converter, because a synchronous 
motor when over-excited is able to deliver reactive current (see Art. 38-3). 
At a certain excitation of the synchronous converter the total reactive power 
required by the induction motor is supplied to its rotor by the converter, 
and the phase displacement at the stator terminals of the induction motor 
becomes zero (cos 991 = 1 ). 

The synchronous converter set is able to vary the speed only below syn¬ 
chronism. There are other sets employing a-c commutator machines which 
permit speed control below and above synchronism. 

With all these sets the rotor frequency is determined by both the induc¬ 
tion motor and the regulating set. The rotor frequency (rotor slip) varies 
with the load just as in the ordinary induction motor. In Fig. 23-8 curve a 
shows the natural torque-speed characteristic of an induction motor, i.e., 
the characteristic for no impressed voltage on the slip rings (see Fig. 23-6a). 
The slip increases, i.e., the speed decreases slightly with increasing torque 
(as in a d-c shunt motor). Curve h of Fig. 23-8 shows the torque-speed charac¬ 
teristic when a constant voltage is impressed upon the rotor which is opposite 
in-phase to the emf induced in the rotor by the rotating flux. Such a voltage 
forces the rotor to increase the slip at all values of torque (see Fig. 23~6e). How¬ 
ever, the trend of the torque-speed characteristic remains the same as for the 
natural characteristic, i.e., the speed decreases slightly with increasing torque. 






Fig. 23-8. Torque-speed Fig. 23-9. Doubly fed induction 

characteristics of an induction motor, 

motor controlled by a regu¬ 
lating set. 
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(d) Speed control by double feeding. The machine behaves entirely differently 
when the secondary frequency is determined not by the induction motor 
and its regulating set but by another source of power with fixed frequency. 
In this case the induction machine is referred to as a doubly fed induction 
motor. Fig. 23-9 shows such an arrangement. The rotor as well as the stator 
is connected to a source of power. The fixed frequencies of both sources are 
/i and/a, respectively. It will be assumed, as an example, that the motor has 
four poles and that/, — 60 cycles while /2 = 25 cycles. 

It has been previously explained, see Art. 17-1, that, for the development 
of a uniform torque, stator and rotor mmf waves must be at standstill with 
respect to each other. In the example considered, the speed of the stator 
mmf with respect to the stator is n^.^ — (120 x 60)/4 = 1800 rpm, and the speed 
of the rotor mmf with respect to the rotor is n ,2 = (120 x 25)/4 = 750 rpm. If 
the rotor is fed in such a manner that its mmf rotates in the same direction 
as the stator mmf, then the condition for a uniform torque is satisfied only 
when the rotor speed is n^^ - ~ 1800 - 750 = 1050 rpm. On the other hand, 

if the rotor is fed in such a manner that its mmf rotates in opposite direction 
to the stator mmf, then the condition for a uniform torque is satisfied only 
when the rotor speed is + n ,2 = 1800 + 750 = 2550 rpm. 

Thus the doubly fed induction motor has two fixed speeds at which a uniform 
torque exists. Expressed by a formula, these two speeds are 


P 


(23-2) 


At each of these two speeds the machine is able to develop uniform torques 
of different magnitudes, as shown in Fig. 23-10. Apparently a continuous 
speed control can be achieved if one of the two frequencies of Eq. 23-2 can 



Fig. 23-10. Torque-speeul Fig. 23 11. Speed control of an induction 
characteristics of a doubly fed motor by double feeding, 

induction motor. 


be continuously varied. Such an arrangement is shown in Fig. 23-11. IM is 
the induction motor the speed of which is to be controlled. The stator is 
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connected to the supply lines; its rotor is connected to a synchronous machine 
aSI/j, which is coupled to a d-c machine DC^, The latter is connected electri¬ 
cally with another d-c machine DC^, which is coupled to a synchronous 
machine connected to the lines. The electric power of the rotor of the 
induction motor is consumed by the synchronous machine SM^ which 
operates as a motor. The d-c machine DC^, therefore, operates as a generator, 
and the d-c machine DC^ operates as a motor. The synchronous machine 
SM 2 operates as a generator and returns the electric power of the induction 
motor to the lines. 

The speed control of the induction motor in the above arrangement is 
accomplished by changing the excitation of the d-c machine DC 2 - This pro¬ 
duces a change in speed of the set SM^ - DC^ and therefore a change in the 
frequency 

If /a is zero, i.e., if one of the sources of power is d-c, Eq. 23-2 yields only a 
single speed at which the machine is able to produce a uniform torque. This 
is the case in the synchronous machine which will be treated later. 

PROBLEMS 

1. A 15-HP, 4-pole, 3-phase, 60-cycle, 440-volt, Y-connected wound-rotor 
induction motor has the following per-unit parameters at .9 = 1 (x,, sat. values) : 

ri =0.018 ^m=0.17 rg'=0.023 

= 0.09 Xy^ = 3.5 X 2 = 0.085 

Determine the external resistance (in ohms per phase) necessary to start this motor 
with 130% rated torque. The rated speed is 1756 rpm. 

2. For the wound-rotor motor of Problem 1 determine the external resistance 
(in ohms per phase) necessary to start the motor with its pull-out torque. Can the 
motor start with a torque larger than the pull-out torque? (Sat. factor = 1.2.) 

3. Determine the starting torque of the motor of Problem 2 for an external 
resistance three times as large as that necessary to start the motor with its pull-out 
torque. 

4. Determine the starting performance of the motor of Problem 1 for an external 
resistance =0. Is the starting performance with external resistance = 0 satisfactory ? 

5. For the motor of Problem 1 determine the external resistance necessary to 
start the motor with rated torque, and also the stator current which occurs at this 
resistance. Compare this stator current with that of a squirrel-cage motor. 

6. A 125-HP, 6-pole, 3-phase, 60-cycle, 2300-volt, Y-connected, squirrel-cage 
induction motor has the following per-unit parameters at ,9 = 1 (x^, unsat. 
values): 

ri =0.017 rm=0.20 rg'=0.018 

3 : 3 = 0.095 = X2'=0.10 

The saturation factor of the leakage paths at 5 = 1 and starting with full voltage is 
1.23. Determine the voltage ratio of an autotransformer necessary to reduce the 
starting current to 60% of the value which occurs at starting with full voltage. 
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(Assume that the saturation of the leakage paths at 60% starting current is 1.1.) 
What will be the starting torque at that voltage ratio? 

7. Determine for the motor of Problem 6 the series ohmic resistance in the stator 
circuit necessary to reduce the starting current to 60% of the value which occurs 
at starting with full voltage. What is the loss in this resistance? 

8. Refer to Problem 7. What is the starting torque with the resistance which 
reduces the starting current to 60% of the value which occurs at full voltage? 

9. Determine for the motor of Problem 6 the series inductive reactance in the 
stator circuit necessary to reduce the starting current to 60% of the value which 
occurs at starting with full voltage. 

10. Refer to Problem 9. What is the starting torque with the inductive reactance 
which reduces the starting current to 60% of the value which occurs at full voltage? 

11 . With 2.300 volts at the terminals of a .3-phase, wound-rotor induction motor 
the emf measured at the open-rotor slip rings at standstill is 640 volts. For a 
blocked rotor test with 780 volts at the stator terminals and the slip rings short- 
circuited, the line current is 27.5 amp and the power input is 11.5 kw. What resist¬ 
ance (in ohms) should be connected, (a) in star and (b) in delta, to the rotor slip 
rings so that, with 2300 volts applied to the stator, the rotor current at standstill 
will be unchanged? What is the ratio of the torques developed in the two cases? 
(Neglect the magnetizing branch and assume that the stator and rotor parameters 
are equal. Further, neglect the voltage drops in the stator for the open-rotor test. 

12. It is to be decided whether to start a squirrel-cage induction motor by 
means of an auto transformer or a series resistance in the stator circuit. In each case, 
the line current at full voltage must be equal to the rated current of the motor. For 
a blocked rotor test with 2,5% rated voltage at the terminals of the motor, the 
motor current is equal to the rated current and the power factor is 0.20. Compare 
the starting torques for the two methods of starting. (Neglect the magnetizing 
branch and assume equal parameters for stator and rotor.) 

13. A 500-HP, ,3-phase, 2,5-cycle, 2300-volt, 12-i)ole induction motor has a slip of 
1 . 8 % at full-load. The resistance of the rotor winding ]:)er phase, referred to the 
stator, is 0.5 ohm. What is the rotor current at full-load? What is the ratio of 
delivered to developed torque? What is the starting torque, if the terminal voltage 
is adjusted so that the rotor current is twice its full-load value? (Total rotational 
losses = 2.5%.) 

14. A 500-HP, 3-phase, 60-cyclc, 2300-volt induction motor has full-load copper 
losses in the stator and rotor windings equal to 2.4% and 2.6%, respectively. The 
total iron loss is 8.6 kw. The iron loss due to the fundamental flux is 3.5 kw. The 
friction and windage losses are 8 kw. The magnetizing current is 20 amp. The 
leakage reactances of the windings at .s = 1 are 4.5 times their resistances. Determine 
the terminal voltage of this motor if the starting current is to be 200 amp. (Neglect 
the skin-effect in the rotor winding. Stray load loss = 5.5 kw.) (Full-load cos 99 
= 0.90 in.) 

15. A 2000-HP, 24-pole, 3-phase, 60-cycIe, 6600-volt, star-connected wound- 
rotor induction motor has a turn ratio 8.05. The rotor is star-connected. The speed 
of this motor is controlled by a 3-phase a-c commutator machine set between rated 
speed and - 30% of rated speed. Determine the approximate values of voltage and 
the kva of the commutator machine, neglecting voltage drops due to resistance and 
leakage reactance of the stator winding, and leakage reactance of the rotor winding. 


Chapter 24 


INFLUENCE OF HARMONIC FLUXES ON THE 
TORQUE-SPEED CHARACTERISTIC 


24-1. Order and speed of the harmonic mmf’s and fluxes. In Chap. 15, 
the mmf of an elementary machine having one phase, one slot per pole 
{q = l) and a full-pitch winding (Fig. 15-1) was considered. The mmf of this 
winding has been found to be a rectangular curve, Fig. 15-3. The Fourier 
series has been applied to this curve and only the fundamental wave, with 
the wave length 2r, has been considered. This fundamental wave is (Eq. 15-1) 

*>J 2 4 77 

fi = -r — n^I sin wt cos x (24-1) 

2 77 T 

n-c is the number of conductors in the slot. If the harmonic mmf's are also 
considered (see Fig. 15-4), the mmf equation is 

J~2 4 

fi = nj sin cot 


77 1 77 1 77 1 77 

COS X - - cos 3x4-- cos 5 - x - - cos 7 - x + ... (24-2) 

T 3 T 5 T 7 T J 

i.e., the winding considered produces in addition to the main (fundamental) 
wave also harmonic mmf’s of the order v = 3, 5, 7 ... (see Fig. 15-4), the 
wave lengths of which are respectively 2t/3, 2t/5, 2t/7 ... , or in general 
2 t/f, and the amplitudes of which are 1 /f times the amplitude of the funda¬ 
mental. F = 1 is the fundamental. These are all alternating mmf's producing 
pulsating fluxes. The subscript I indicates that the machine has only one 
phase. 

In Chap. 15 an elementary 3-phase machine was also considered, the three 
windings of which are displaced from each other by 2t/3 x 77/t == 120 electrical 
degrees and are fed by three currents shifted from each other by 120° in 
time. The space displacement of 120° refers to the fundamental wave, as can 
be seen from the factor 2t/3 (2t is the wave length of the main wave ; the 
factor 77/t converts the distance 2t/3 into degrees). If the space displacement 
between the three windings is equal to 120° with respect to the main, it will 
be equal to 3 x 120° = 360° with respect to the third harmonic, to 5 x 120° = 
600° with respect to the fifth harmonic, and so forth, because the third 
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harmonic has a wave length equal to 1/3 of that of the fundamental, the fifth 
harmonic has a wave length equal to 1/5 of that of the fundamental. 

If we refer Eq. 24-2 to phase I of the 3-phase machine, then the mmf of 
phase II of this machine is 


/ii = ^ - nj sin (wt - 120) 

Z TT 


(tt \ 1 / 

TT \ 
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TT \ 


cos a: - 120 - - cos ( 
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_ 


and the mmf of phase III (with phase I as reference) 


(24-3) 
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nj sin (cot - 240) 
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X 



- i cos ^3-x-720^ + \ cos ^5 - a: - 1200 


(24-4) 


In order to find the resultant mmf, the fundamental and each harmonic has 
to be considered separately, because they have different wave lengths. The 
resultant fundamental mmf and the resultant mmf of each harmonic is then 
found by adding the three corresponding terms of Eqs. 24-2, 24-3, and 24-4. 

The addition of the three fundamental (I'^l) minf’s yielded (Art. 15-1, 
Eq. 15-3) 




3 n/2 4 ^ . 



(24-5) 


and it has been found that this is a sinusoidal wave traveling in the positive 
direction of the :r-axis (Fig. 15-6) with the velocity of propagation (Eq. 
15-4) 


dx 

dt 



= 2/r = 


2t 

f 


(24-6) 


or the speed in rpm (Eq. 15-5 
120 /’ 


P 


z= “ synchronous speed 


(24-7) 


If the three terms of the 3rd harmonic are added up, the resultant mmf is 


(24-8) 

i.e., a 3-phase winding does not produce a 3rd harmonic mmf. The addition of 
the three terms of the 5th harmonic yields 
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Applying the same method of consideration as that applied to the funda¬ 
mental wave in Art. 15-1, it is found that the resultant 5th harmonic is a 
wave traveling in the negative direction of the x-axis, i.e., opposite to the 
direction of the fundamental wave, with the speed in rpm =^nj5. 

The resultant of the three terms of the 7th harmonic is 


/.=7=^^^“Msin(a><-7^a:) (24-10) 

This is a wave which travels in the positive direction of the a;-axis, i.e., in 
the same direction as the fundamental wave, with the speed njl rpm. 

Summarizing, a polyphase winding produces a series of traveling waves, 
some of them traveling in the same direction as the fundamental (main) 
wave, some traveling in the opposite direction from the fundamental wave. 
The speed of the fundamental wave is the synchronous speed Wg. The speed 
of v-ih harmonic is n^lv. 

It seems to follow from Eqs. 24-5, 24-9, and 24-10, that the amplitude 
of the j^-th harmonic is equal to \jv times the amplitude of the fundamental. 
However, it should be kept in mind that the foregoing considerations refer 
to an elemen tary machine with g = 1 and full-pitch winding. The consideration 
of a winding with ^>1 makes it necessary to introduce the distribution factor 
(see Art. 15-1) and Eqs. 24-5, 24-9, and 24-10 must be multiplied by q times 
distribution factor. The magnitude of the distribution factor is determined 
by the value of q and by the slot angle a,. For the fundamental (main) 
wave, 180°/mg. Since for the v-th harmonic to 180*^ of the fundamental 
correspond v x 180°, the slot angle for the y-th harmonic is y 180/mg' and the 
distribution factor of the j/-th harmonic is (Eq. 14-4) 


sin yq{(xj2) 
q sin y ((xJ2) 


(24-11) 


If the other limitation imposed by the elementary winding, namely IT/r — 1 
(full-pitch winding), is dropped, the pitch factor must be introduced. For 
the fundamental wave, the pitch factor is sin of the angle (1 F/t) 77/2, (Eq. 
14-8). For the reason mentioned above, this angle is for the i/-th harmonic y 
times as large and the pitch factor of the I'-th harmonic is 

A:,, = smv—~ (24-12) 

T Z 


Eqs. 24-5, 24-9, and 24-10 must be multiplied by this factor. Having multi¬ 
plied these equations by qk^^ the mmf of the v-th harmonic of a coil 
group (polyphase group) is obtained and it is seen that the ratio of the ampli¬ 
tude of the mmf of the v-th harmonic to that of the fundamental (main) 
wave is 

1 kdp. 


(24-13) 
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24-2. Influence of the harmonic fluxes on the torque-speed 
characteristic. The rotating harmonic mmf’s produce rotating harmonic 
fluxes just as the fundamental mmf wave produces a rotating flux. The slip¬ 
ring rotor is wound for a fixed number of poles (same as that of the stator) 
and is less sensitive to the harmonic fluxes than the squirrel-cage rotor which 
adjusts its number of poles to that of the rotating flux (see Art. 17-2, Fig. 
17-4). The squirrel cage reacts to each harmonic flux in the same manner as 
to the fundamental wave, i.e., it produces with each harmonic flux a com¬ 
plete torque-speed characteristic consisting of all three ranges of operation 
(as a brake, as a motor, and as a generator, see Fig. 20-3). The pull-out slip 
is different for the different harmonics. 

T 

\ 


Fi(J. 24-1. Parasitic a.synchronous torques in 
the speed-torque curve. 



Fig. 24-1 shows the torque-speed characteristics of the fundamental wave 
(i/ = 1) and of the 5th and 7th harmonics. The resultant torque-speed charac¬ 
teristic shows dips. If the dip (in Fig. 24-1 it is due to the 7th harmonic) is 

large enough so that the resultant torque is 
smaller than or equal to the load torque at the 
y \ slip at which the dip occurs, the motor will not 
\ be able to come up to speed; it will crawl with 

\ the speed which corresponds to the intersection 

^Synchronous I point of the motor torque-curve and the load 

torque-curve. 

In addition to the parasitic torques shown in 
8=1 8=0 Fig- 24-1 which have the same character as the 


Fig. 24-2. Parasitic syn- working (,.= 1) torque-speed characteristic and 
chronous torque in the speed- ^r this reason can be called induction motor 
torque curve («<l). torques or asynchronous torques, there is another 
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type of parasitic torque in the induction motor. These are synchronous torques 
which characterize the other type of a-c motor, the synchronous motor (see 
Chap. 36). A synchronous torque appears in the torque-speed curve of the 
induction motor in the shape of a cusp. Fig. 24-2 shows a torque-speed 
characteristic with such a cusp. If the dip produced by the cusp is large, the 
motor will not be able to come up to speed, for the same reason as for a large 
dip produced by a parasitic asynchronous torque. 



Fkj. 24-3. Parasitic synchronous torque in the speed-torque curve (•? = 1). 

A synchronous cusp may also appear at standstill (Fig. 24-3). If it is large 
enough, the motor will not be able to start at all; it is said then that the 
motor has locking torques or dead points, 

24-3. Means to reduce or to avoid the parasitic torques. Synchron¬ 
ous cusps can be avoided by a proper selection of the number of stator and 
rotor slots (Chap. 58). Asynchronous torques cannot be avoided, but they 
can be reduced. One of the means of reduction is given by Eq. (24-13): the 
factor must be kept small. The distribution factor of the harmonics is 
normally fixed, but the pitch factor can be infiuenced by the selected coil 
span (W/t). a coil span of 83 per cent (IF/r —5/6) reduces considerably the 
5th and 7th harmonics which produce the largest asynchronous torques. An 
example of the influence of the coil pitch upon the dip in the torque-speed 
characteristic is shown in Fig. 24-4. 

It is not only the harmonics of low order (the 5th and 7th) w hich produce 
asynchronous torques. Some harmonics of high order may also produce 
considerable asynchronous torques as well as synchronous torques, if the 
number of slots of stator and rotor cannot be chosen so as to avoid the syn¬ 
chronous torques entirely. The influence of high-order harmonics can be 
reduced by skewing the rotor or stator slots (Chap 58). 
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600 400 300 200 100 0 -100 -200-300-400-600 


rpm 

Fig. 24-4. Influence of coil pitch. Speed-torque curves of a 2-speed 1/2-HP OO-cycIo 
motor for 8 and 16 poles. Slot combination 54/82. Rotor skewed. The speed-torqiu* 
curves apply to the 16-pole connection. 

A. coil width —5 slot pitches. 

B. coil width —4 slot pitches. 

The parasitic torques are normally of no impoi tance for the wound-rotor 
motor, because this motor can be started with its ])ull-out torcpie by inserting 
resistance in the rotor circuit (see Fig. 23-4). 

The harmonics of high order may produce disturbing magnetic noise in 
both types of induction motors, the squirrel-cage and wound-rotor motors 
(see Chap. 59). 



Chapter 25 


SOME SPECIAL INDUCTION MACHINES 


Some of the machines described below have only the construction but not 
the behavior in common with the induction motor. This is pointed out in the 
discussion of the individual machines. 


25-1. The synchronous induction motor. Consider Eq. 23-2. If the 
frequency /g of the line to which the rotor is connected is equal to zero, the 
rotor speed becoities 


mi 

V 


= 71, 


i.e., there is only one speed, the synchronous speed, at which a uniform torque 
is developed. Thus a wound-rotor motor, the rotor of which is excited with 
direct current, runs at synchronous speed and operates as a synchronous 
motor (see Art. 23-3d). Fig. 25-1 shows the connection diagram of the 
synchronous induction motor. R is the starting resistance which is cut out 
during running; DC is the exciter of the induction motor. Held current is 
applied by the exciter after the motor comes up to speed. The d-c excitation 
then pulls the motor into “step”, i.e., into synchronous speed (see Chap. 61). 

The synchronous induction motor has been used for many applications, 



Fig. 26-1. Connection diagram of the synchronous induction motor. 
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especially in Europe. The advantage of this type of machine lies in a better 
starting performance as compared with that of the salient pole synchronous 
motor. On the other hand, low-voltage exciter with high current ratings have 
to be used for these machines; this is necessitated by the limited starting 
voltage at the slip rings of induction motors; such a limited voltage requires 
a small number of rotor turns and therefore a low rotor resistance so that 
I 2 is small. 

25-2. Induction motor with a rotating flux produced by a d-c excited 
rotating pole-structure (electromagnetic coupling). The rotating flux 
of the conventional induction motor is produced by polyphase windings 
carrying polyphase currents. A rotating flux can also be produced by a 
rotating pole-structure excited by direct current, and such a rotating flux 
has the same effect as that produced by polyphase a-c windings. Use is made 
of this where an a-c source is not available, as for example, on shipboard. 
An induction motor of this kind must have additional bearings so that both 
members, the primary and the secondary, can rotate independently. The 
primary has a d-c excited pole-structure, while the secondary member has a 
single- or double-cage winding. When placed between a Diesel and a geared 
propeller shaft on shipboard, this machine prevents the transmission of 
torque pulsations to the gears. 

25-3. Self-synchronizers (Selsyns, Synchrotie Apparatus, Autosyn, 
etc.). In many power applications, as for example in lift-bridge drives, 
printing-press drives, etc., it is desirable to tie together two or more parallel 
drives, by a pure electrical interconnection, in such a manner that the speeds 
as well as the space-phase alignments of the different drives are the same. 
For this purpose wound-rotor induction motors can be used. Consider Fig. 

25-2 in which the stators of two 3-phase 
wound-rotor induction motors are con¬ 
nected to a common source of power and 
the rotors are electrically interconnected. 
Since each of the machines is connected to 
two sources of power, both will behave as 
synchronous machines (see Art. 23-3d), 

. and each machine will influence the speed 
liiG. 25-2. Connection diagram of , . . 

two three-phase self-synchronizers. other machine in such a manner that 

both machines will always run synchro¬ 
nously. Assume, for example, that the line frequency in Fig. 25-2 is 60 cycles, 
that the machines are 2-pole, and that the rotor of one machine operates at a 
speed Til = 1780 rpm while the rotor of the other machine runs at speed — 
1820 rpm. The rotor frequencies corresponding to these two speeds are (see 
Eq. 17-18) 
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3600-1780 

3600 

3600-1820 

3600 


60^30.35 
60 29.65 


The first rotor which runs at the lower speed will be urged, by the second 
machine, to assume the speed (see Eq. 23-2) 


n/ 


60 - 29.65 
2 


120= 1820 rpm 


i.e., to increase its speed, and the second rotor which has the higher speed 
will be urged by the first machine to assume the speed 


60 - 30.35 


120 = 1780 rpm 


i.e., to decrease its speed. Thus, synchronizing 
forces will make both machines always run syn¬ 
chronously with the same speed. 

Now consider the machines at a fixed speed. 

There is only one relative position of both rotors 
at which the secondary emf’s will be exactly 
opposed with respect to the circuit of the two 
rotors, so that no current will flow in the second¬ 
ary windings (Fig. 25-3a). For all other posi¬ 
tions of the two rotors, there will be a resultant 
voltage (AE, Fig. 25-3b) which will produce a 
current and torque tending to turn the rotors to 
that position where the rotor emf’s are opposed. 

One of the two machines operates as a generator 
{transmitter) and the other as motor {receiver), the generator tending to reduce 
the angle by which its rotor is advanced, and the motor tending to reduce 
the angle by which its rotor is behind. 

Since one machine operates as a generator and the other as a motor, the 
a-c source of power has to deliver only the losses to the self-synchronizers. 
This applies also to a system with more than two units. 

It is evident that the torques which line up the self-synchronizers will be 
small, when their rotors run in the direction of their rotating fields at low 
slip, because at low slip the rotor emf’s and currents are small. Large rotor 
emf’s are obtained when the rotors run opposite to the direction of the rotating 
fields. 

Consider Fig. 25-4 in which a tie of two parallel drives is shown having 
two identical d-c motors as main motors and two self-synchronizers. When 
both motors are equally loaded, no current will flow in the synchronizers. 
Assume that the load of main motor 2 is dropped to 80% of that of main 
motor 1. Since both main motors have the same speed-torque characteristic. 



(a) (b) 

Fig. 25- 3. Phaser diagram 
of the rotors of two self¬ 
synchronizers. 
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10 

Fi(i. 25r-4. Load distribution for two self-synchronizers rotating in 
the direction of their rotating fields. 


main motor 2 will tend to increase its speed corresponding to the decrease of 
load. However, the self-synchronizers will force both main motors to maintain 
the same speed and therefore each of the main motors will draw from the d-c 
line half of the total power necessary for the drive, i.e., (100-h 80)/2 — 90%. 
This power distribution between the main motors does not correspond to 
the load at the shafts, and the synchronizers will restore the power balance. 
Synchronizer 1 will operate as a motor and deliver to its shaft the deficient 10% 
of power, while synchronizer 2 will operate as a generator and take from its 
shaft 10% of the power. The mechanical power for each synchronizer will be 
10 %. 

Although the self-synchronizers as doubly fed machines behave as syn¬ 
chronous machines, the fundamental power enuations of the induction 
motor (Eqs. 19-5 and 19-6) also apply to them, for in these machines as in 
the induction motor the power transfer from stator to rotor occurs at the 
speed of the rotating field, while the rotors run with a speed different from 
that of the rotating field. Thus, if the losses in the synchronizers are neglected, 
and the power input of the motor is considered as positive. 


Pat, 1 — Pm J~_ ^ » Pat, 2 — Pm 


Plot, 1 Pit 


1 -. 9 ’ 


P — - P 

rot, 2 ~ in 


1 


(25-1) 


Assume that the synchronizers in the example Fig. 25-4 run in the direction 
of their rotating fields with half synchronous speed, i.e., 6 = 0.5. Since 
F„=10%, 




1-0.5 


= 20%, P,,.2=-20%, 


0.5 


Prot ,, = 10 = 10 %, , = - 10 %, 



SOME SPECIAL INDUCTION MACHINES 


205 


and the power flow in both units will be such as shown in Fig. 25-4. 

Assume now that the self-synchronizers run opposite to their rotating 
fields with the same speed. Then 5 = 1.5 and 

-10 = - 20 %, , - 20 %, 

^^rot,, - 10 j4x5 = " ^ 



30 


Fig. 25-5. Load distribution for two self-synchronizers rotating 
opposite to the direction of their rotating fields. 

The power flow for this case is shown in Fig. 25-5. Contrary to Fig. 25-4, 
self-synchronizer 1 now operates as a generator (transmitter) and self¬ 
synchronizer 2 as a motor (receiver). 

The following data were obtained from tests on 2 units consisting of 
identical d-c main motors and identical self-synchronizers with the rating: 

7.5 hp, 4 poles, 50 cycles, — 1500, 380 volts 


n = 1020 

in the direction of 
the rotating field 


n = 1000 

opposite to the direction 
of the rotating field 


P,,. 1 =3.8 

2.7 kw 

Pst. 2 =2.1 

3.45 kw 

ht, 1 =6-4 

8.7 amp 

I St. 2 = 11-7 

7.4 am}) 

COS =0.94 

0.47 

cos 00,, 2 = 0.26 

0.73 

3 

!i 

o 

245 volts 

Irot =17 

13.1 amp 

COS <p„,^ =0.62 

0.95 

leading 

leading 
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Fjg. 25-6, Phaser diagram for the load 
distribution of Fig. 25- 4. 



Fig .25 7 . Phaser diagram for 
the load distribution of Fig. 
25 5. 


Figs. 25-6 and 25-7 are the phasor diagrams corresponding to both tests. 
Consider Fig. 25- 6 , left side. is the common rotor voltage, is the 
common rotor current shifted with respect to Vr by an angle (f ^ corresponding 
to cos (f)r = 0.62. The angle 8 / -f 82 ' = 8 is the displacement of both rotors with 
respect to each other. 

8/ is the angle by which the emf Ej of synchronizer 1 (i.e., of the motor, 
receiver) leads the rotor voltage The magnitude of the rotor current 
is determined by the magnitude of the voltage drop A V in the rotor winding 
and the resistance and leakage reactance of the rotor winding. Corresponding 
to the direction of A V, the current leads the rotor voltage 

The primary current of the receiver (motor) is obtained by adding the 
reactive component of the magnetizing current to the rotor current 
is perpendicular to E^. The primary voltage Vgi of the receiver (motor) 
now can be determined by adding the voltage drops in the stator winding 
due to resistance and leakage reactance to E^. 

The voltage diagram of synchronizer 2 (i.e., of the generator, transmitter) 
is obtained in the same way as for synchronizer 1. Both constructions must 
yield the same magnitude for and Vgz, since both stators are connected 
to the same line. As should be expected, the stator voltage leads the induced 
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emf in the motor diagram and lags the induced emf in the generator diagram. 

Again in Fig. 25-7 the left side of the diagram represents the receiver and 
the right side of the diagram the transmitter. 

Note that in Figs. 25-6 and 25-7 the stator voltages and F ,2 appear 
displaced with respect to each other although they are in-phase, since both 
stators are connected to the same source of power. The displacement between 
both rotors (8/ +Sg') must appear between the emf’s and E 2 , and this 
leads to the fictitious phase angle between the primary voltages. Assuming 
that the angle between the stator voltages is the same as that between the 
emf’s, i.e., between the rotors, the equivalent circuit shown in Fig. 25-8 can 
be derived from the fundamental equations of the two units. The solution 
of this circuit for rotation against the rotating fields, leads to the following 
expressions. (Ref. B3.) 



Fic.. 25-8. Equivalent circuit of two solf-synchronizers. 

= ^ - Im) shi f sin S I sin^ ^ Ib-ft, (25-2) 

n, I 

V(I - IJ sin 9 - sin 8 - T,, sin^ * Ib-ft, (25-3) 

where V is the line voltage, 1 the stator current of the induction motor for 
slip s, 1^ the magnetizing current of the induction motor, cos (p the power 
factor of the induction motor for slip s, T^s the induction-motor torque for 
slip 5 , and S the displacement between both rotors. 

Figs. 25-9 and 25-10 refer to two 25-hp 8-pole 60-cycle 3-phase self- 
synchronizers. Fig. 25-9 shows the torques as a function of slip for a fixed 
value of 8. Fig. 25-10 shows the torque as a function of 8 for a fixed value of 
slip larger than 1.0. 

Fig. 25-11 is determined by test. It refers to a set of two and a set of three 
9-hp 4-pole 50-cycle synchronizers. It shows, as a multiple of rated induction 
motor torque, the maximum permissible difference in the load torques for 
which the system still is stable. Curve 1 refers to two units. Curve 2 refers to 
three units, one of which has a larger load torque than the two others. Curve 3 
refers to three units, two of which have larger (but equal) load torques than 
the third. 
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0 20 40 60 80 100 120 140 160 180 

-► displacement (el. deg.) 

Fig. 25 -10. Torque as a function of displacement for two self-synchronizers. 

The self-synchronizers must be lined up before starting. Otherwise, if the 
initial angle of displacement is large and both units are unrestrained, they 
may come up to speed in the direction of their rotating fields, one machine 
serving as a short circuit for the rotor of the other. If one unit is restrained, 
the other may come up to speed. The lining-up occurs best when single-phase 
excitation instead of 3-phase excitation is applied to the stators, since the 
single-phase motor is not able to start and to come up to speed. If for lining 
up the connection scheme Fig. 25-12 is used, the torque-displacement curve 
will be as shown in Fig. 25-13. It refers to the same machines as Figs. 25-9 
and 25-10. 
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Fig . 25- 11. Overload capacity as a function of speed for two and throe self-synchronizers. 

While lining up with single-phase exci¬ 
tation in the stators, the rotor emf’s will 
not constitute a 3-phase system. Since the 
stator current is single-phase, the emf’s 
in the three rotor phases will be in-phase 
and a single unit will not be able to pro¬ 
duce torque. However, when the rotors 
of turn units are not in juxtaposition, a 
component of the secondary current creates a cross flux in each machine, and 
torques result which tend to turn the rotors into juxtaposition. 


% 

100 

80 
60 
40 

20 

0 20 40 60 80 100 120 140 160 180 

Displacement 

Fig. 25-13. Torque as a function of displacement for the single-phase connection 




Fig. 25-12. Single-phase connection 
for lining up self-synchronizers. 
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Fig. 25-14. Connection for two single-phase position indicators. 

25-4. Position indicators. In many applications, as, for example, eleva¬ 
tors, hoists, generator rheostats, gates or valves, etc., an indication of the 
position is desirable. In these cases single-phase units are used, the rotors of 
which are of the salient-pole type as in the synchronous machine (Ref. B2). 
The rotors have single-phase windings excited by a-c. The 3-phase stator 
windings are connected directly together (Fig. 25-14). The saliency of the 
poles gives the advantage of increasing the synchronizing torque by the 
reluctance torque (see Art. 36-1). This kind of unit is usually of fractional 
horsepower rating, while the 3-phase self-synchronizers for power applications 
of the wound-rotor induction-motor type are built as larger units (up to 
100 hp). A typical torque-displacement curve of a single-phase salient-pole 
unit is shown in Fig. 25-15. 

If the rotor of the transmitter is turned by a certain angle, the rotor of the 
receiver will turn by the same angle. When it is desirable to indicate a 
difference between two angles, the differential system as shown by Fig. 25-16 
can be used. The differential position indicator has two 3-phase windings, 
each connected to one of the secondary windings of the single-phase units. 
It will indicate the difference of the rotor positions of the 2 units. A differen- 



0 20 40 60 80 100 120 140 160 180 


Displacement (el. deg.) 

Fig. 25-15. Torque as a function of displacement for two 
single-phase salient-pole position indicators. 
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Differential position indicator 

Fig. 25-16. Connection diagram for a differential system. 


tial unit in connection with a single-phase transmitter also can be used in 
order that the receiver indicates the sum or the difference of the angles 
applied to the transmitter and differential unit. 

25-5. Tho induction voltage regulator. The induction voltage regulator 
is an induction motor which is used as a transformer to regulate the voltage 
of an outgoing circuit from a central station having many single circuits. 
The rotor does not rotate continuously but may be rotated through a range 
of 180 electrical degrees. 

As in the case of the induction motor the induction voltage regulator may 
be either single-phase or polyphase. Since it has to add or subtract an incre¬ 
ment of line voltage, its secondary is in series with the line. Fig. 25-17 shows 
the coil arrangement of a single-phase induction regulator with single-phase 
windings on both the stator and the rotor. The primary P (usually the rotor) 
is connected to the power line as in the ordinary transformer. The secondary 
8 is in series with the line. Fj is the non-regulated voltage ; Fg, the regulated. 
Vs is the secondary voltage of the induction regulator. Thus 

V,^V,±Vs (25-4) 



Fig. 25-17. Schematic diagram showing the principle of operation 
of a single-phase induction regulator. 
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The magnitude of F« depends upon the mutual inductance between the 
secondary and primary windings of the induction regulator, i.e., upon the 
angle between the axes of the windings P and S. V ^ is a maximum when 
the axes of the two windings coincide (Fig. 25-17a); \\ is zero when the 
axes of the windings are shifted 90 electrical degrees with respect to each 
other (Fig. 25-17c). The angle between the positions for the positive and 
negative maximum of F., is 180 electrical degrees. 

Consider P'ig. 25-17c in which the axes of the windings are perpendicular 
to each other. The voltage F,. of the secondary winding due to the trans¬ 
former flux is zero, but, since this winding carries the load current which is 
an alternating current, an emf of self-induction is induced in it. Hence, the 
secondary winding appears in the load circuit as a reactor which would 
reduce the load voltage \\ if its reactive voltage drop were not nullified. 
Fig. 25-18 shows the actual coil arrangement of the single-phase induction 
regulator. The rotor has, in addition to the primary winding P which is 
connected to the line, a short-circuited winding SC the axis of which is 

shifted 90 electrical degrees with respect to 
the primary winding. Fig. 25-18 shows the 
primary and secondary windings in the same 
position as Fig. 25-17c. However, it can be 
seen from Fig. 25-18 that the flux produced 
by the load current in the secondary winding 
S also will link the short-circuited winding S'C, 
because the axes of these windings coincide. 
Since the winding SC is short-circuited, the 
secondary winding S and the winding SC 
behave as a transformer under short-circuit 
conditions, i.e., the flux in the axis of the 
secondary winding S is small and the voltage 
drop in the line is caused only by the relatively small leakage fluxes of the 
secondary winding S and the winding SC. 

The voltage drop in the line due to the secondary S of the regulator at the 
position shown in Fig. 25-17c could appear to a lesser degree (corresponding 
to the sine of the angle between the axes of the coils P and S) at any inter¬ 
mediate position between those of Fig. 25-17a and Fig. 25-17c. However, 
since the compensating winding SC has a fixed position with respect to the 
primary winding P, it has the same effect on the secondary S and the line 
at intermediate positions as for the position shown in Fig. 25-18. 

Fig. 25-19 shows the coil arrangement of a 3-phase induction regulator. 
The primary winding can be connected star or delta while the secondary is 
again in series with the line. The action is somewhat different from that of 
the single-phase induction regulator. The primary currents produce a 
rotating flux which induces a voltage F, in the secondary winding. The 
magnitude of this induced voltage is constant and independent of the relative 



Fig. 25-18. Coil arrangement in 
the single-phase induction regu¬ 
lator. 
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position of the windings. However, the 
relative position of the windings deter¬ 
mines the phase of the secondary voltage 
Vs with respect to the primary voltage 
Fj. The relation here is 




(25-5) 


i.e., the regulated voltage is the geometric 
sum of and F,. Fig. 25-20 shows the 
voltage diagram of the polyphase induc¬ 
tion regulator. As in the single-phase _/OOOO^ 

induction regulator, the maximum regu¬ 
lated voltage is Fj + F„ and the minimum /OOOOrv_ 

regulated voltage is F^ - F^. For inter- V U v U 

mediate positions of rotor and stator the Fig. 25-19. Schematic diagram for a 
end-point of F^ and also of Fg moves on 3-phase induction regulator, 

a circle. A short-circuited compensating 

winding (see Fig. 25-18) is not required for the polyphase induction regulator. 
Induction regulators usually are built as vertical 2-pole machines, or in the 
—^ larger sizes as vertical 4-pole machines. The smaller the number 

of poles, the larger the mechanical angle which corresponds to 
180 electrical degrees, and the easier the voltage adjustment, 
i i / 1 The gradual rotation of the rotor is accomplished by a worm- 
Fi / / drive with the gear on the shaft of the rotor. The worm is 

/y usually operated by a motor controlled automatically by voltage 

-''''7 relays. Since the rotor of the induction regulator does not rotate, 

it may be cooled by oil just as any ordinary transformer. This 
/ is of decided advantage when the induction regulator is used to 

/ regulate a high-voltage line. 

/ 25-6. Resolvers. Resolvers are used to perform trigonometric 

/ operations in analog computing devices and control systems. 

One of the common operations is the production of a pure sinu- 
Fig 25-20. soidal voltage as a function of the angle between stator and rotor 
Voltage dia- windings. 

gram of the Resolvers are built 2-pole for an output of few millivolt- 
polyphase amperes. Both stator and rotor have two single-phase windings, 
induction p. 25-21 shows a schematic diagram of the windings of a 
resolver. As in the induction voltage regulator the rotor does 
not rotate continuously but may be rotated through a range of 180 electrical 
degrees. 

The single-phase voltage impressed upon the two primary windings 
(stator or rotor windings) produce two alternating fluxes shifted 90 degrees 
with respect to each other in space. It will be assumed that the primary 


Fig. 25-20. 
Voltage dia¬ 
gram of the 
polyphase 
induction 
regulator. 
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windings lie in the stator and the second¬ 
ary windings in the rotor. If the emf’s in¬ 
duced by the two stator fluxes in the stator 
windings are E^i and then for a dis¬ 
placement S of the axes of stator and rotor 
windings, the emf’s induced in the rotor 
windings are (Fig. 25-21) 

Erl cos S + aEs 2 sin S (25-6) 

Er 2 — - O'Esi sin S -f- aE^^ cos 8 (25-7) 

where a is the ratio of rotor turns to stator 
turns. 

It is required that the secondary voltages 
Erl Er 2 be purely sinusoidal. This neces¬ 
sitates sinusoidal flux distribution and a sinusoidal distribution of the rotor 
(secondary) conductors. The sinusoidal flux distribution can be achieved 
through a sinusoidal distribution of the stator (primary) conductors. Fig. 
25-22 shows such a conductor distribution for a rotor with 12 slots. One 
of the two windings lies in the slots 1-7, 2-6, 12-8, 3-5, and 11-9 and has its 
pole axis through the slots 4-10; the other winding lies in the slots 4-10, 
5-9, 3-11, 6-8, and 2-12 and has its pole axis through the slots 1-7. The angle 
between 2 slots is 360/12 = 30 degrees. Considering the first winding (Fig. 
25-22a)^ the number of turns in slots 1-7 is 2N, the number of turns in slots 
2-6 and 12-8 is 2N cos — the number of turns in slots 3-5 and 11-9 
is 2N cos 60° = iV, and the number of turns in slots 4 and 10 is 2N cos 90° = 0. 
The second winding has exactly the same distribution but shifted 90 degrees. 

In order to eliminate the influence of the harmonics of high order, rotor 
or stator slots must be skewed (see Art. 24-3). 



Fig. 25-21. Winding arrangement 
of a resolver. 



(a) 



Fig. 25-22. Conductor distribution in the primary of a resolver for 
sinusoidal flux distribution. 
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PROBLEMS 

1. A 40-kw, unity power factor, 440-volt, single-phase load is fed through an 
induction voltage regulator which is boosting the primary line voltage 15%. 
Determine the currents in each winding of the regulator neglecting the magnetizing 
current. 

2. A 2-kva induction voltage regulator is designed to operate on either a 115- 
volt or a 230-volt supply circuit. There are two primary windings and two second¬ 
ary windings which give 100% buck or boost on the load side when voltage is 
applied to the regulator. Specify the coil currents for each connection and show 
properly labeled diagrams of connections. Neglect magnetizing current. 

3. A 230-volt, 3-phase, 60-cycle, wound-rotor, Y-connected induction motor has 
a slip-ring voltage of 120 volts at standstill with the slip rings open. This motor is 
to be used as a 3-phase induction voltage regulator to boost the 230-volt line voltage 
15%. Determine the angle between stator and rotor voltages necessary to achieve 
this boost, neglecting the magnetizing current and the resistance and reactance 
drops in the machine. 

4. Repeat Problem 3 for 5% and 10% boost in voltage. 

5. Repeat Problem 3 for 5, 10, and 15% voltage buck. 

6. Referring to- Problem 3, what are the maximum and minimum voltages 
(available on the regulated side) which this machine can produce? Neglect the 
magnetizing current and the resistance and reactance drops. 



Chapter 26 


THE SINGLE-PHASE INDUCTION MOTOR 


26-1. The single-phase windings. Any 3-phase induction motor can be 
made to operate as a single-phase induction motor by opening one of the 
three stator phases. The two remaining stator phases constitute a single- 
phase winding distributed over | of the pole pitch. A 3-phase winding is 
ordinarily a 2-layer winding (Art. 13-^1), while the actual single-phase wind¬ 
ing which is used in the stator of fractional-horsepower single-phase induction 
motors is single-layer. 

It is designed in the form of the hand or mould winding, Fig. 26-1, or the 
skein winding, Fig. 26-2. The single coils are connected in groups as in the 
polyphase windings, but the coils belonging to a group have different coil 
spans, Fig. 26-1. There are as many coil groups as there are poles. 

In the hand winding, the wire is placed in the slot one turn at a time, 
starting with the inner coil (coil with the smallest span). In the mould 



Fig. 26-1. Mould winding. 
216 



THE SINGLE-PHASE INDUCTION MOTOR 


217 



Fig. 26 2. Skein winding. 


winding, the coils are first wound on a mould and then placed in the slots. 
In the skein winding, a skein of wires is looped a number of times through 
the slots to form a pole. 

Single-phase induction motors have two single-phase windings, the main 
winding and the starting winding, see Art. 28-1. For the main winding, any 


Fig. 26-3. Mould winding diagram for a single-phase, 4-pole motor 
with 36 slots. Main winding only. 
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one of the three kinds of windings discussed is used; for the starting winding, 
the skein winding is preferred. 

Fig. 26-3 shows the diagram of a mould winding for a 4-pole motor with 
36 slots. Only the main winding is shown. There are p = 4 coil groups each 
with 4 coils of different coil spans. Notice that the winding is not placed in 
all slots. 
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Fig. 26-4. Winding distribution for a single-phase 4-pole motor with 36 slots. 



Fig. 26-5. Skein winding diagram corresponding to the winding 
distribution of Fig. 26-4. Main winding only. 


Figs. 26-4 and 26-5 show the winding distribution and winding diagram for 
a 4-pole 36-slot motor with a skein winding. The numbers in the second 
row of Fig. 26-4 indicate the number of times the loop of the skein passes 
through the slot. The numbers in the third row indicate the same for the 
starting winding. Fig. 26-5 shows the main winding only. Here, also, each 
of the two windings is placed only in a part of the slots. The axes of the two 
windings are displaced by 90 electrical degrees. 

The rotor of the single-phase induction motor normally has a squirrel-cage 
winding. 


PROBLEMS 

1. A 2-pole, 24-slot, single-phase motor has the following winding distribution: 
Draw the main winding diagram for the skein winding. 
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2. Draw the main winding diagram for a mould winding for the motor of 
Problem 1. The numbers in the table indicate in this case the ratios of turns in the 
individual coils. 

26-2. Mechanical elements of the single-phase motor. Fractional- 
horsepower motors are usually single-phase, and there are many types of 
such single-phase motors. The differences between them are described in 
Chap. 28. However the mechanical elements of the single-phase induction 
motor are the same as those of the polyphase induction motor, except that a 
centrifugal switch is used in certain types of single-phase motors, in order 



Fkj. 26-6. Cutaway mcw of a single-phase induction motor with centrifugal switch. 

to cut out the winding which is used only for starting (see Chap. 28). Fig. 
26-6 shows the cutaway view of a single-phase motor with centrifugal 
switch. As has been mentioned, the rotor of the single-phase induction motor 
is usually of the squirrel-cage type. 

26-3. Application of the operational characteristics of the polyphase 
motor to the single-phase motor. It has been shown previously (Art. 
15-2) that the main flux of the polyphase induction motor is a rotating flux. 
On the other hand, the main flux of the single-phase motor is an alternating 
flux (Art. 15-1), fixed in space. It is possible to set up the fundamental 
equations of the single-phase motor and derive its operational characteristics 
on the basis of the alternating flux. (Ref. C2, C3 and C4.) However, it is also 
possible to set up the fundamental equations and derive the characteristics 
of the single-phase motor on the basis of the operational characteristics of 
the polyphase motor. This latter possibility is based on the fact that an 
alternating mmf (or flux) can be replaced by two rotating mmf’s (fluxes). 

It was found in Chap. 15 (Eqs. 15-1 and 15-10) that an alternating mmf is 
given by the equation 

N TT 

/= 1.8 — sin ojt cos - x 

P T 


(26-1) 
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Applying to this equation the relation sin a cos ^8 = ^ sin (a - J sin (a + jS), 
there results 


/= 0.9 ^ kdp I sin ^j ^ ^ ^ ^ 


(26-2) 


i.e., the alternating mmf can be replaced by two rotating mmfs (see Eq. 15-3) 
traveling in opposite directions (the terms with x have in Eq. 26-2 different 
signs) and each having an amplitude equal to half of that of the alternating 
mmf. Use will be made of this property for the analysis of the single-phase 
motor. 

To these two rotating mmf’s there correspond two fluxes rotating in 
opposite directions, each with synchronous speed. 

The rotating flux which travels in the same direction of rotation as the 
rotor is called the forward rotating flux, while the rotating flux which travels 
in the opposite direction to the rotor is called the backward rotating flux. 

Contrary to the polyphase induction motor, where the rotor emf is induced 
by only one rotating flux, it is induced here by two rotating fluxes, and the 
influence of each flux on the rotor is to be considered separately. The effect 
of each of the two rotating fluxes on the rotor of the single-phase motor is the 
same as that of the single rotating flux on the rotor of the polyphase motor. 

Assume that the rotor has a speed n rpm. Then, according to the definition 
of the slip s (see Eq. 17-19), the slip of the rotor with respect to the forward 
rotating flux is 


Sf-^ 




(26-3) 


Since the backward rotating flux rotates opposite to the rotor, the slip of the 
rotor with respect to this backward rotating flux is 




:2-5 


(26-4) 


In order to make clear the influence of the two rotating fluxes on the rotor 
it will be assumed that n<ns. Then, with respect to the forward rotating 
flux, and according to Eq. 26-3, s is positive and smaller than 1. Considering 
Fig. 20-3, it is seen that the rotor, under the influence of the forward rotating 
flux, operates as in a motor. With s positive and smaller than 1, the slip of the 
rotor with respect to the backward rotating flux is, according to Eq. 26-4, 
positive and larger than 1. Again considering Fig. 20-3 it is seen that the 
rotor, under the influence of the backward rotating flux, operates in the 
region of brake operation. Thus the two rotating fluxes have an opposite 
influence upon the rotor. 


26-4. Torque of the single-phase induction motor. The relation for the 
developed torque, Eq. 19-8, derived for the polyphase induction motor can 
be applied to each of the two rotating fluxes of the single-phase induction 
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motor. Thus the torque developed by the rotor under the influence of the 
forward rotating flux is 






n. 


Ib-ft 


(26-5) 


and the torque developed by the rotor under the influence of the backward 
rotating flux is 


n, 2-5 


(26-6) 


I^/ and are the currents produced in the rotor by the forward and back¬ 
ward fluxes respectively. The resultant developed torque is the sum of Tf 
and Tf,. Thus 

Tr^T, + Tf, (26-7) 

Fig. 26-7 shows both torques and the resultant torque for slips between 0 
and 4- 2. The resultant torque is zero at standstill in accordance with the fact 
that an alternating flux is not able to start an induction motor: only a 



Fig. 26-7. Forward, backward, and resultant torque of a 
single-phase induction motor. 


rotating flux is able to do this. At standstill 5 = 1 and 2-5 = 1 and both 
rotating fluxes have equal but opposite influence on the rotor; therefore 
Tf= - Tf, and T^ = 0. However, at any other slip, \ Tf \ :^\ Tf, \ and there 
exists a driving torque T^. This means that there is no torque on the rotor 
when it is at standstill (5 = 1 ), but as soon as the rotor starts rotating (/i>()), 
regardless of the direction of rotation, a driving torque is present which will 
bring the rotor up to about synchronous speed (ris= 120/i/p) as in the poly¬ 
phase motor. At synchronous speed (5 = 0) the resultant torque has a small 
negative value. 
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The secondary quantities in Eqs. 26-5 and 26-6 are referred to the prim¬ 
ary. The reduction factors are found in the same manner as for the polyphase 
induction motor. 

The reduction factor for voltage is where is the total 

number of turns of the stator and iVg the number of turns of the rotor per 
phase. The alternating mmf of the stator per pole is (Eq. 15-10) 



(26-8) 

and the mmf of each of the two rotating fluxes 


^ —A /I5 ^l^dpl j 

(26-9) 

The mmf of the mg phase rotor per pole is (Eq. 15-11) 


pl2 

(26-10) 

In order that 


/ ' X 0 — 0 d’jw 

Yj XU.45 


the reduction factor for currents to the primary must be 


N k ’ 

(26-11) 

thus 


j , m^2^2^"dp2 7 

~ N k 

l^dpl 

(26-12) 

J , '^ 2 ^2^dp2 J 

M h ^26- 

(26-13) 


The reduction factor for and X 2 is given by the ratio of the reduction factor 
for voltage to the reduction factor for current. Therefore 




For the squirrel-cage rotor (see Art. 17-3) 

^d3j2~l* (26—15) 


If the rotor is skewed, in the previous equations has to be multiplied by 
the skew factor (Art. 56-6). /g, rg, and X 2 are the values per bar. For the 
single-phase windings, the winding factor is to be used for k^pi (Art. 56-5). 


26-5. Kirchhoff’s mesh equations of the stator and rotor circuits. It is 

now simple to derive, on the basis of the foregoing, KirchhofF’s mesh equa- 
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tions for both rotor and stator. The two rotating fluxes induce two emf’s and 
two currents {1 2 / and of the frequencies of sf^ and (2 - 8)f^ respectively, 

in the rotor. Since the frequencies are different, the two emf’s and their 
currents must be considered separately, i.e., two Kirchhoff’s mesh equations 
must be set up for the rotor, namely, (see Eq. 18-2) 

= (26-16) 

o 

and 

(26-17) 

The emf’s E 2 / and E 21 ,' become, according to the Eq. 18-3 

^2/=-j(/i+V)^7n (26-18) 

and 

(26-19) 

(/j is the resultant mmf, i.e., the magnetizing current of the forward 

rotating flux; (/j 4-/g^') is the magnetizing current of the backward rotating 
flux. All quantities in Eqs. 26-16 to 26-19 are referred to the stator. There¬ 
fore the emf’s induced in the stator winding by the two rotating fluxes are also 
equal to E 2 / and JS/gb' (see Eq. 17-10), and Kirchhoff’s mesh equation for the 
stator is (see Eq. 18-1) 

Vi +ja:i) +j(/j +4/)a:„+j(ii + /26')x„ (26-20) 


26-6. The equivalent circuit of the single-phase induction motor. The 

equivalent circuit of the single-phase motor is obtained from Eq. 26-20 by 
eliminating the rotor currents /g/' and with the aid of Eqs. 26-16 to 
26-19. Introducing the abbreviations 


Zi = ri + jxi, Zg/ = — + jxg'; 

o 


Zv,' and = 


Eq. 26-20 becomes 


i=/i 


V, = Ir\Z, + -. 


ZJL2f 




Zm + Z2/ Zm + Z 


'2b 

Z^2b^ 


(26-21) 

(26-22) 


The second term in the bracket is the impedance of Z^ and Zg/' connected 
in parallel; the third term in the bracket is the impedance of Z^ and Zg^,' 
connected in parallel. Therefore, the equivalent circuit of the single-phase 
induction motor is as shown in Fig. 26-8, or more explicitly as shown in 
Fig. 26-9. 

With the parameters given, it is possible to determine from the equivalent 
circuit the primary current, the primary power factor, and the rotor currents 



224 A-C MACHINES 



Fig. 26-8. Equivalent circuit of Fig, 26-9. Equivalent circuit of 

the single-phase induction motor. the single-phase induction motor. 


I 2 / and Then, with the aid of Eqs. 26-5 to 26-7, the forward and back¬ 
ward torques and the resultant torque can be calculated. 

Fig. 26-10 shows the forward rotor current 1 2 /, the backward rotor current 
/ge,', and the stator current as a function of slip. The backward current 
/gb' is a mirror image of the forward current 1 2 / with respect to the axis of 
ordinates through 5 — 1. 1 2 / is zero at 5 = 0; is zero at 5 = 2. 





2.0 1.8 1.6 1.4 1.2 lb 0.8 0.6 0.4 0.2 0 


- 

Fig. 26-10. Forward rotor current, backward rotor current, and 
primary current as a function of slip. 
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Consider the characteristic points 5 = 0, 5 = 2, and s = l. For 5 = 0 and 5 = 2, 
the equivalent circuit yields the same total impedance, i.e., the same primary 
current This impedance is 


^/(«- 0 ) —j^m ; ^ 6 <»= 0 ) ^ 2^2 Jc2 


and the total impedance 






where 


^2 = 1 + ^2 and T 2 = - 


(26-23) 


(26-24) 


and 

(see Eqs. 27-1, 2, 3). 


= 14- T| and T, = -^ 


The stator current at 5 = 0 is with fair approximation 

1 


A(S'-O) — ^1(*»2) — ^1 


tan (pi(8^o) — “ 


When the rotor circuit is open at 5 = 0 






^ I(s“ 0, open) — ■ 




■Jri^ + k^^xJ' 

The ratio between these two currents is approximately 


^\{s 


l(.s = 0) 




-^iCs-O, open) kik 2 1 


1.8 to 1.9. 


(26-25) 


(26-26) 


(26-27) 


(26-28) 


When the rotor is open at 5 = 0 the reactive component of the stator current 
is equal to (see Art. 22-1). When the rotor is closed at 5 = 0 the reactive 
component of the stator current is nearly twice as large. This is due to the 
backward rotating field. This field induces an emf and current in the rotor 
also at 5 = 0 and the stator must draw more current from the line in order to 
sustain the main flux. In the polyphase machine there is no difference 
between the two currents; their ratio is equal to 1. Since the reactive com¬ 
ponent of the no-load current of the single-phase motor is nearly twice the 
current necessary to produce the flux, the power factor of the single¬ 
phase motor is less than that of the polyphase motor. 
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At ^ = 1 both rotor circuits are equivalent, both rotor currents are equal, 
and the torque is zero. 

In order to compare the locked-rotor current of the single-phase motor with 
that of the 3-phase motor the assumption is made that the stator winding 
of the single-phase motor consists of two star-connected phases of a 3-phase 
winding. Neglecting the resistances, the locked-rotor current of the 3-phase 
motor is approximately 

N/3(a;i + a:js') 

and that of the single-phase motor 


^i(i) ^ 


2(^1+^2')’ 


where Fj is the line voltage and and Xg' are the leakage reactances of the 
S-phase winding per phase. Thus 




The locked-rotor current of the single-phase motor is smaller than that of 
the 3-pha8e motor. This as well as the larger no-load current makes the 
diameter of the circle diagram of the single-phase motor smaller than that 
of the polyphase motor. 


26-7. The circle diagram of the single-phase induction motor. It can 

be shown by a consideration similar to that for the polyphase motor (see 
Art. 21-1) that Eq. 26-22 yields a circle for the geometric locus of the end- 



Fig. 26-11. Circle diagram of the single 
phase induction motor. 


motor. Pq corresponds to 5 = 0, Pj^ to 
load point. 


point of the primary current, just as in 
the polyphase motor. The equations 
for the radius and for the coordinates 
of the center point are very complic¬ 
ated. The circle is therefore best 
constructed from the three character¬ 
istic points, 5 = 0 ,5 = 1, and 5 = 00 , for 
which the currents can be determined 
from the equivalent circuit. If no-load 
and locked-rotor tests are available, 
only the current for the point 5 = 00 
is to be determined from the equiv¬ 
alent circuit. Fig. 26-11 shows the 
circle diagram of the single-phase 
5 = 1, and Poe to 5 = 00 . pQ is the no- 
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There is a small negative torque at 5 = 0 due to the backward rotating 
flux. However, the line through and Pi^ represents with fair approxima¬ 
tion the Pm dev-Line (see Fig. 21-4), and the distance from any point of the 
circle to this line is a measure of the developed mechanical power. As in the 
polyphase motor, the P^ ^erLine can be found by drawing a line parallel to 
the Pm.dev'Line, through the point Pq (see Fig. 21-4). 

The circle diagram of the single-phase motor does not include a torque 
line since the torque of the single-phase motor is zero not only at a point 
close to 5 = 0 (Pq') and 5 = 00 (Poo) but also at standstill (5 = 1 , Px). The 
determination of the torque-speed curve from the circle diagram is not 
possible for the single-phase motor ; as a result the circle diagram of the 
single-phase motor is of little value. 

The single-phase motor can operate as a generator, but it cannot operate 
as a brake (dotted part of the circle between Pi and P^). Operation as a 
brake means that the rotor rotates in a direction opposite to that of the 
rotating flux. Considering the fact that the forward and backward fluxes 
rotate in opposite directions, the single-phase motor has no defined direction 
of rotation; it is capable of coming up to speed from standstill (5 = 1) in 
either direction and there is no possibility for its rotor to run against its 
rotating flux (see Art. 26-4)—References on the operation of single-phase 
motors are given under D, 

26-8. Justification of the two rotating field theory. The theory of the 
single-phase motor developed in this chapter is based on Kq. 26-2, i.e., on a 
mathematical operation which replaces a stationary wave by two rotating 
waves. 

One could be in doubt whether this mathematical operation yields the 
actual physical phenomena occurring in the single-phase motor, for example, 
whether there are really two currents of different frequency in the rotor. 
Kirchhoff’s equations 26-16 to 26-20 which are the basis for the theory of the 
single-phase motor derived in the previous articles is based on the assump¬ 
tion of two rotor currents of different frequency. If there are no two such 
currents in the rotor, the theory would be invalid. 

The answer is that the mathematics do not fail. There are two currents of 
different frequencies in the rotor. This can be proved by test and also by 
using the constant flux theorem (Art. 60-1 and Ref. C9). 



Chapter 27 


DETERMINATION OF THE PARAMETERS OF THE 
SINGLE-PHASE INDUCTION MOTOR FROM A NO- 
LOAD AND A LOCKED-ROTOR TEST 


27-1. The no-load test. The no-load test is run at rated Voltage Vi with 
the starting winding open (see Art. 28-1), and Iq and Pq are measured. 

Fig. 27-1 shows the equivalent circuit for no- 
load (sf^O). At synchronous speed no current 
flows in the rotor ol the polyphase motor (see 
Fig. 22-1) because the relative speed between 
the rotating flux and the rotor is zero. How¬ 
ever, it is quite different with the single-phase 
motor, for at s = 0 there is no difference in speed 
between the rotor and the forward rotating 
flux, but there is a difference in speed equal 
to twice the synchronous speed between the 
rotor and the backward rotating flux. There¬ 
fore current flows in the rotor of the single¬ 
phase motor at 5 = 0. At no-load the rotor cur¬ 
rent of the polyphase motor is negligible. As 
can be seen from Fig. 27-1 this is not the case 
with the single-phase motor. 

At no-load the stator of the polyphase motor 
carries only the magnetizing current necessary 
to sustain the main flux since there is no armature reaction from the rotor. 
The stator current of the single-phase motor at no-load is about twice the 
magnetizing current, owing to the armature reaction from the rotor current 
/gft'. As a result, the stator copper losses of the single-phase motor at no-load 
are larger than those of the polyphase motor. At no-load the copper losses 
in the rotor of the polyphase motor are ^0, but there are copper losses 
at no-load in the rotor of the single-phase motor due to the current 

^2b • 

Since (r^ +jx^) is large in comparison with [(r^l^) + 1 2 b at no-load 

(see Fig. 27-1 and also Fig. 26-10). It will be shown in the following article 
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Fig. 27-1. Equivalent circuit 
of the single-phase motor at no- 
load. 
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that Tz 2, Hence the rotor copper losses at no-load can be assumed equal 
to 0.6ri/o^. 

Thus the power input at no-load Pq consists of the iron losses due to the 
main flux, the friction and windage losses, the rotational iron losses, the 
copper losses in the stator winding and the copper losses in the rotor 
winding Subtracting from Pq the sum (Pf+w + 

remainder is the sum of Pn+e + Pir.rot- If he assumed with fair approxi¬ 
mation that the iron losses due to the main flux are equal to \{Ph^e + Pir.rot)- 
Thus the iron losses due to the main flux, which are necessary for the deter¬ 
mination of the parameter are known. 

It follows from the equivalent circuit of Fig. 27-1 that, for no-load 


(S?5i0), 


A/2 

(27-1) 

where 


7 1 ^ 2 ' 

(27-2) 

or 


Fi h 
/o 2V-1 

(27-3) 

Xn, cannot be determined from Eq. 27-3 because ^2 is unknown. However, k 2 
varies within narrow limits, usually between 1.03 and 1.07, and a certain 
value for k^ can be assumed at first. This value can be checked later (see the 
following article). A knowledge of is necessary for the determination of 

r 

' m* 

As for the polyphase motor, Eqs. 22-5 and 22-4, 

9 m ^^2 

(27-4) 

E i^y 1 — I 

(27-5) 

consists here of two parts: the voltage across the forward branch E 2 /, and 
the voltage across the bacward branch Pgb'* Pig* 27-1. Since is 

large in comparison with voltage Pgb' i® large in comparison 

with the voltage ^26 * If assumed that the ratio of the two voltages is 

the same as that of the two impedances {r„^ -\-jx^) ^jx^ and [(r 2 l 2 ) -\-jx 2 ], i.e. 

^2f _ Q 

(27-6) 

Since E^ —E 2 / + ^ 25 ' 



(27-6a) 
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Assuming that the iron losses are produced by the forward rotating flux 
only, because the backward emf is small and the backward rotating flux 
therefore weak 

(27-7) 

Further from Eq. 22-7 

(27-8) 

Thus the no-load test yields the main flux parameters and provided 
that the resistances and and the leakage reactances and x^ are known. 
These parameters can be obtained from the short-circuit (locked-rotor) test. 


27-2. The locked-rotor test. This test is made with the starting winding 
open, and and P are measured. As for the polyphase motor, Eq. 

22-9, 

Rl = K\ = (27-9) 

The equivalent circuit for the locked rotor, Fig. 27-2, yields with fair 
approximation 

^ +j(x, + 2x,') (27-10) 



Fig. 27-2. Equivalent circuit 
of the single-phase motor at 
standstill. 


i.e., at locked rotor, the equivalent resistance 
of the motor is approximately equal to the prim¬ 
ary resistance plus twice the rotor resistance, 
and the equivalent reactance of the motor is 
approximately equal to the primary reactance 
plus twice the rotor reactance. 

is measured separately. Then, using the 
measured locked-rotor resistance Ri, 

(27-11) 

For the separation of x^ and x^, it is usually 
assumed that 

X, SB 2 x 2 '-^ (27-12). 

With these values of x^ and x^, the previously 
assumed value for fcg can be checked, and the 


resistance , the quantity G (Eq. 27-6), and the resistance can be 


determined. 
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27-3. Influence of the parameters on the performance of the motor. 

The influence of the parameters on the performance of the single>phase motor 
is, in general, the same as that on the polyphase motor. However, the exist¬ 
ence of the backward rotor current results in an increase in the stator 
current and mainly of its reactive component. This makes the power factor 
of the single-phase motor lower than that of the polyphase motor. Also the 
efficiency of the single-phase motor is influenced by the increased copper 
losses in both the stator and rotor. 

A further difference between the polyphase and 
single-phase motor appears in the influence of the 
secondary resistance on the pull-out torque. The 
rotor resistance does not affect the magnitude of 
the pull-out torque in the polyphase motor (see 
Art. 22-4d); it affects only the pull-out slip, i.e., 
the slip at which the pull-out torque appears. 

Because of the backward rotating flux, the rotor 
resistance influences not only the pull-out slip of 
thp single-phase motor but also the magnitude 
of the pull-out torque. Fig. 27-3 shows speed- 
torque curves of a single-phase motor for differ¬ 
ent values of rf. The larger the rotor resistance, 
the smaller is the pull-out torque. Speed control 
of a single-phase motor with a wound rotor by 
means of a resistance in the rotor circuit is therefore possible only within a 
narrow range. 



Fig. 27-3. Influence of the 
rotor resistance on the 
torque-speed curve of the 
single-phase motor. 


Example 27-1. The determination of the parameters from a no-load and locked- 
rotor test will be demonstrated on J-HP fl-pole 60-cycle split-phase motor for 110 
volts. 

(a) No-load test (starting winding open) shows 

Kj = 110 volts, Pq = 63.0 watts, /q = 2.70 amp 

after the test = 2.65 ohms; Pk-^w =3.0 watts (ball-bearing motor) 

(b) Locked-rotor test (starting winding open) shows 


= 110 volts; P 2 , = 851 watts; / 2 , = 11.65 amp 
after the test = 2.54 ohms. 

(The difference in the magnitude of is due to the fact that the tests were made at 
different times and at different ambient temperatures.) 

Assume Ajg = 1.05; then from Eq. 27-3 


110 1.05 

2.70 ■ 2 X (1.05)2 -1 


= 35.5 ohms 


r^ can be determined when the other parameters are known. 




232 


A-C MACHINES 


From Eq. 27-9 

“ (if. 65)2 = 6-27 ohms; 

Xi = s/(9.44)* - (6.27)* = 7.03 ohms 
From Eq. 27-12 

Xj ^ 2 x 2 ' = 3.51 ohms 


Checking (Eq. 27-2) 


X 2 ' = 1.75 ohms 


A:o = 1 + 


1.75 

35,5 


1.0493 


which value is very close to the assumed ^2 = 1*^5. 
From Eq. 27-11 




6.27 - 2.54 


2 


x(1.0i))2 = 2.06 


The five parameters as determined from the no-load and locked-rotor tests are 
(in ohms) 


ri=2.54 


r2'=2.06 


x^ — 35.5 


Xj = 3.51 


X2' = 1.75 


For the calculation of the performance of the motor the hot resistances of the 
windings at full-load should be used; if full-load data are not available the resist¬ 
ances at 75°C must be used. For the motor considered, at full-load was 2.85 
ohms, while in the locked-rotor test the resistance was 2.54 ohms. It can be as¬ 
sumed that the resistance of the rotor is increased by the load in the same ratio as 
the stator resistance. Thus at full-load rg'=2.06(2.85/2.54) =^2.31, and the motor 
parameters for performance calculations are (in ohms) 


ri=2.85 r2'=2.31 

— 35.5 

Xi=3.51 X2' = 1.75 

can now be determined. The no-load losses of the motor are 63 watts. They 
consist of copper losses in both windings, iron losses (due to the main fiux + rota¬ 
tional losses), and friction and windage losses. The latter losses are 3.0 watts. The 
resistance of the stator winding after the no-load test was 2.65 ohms, and thus the 
loss in the stator copper is 

Pco, 1 =2.65 X (2.7)2 = 19.3 watts 

From the locked-rotor test, =2.54 and r 2 ' =2.06. Since at no-load = 2.65, it can 
be assumed that at no-load 

9 fip; 

rg'=2.06 ~ = 2.15 ohms 

^.D4 
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It has been explained previously (see Art. 27-1 and Fig. 26-10) that the rotor cur¬ 
rent at no-load is approximately equal to loihb^h)- Therefore the losses in the 
rotor winding at no-load are 

^co, 2 =2.15 X (2.7)2 = 15.7 watts 
The total iron losses are then 


Pir = 63.0 - (3.0 +19.3 + 15.7) = 25.0 watts 


The rotational iron losses at no-load are relatively larger in the single-phase motor 
than in the pol 3 q)hase motor. As in the latter motor, the slot openings cause tooth- 
surface and tooth-pulsation losses in the single-phase motor (see Art. 29-la). 
However, contrary to the polyphase motor, the single-phase motor has a large no- 
load current which does not differ very much from the full-load current. In conse¬ 
quence of this, the harmonics produce additional tooth-surface and tooth- 
pulsation losses (see Art. 29-lb) at no-load. As has been explained, all of these 
additional iron losses are caused by the rotation of the rotor and must be supplied 
by the rotor. It can be assumed that the losses due to the main flux are approxi¬ 
mately half of the total iron losses, i.e., P^^g;^13 watts. This loss determines the 
magnitude of r^. From Eqs. 27-5, 27-6, and 27-6a 

Pi-110-2.70x3.51 = 100.6 




35.5 


\/(il5/2)* + (1.75)* 
Eqs. 27-7 and 27-8 yield 

13 


9m 


= 17.3 


= 0.0014 


£,/ = 100.6= 95.2 


(95.2)* ■ 

0.0014 X (35.5)2 _ 1 77 ohms 


The six parameters for performance calculations are (in ohms) 
ri=2.85 ^;t = 1.77 r2'=2.31 

Xi=3.51 a;„j = 35.5 arg =1.75 

Note .—In general the saturation of the leakage paths should be taken into account 
when evaluating the locked-rotor test (see Art. 22-6 and Ex. 22-1). The saturation 
of the leakage paths has been neglected here. 

Example 27-2. The parameters computed in Example 27-1 for a l-HP 6-pole 
split-phase motor will be used to determine the performance of the motor. 

(a) First the iron losses due to the main flux will be neglected, i.e., assume 
r^—Oi and the primary current, power factor, and torque will be determined for 
approximately normal slip. Since no simple formula is available for the normal slip 
of a single-phase motor, a value of slip will be assumed, the torque corresponding 
to this slip will be computed, and finally the real slip will be determined from the 
ratio of rated output to calculated output. The normal slip of the single-phase 
motor lies between 0.025 and 0.05, the smaller value occurring in larger motors. 

The calculations below will be carried through for a slip of s =0.038. Since the 
iron losses are neglected, the resultant impedance of the forward branch of the 
equivalent circuit is 
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. ZM 35.5/9p[(2.31/0.038) +jl.75] 
' Z^ + 4/ j35.5 +[(2.31/0.038)+jl.75] 

35.5/^ X 60.8/1.65 2160 /91.65 
60.8 + j37.25 "" 7r4 /31.5 

= 30.3 /60.15 = 15.1 j26.2 


and the impedance of the backward branch 

^ ZM 35.5/W[(2.31/1.962)+jl.75] 

* + V [i35.5 +(2.31/1.962)+jl.75] 

35.5X 2.11 /56.0 74.9/146.9 


= 2.01 /57.8 = 1.07 +jl.70 

+ Z, + = 19.0 +i31.4 = 36.8 /58.8 


; 110 /^ 

^ 36.8 /58^8 


= 2.99/-58.8 


cos 58.8^=0.517 


Fa/ =/iZ, =2.99 x 30.3 =90.6 volts 
Fj/ =/iZfc = 2.99 x2,01 =6.01 volts 




2 / 






_90j6_ 

>/(2;3170.038)2+7i.75)2 

_ 6^01 _ 

n/(2.31/1.962)'2 +(1.75)2 


= 1.49 amp 


= 2.85 amp 


From Eqs. 26-5, 26-6 and 26-7 the developed torque is 


7^ -1:21 X 2 31 
^ 1200 


n 1.49)2 
L 0.038 


(2.85)2“ 
1.962 _ 


X 16 = 11.8 oz-ft 


Since part of this developed torque is necessary to supply the iron losses due to 
rotation and the friction and windage losses, the load torque is therefore less than 
the 11.8 oz-ft developed. 

(b) The iron losses due to the main flux will now be taken into account and the 
resultant impedance determined as in part (a). Fig. 26-9. 

= r„ +jx„ = 1.77 +j35.5 


A (1.77 +j36.5) [(2.31/0.038) +jl.75] 
1.77 + j36.5 + (2.31/0.038) + il.75 

35.5 /87.15 x 60.8/1.65 2160 /88.8 
“ MM+jyrE ^ 72.8 /30.8 


= 29.7 /58.0 = 15.7 +j25.2 
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^ 35.5 /87.15 [(2.3I/1.962) +il.75] 

“ 1.77 +j35.6 + (2.31/1.962) +jl.75 

35.5 /87.15 x 2.11 /56.0 74.9 /143.2 
^5+j37.25 ^.3 /85.46 

= 2.01 /57.7 = 1.07+jl.70 
= Z-y + Zf + Zif = 19.6 +^*30.4 
= 36.2 /57.2 


. 110/0 
36.2/57.2 


= 3.04 /-57.2 


cos 57.2° =0.542 


Fj/ = /jZ, = 3.04 X 29.7 = 90.2 volts 
F^'=7iZfc = 3.04 X 2.01 =6.11 volts 


1 


2/ 


/ 


2ft 



_902_ 

^(2.31/0.038)2 +(1.75)2 

_6J1_ 

7(2.31/1.962)2+ (1.75)2 


= 1.49 amp 


= 2.89 amp 


The developed torque is 


T 


7.04 

1200 


x2.31 


r (i-49)« 
L 0.038 


16-11.67 o..ft 


The iron losses due to rotation were assumed to be 12 watts and the friction and 
windage loss 3.0 watts, totaling 15 watts. The delivered torque for the assumed slip 
of 0.038 is therefore 


Tdei = 11.67- 


7.04 

1200 


X 15 X 16 = 10.26 oz-ft 


To determine the efficiency at slip 8 = 0.038 

Pco 1 = (3.04)2 ^ 2.85 = 26.3 watts 
Pco,/ = (1.49)2+2.31- 5.1 
Pco,ft = (2.89)2x2.31 =19.3 
P Ir. total = =25 

PY+yf = = 3 

Total =78.7 watts 
Input = 110 X 3.04 X 0.542 = 181.4 watts 
Output = 181.4 - 78.7 = 102.7 watts 

= 0.137 HP 
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Since the rated output is 0.166 HP, the normal slip is approximately 

2^.0.«3S.0.04a 

Therefore normal speed is approximately 

1200(1 - 0.046) = 1144 rpm 

It should be noted that no stray load losses were included in the efficiency cal¬ 
culation. This is justified by the fact that the no-load current of the single-phase 
motor is high and therefore stray load losses occur at no-load and are included with 
the rotational iron losses. 


PROBLEMS 

In all problems following take into account the iron losses due to the main flux 
and neglect saturation of leakage paths. 

1. Determine the running performance of the motor of Examples 27-1 and 
27-2 at a slip of 0.045. 

2. Calculate and plot for the motor of Examples 27-1 and 27-2 the primary cur¬ 
rent and power factor for slips of 0.30, 0.25, 0.20. 0.10, 0.075 and 0.046. 

3/Calculate and plot for the motor of Examples 27-1 and 27-2 the developed 
torque-speed characteristic for slips of 0.30, 0.25, 0.20, 0.10, 0.075, and 0.046. 

4. Repeat Problem 3 for a 25% increase in 

5. The no-load test and locked-rotor test of a J-hp split-phase motor for 110 
volts, 60 cycles, 4 poles, and approximately 1725 rpm, show the following: 

No-load Test Locked-rotor Test 

F^ = 110 /o==3.55 = Fl = 110 /z, = 21.0 P2, = 1592 

ri = 1.58 ri = 1.55 

Friction and windage losses = 7.0 watts. Hot resistance at full-load: ri = 1.71. 
Determine for this motor its six constants. Assume that half of the iron losses are 
due to the main flux. 

6. Determine for the motor of Problem 5 the running performance at a slip 
5=0.043. 

7. For the motor of Problem 5 calculate and plot the primary current and power 
factor for slips of 0.30, 0.25, 0.20, 0.10, 0.075 and 0.043. 

8. Calculate and plot the developed torque-speed characteristic for the motor of 
Problem 5 at slips of 0.30, 0.25, 0.20, 0.10, 0.075 and 0.043. 

9. A J-hp split-phase motor designed for 100 volts, 60 cycles, 4 poles, and 
approximately w = 1720 has the following constants: 

ri=3.8, rg'=2.325 /o = 1.86 

a:^ = 52.9, 

= 4.2, X 2 =2.1 rg' = 2.1 at no-load 

Friction and windage losses = 10 watts. Total iron losses = 19 watts of which half 
can be assumed as main flux losses. Determine the main flux resistance r^. 

10. Determine the running performance for the motor of Problem 9 at a slip of 
0.045. 
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11. Calculate and plot for the motor of Problem 9 the primary current and 
power factor for slips of 0.30, 0.25, 0.20, 0.10, 0.075 and 0.045. 

12. Calculate and plot the developed torque-speed characteristic for the motor 
of Problem 9 at slips of 0.30, 0.25, 0.20, 0.10, 0.075, and 0.045. 

13. The no-load and locked-rotor tests of a J-hp split-phase motor for 110 volts, 
60 cycles, 4 poles, and approximately 1725 rpm, show the following: 

No‘load Teat Locked-rotor Test 

Fi = 110 /o = 2.75 Po = 59.5 1-7. = 110 /i = 14.6 Pi = im 

ri-2.41 ri=2.21 

Friction and windage losses = 5.4 watts. Hot resistance at full-load: r^-2.44. 
Determine for this motor its six constants. Assume that half of the iron losses are 
due to the main flux. 

14. Determine the running performance of the motor in Problem 13 for a slip of 
0.045. 

15. Calculate and plot the primary current and power factor of the motor in 
Problem 13 for slips of 0.30, 0.25, 0.20, 0.10, 0.075 and 0.045. 

16. Calculate and plot the developed torque-speed characteristic for the motor 
of Problem 13 at slips of 0.30, 0.25, 0.20, 0.10, 0.075, and 0.045. 



Chapter 28 


STARTING THE SINGLE-PHASE MOTOR • 
TYPES OF SINGLE-PHASE MOTORS 


It has already been mentioned that in contrast to the polyphase motor or 
the a-c commutator motor, the single-phase motor has no starting torque. In 
order to start the single-phase motor, either a rotating flux such as that in the 
polyphase motor has to be produced, or a commutator with brushes has to be 
included with the rotor. The split-phase motor (Fig. 28-1) and the repulsion 
start motor (Fig. 28-5) are examples of these two methods of starting the 
single-phase motor. 



Fig. 28-1. Connection and current diagram of the split-phase motor (for starting). 


28-1. Starting by means of a rotating flux. In order to produce a rotat¬ 
ing flux at standstill a second winding (starting or auxiliary winding) is 
necessary in the stator in addition to the main winding. The axis of the start¬ 
ing winding has to be displaced in spctce with respect to the axis of the main 
winding, and the current in the starting winding has to be out of time phase 
with the current in the main winding. 

The main winding leaves one slot or several slots empty and several slots 
only partly filled (see Fig. 26-4). The starting winding is placed in these 
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empty and partly filled slots so that the axes of both windings are displaced 
by 90 electrical degrees. 

A number of different methods are employed to achieve the time phase 
shift between the currents in the main and starting windings. 

(a) Split-phase motor. The connection diagram for this type of motor is 
shown in Fig. 28-1. M is the main winding, S is the starting winding, 8w is 
a centrifugal switch. The main winding has a relatively low resistance and 
high reactance, while the starting winding has a high resistance and low 
reactance. This results in an angle a of about 30° between the currents in the 
two windings (Fig. 28-lb) and in a small rotating flux superimposed on the 
alternating flux. The starting torque is therefore limited. The starting wind¬ 
ing cannot remain in the circuit continuously, or overheating and noise will 
occur. Usually a centrifugal switch on the rotor (see Fig. 26-6) automatic¬ 
ally disconnects the starting winding at about 70% of the synchronous 
speed. 

It is shown (see Art. 53-5) that the starting torque is approximately 


T 


450.8 


IM^s sin a oz-ft 


(28-1) 


where the subscripts M and S refer to the main and starting windings res¬ 
pectively. kiyyf and kiys are the winding factors of both windings (see Chap. 
14). r./ and x./ are both referred to the main winding, and a is the angle 
between the currents and 

The magnitude of the current drawn from the line (1^+ Is) is limited and 
fixed by the NEMA standards. Hence higher starting torques can be achieved 
mainly by increasing the angle a between I and Is* 

(b) Resistance-start split-phase motor. An increase of the angle a and of the 
starting torque can be achieved by inserting a resistance in series with the 
starting winding. This resistance must be cut out together with the starting 
winding at about 70% of the synchronous speed. 

(c) Reactor-start split-phase motor. Inserting of a reactor in series with the 
main winding has the same effect as the insertion of a resistance in series 
with the starting winding. This reactor must be short-circuited, or otherwise 
made ineffective, when the starting winding circuit is opened by the centri¬ 
fugal switch. 

(d) Capacitor-start motor. A very considerable increase of the angle a 
between Ij^ and Is can be achieved when a capacitor is placed in series with 
the starting winding (Fig. 28-2a). The capacitor causes the current in the 
starting winding to lead the terminal voltage (Fig. 28-2b) and, with an 
appropriate capacitor, the angle a may approach 90°. 

Capacitor-start motors are built from ^ to 10 HP. For a line voltage of 
110 volts the size of the capacitor is 70-90/xf for J-HP motors, 120-150/Af for 
the J-HP motor, 230-280/Ltf for the |-HP motor, and 340-410/xf for the 
1-HP motor. The starting torques, which depend on the size of the capacitor, 
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Fia. 28-2. Connection and current diagram of the capacitor-start motor. 


are about 350 to 400% of rated torque for n = 3450 rpm, 400 to 475% 
w = 1725 rpm, and 285 to 390% for n = 1140 rpm, motors. 

The capacitor used for starting purposes is the relatively inexpensive 
electrolytic capacitor which is fit for intermittent duty only. As in the 
split-phase motor the starting winding of the capacitor motor is opened by a 
centrifugal switch at about 70% of the synchronous speed. 

(e) Permanent-split capacitor motor. In this type of motor the starting 
winding and the capacitor are designed for permanent operation, giving an 
unbalanced 2-phase motor. For satisfactory running performance only a 
small capacitance is necessary. For example, for 110 volts the capacitor of a 
^-HP motor is 3/Lif, of a ^-HP motor 5/xf, of a J-HP motor 8p,f, of a ^-HP 
motor 15pf. This is much less than the capacitance necessary for high starting 
torque (see “Capacitor-start motor”). However, the permanent-split capa¬ 
citor motor uses the same capacitor for starting and running and, therefore, 
has a small starting torque of about 36 to 50% of the rated torque. 

Since the electrolytic capacitor cannot be used for continuous operation, 
the more expensive oil or pyranol-insulated foil-paper capacitor must be 
used for this type of motor. 

(f) Two-value capacitor motor. In order that the 2-pha8e motor described 
under (e) be able to develop a high starting torque and at the same time have 
a satisfactory running performance, it is necessary to use different values of 
capacitance for starting and running. This can be accomplished either by 
using two capacitors, an electrolytic capacitor for starting and an oil capa¬ 
citor for running, or by using a single oil capacitor in connection with an 
autotransformer. 

The arrangement with two separate capacitors is shown in Fig. 28-3. A is 
an oil capacitor; .B is an electrolytic capacitor. A centrifugal switch (Sw) on 
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the rotor shaft or a relay disconnects the 
electrolytic capacitor after starting is 
accomplished. 

The arrangement with one capacitor 
and an autotransformer is shown in Fig. 

28-4. The capacitor is connected across 
the terminals of the autotransformer 
which has a mid-tap used for starting. 

When starting, the voltage across the 
capacitor is twice as large as when run¬ 
ning, thus giving an effective capaci¬ 
tance at start which is four times the 
running capacitance. 

The permanent-split capacitor motor 
and the 2-value capacitor motor both 
operate as unbalanced 2-phase motors 
and offer advantages in comparison 
with the split-phase motor and capacitor-start motor, which are pure 
single-phase motors. The latter motors produce a pulsating torque resulting 
in vibration and noise under certain conditions. The former motors develop 
a more uniform torque and are, therefore, quieter than the pure single-phase 
motors. 


Tr. 


Sw.l 

I • 

b \ (starting) 




Fig. 28-3. Connection diagram of the 
2-value capacitor motor with two 
capacitors. 


Fig. 28-4. Connection diagram of the 2-value capacitor motor with transformer. 

28-2. Starting by means of a commutator and brushes. This method 
of starting a single-phase induction motor is based upon the properties of 
the repulsion motor which is a single-phase a-c commutator motor. Its con¬ 
nection diagram is shown in Fig. 28-5. The stator has a single-phase winding 
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similar to that of the single-phase induction motor, and 
the rotor has a d-c armature winding with commutator 
and brushes. The brushes are short-circuited. It will be 
shown in Art. 47-3 that this motor has series-motor 
characteristics and is, therefore, able to develop a high 
starting torque. 

Reversal of the repulsion motor can be achieved either 
by shifting the brushes (see Art. 47-3), or by arranging 
two identical single-phase windings in the stator, one for 
each direction of rotation. 

Two types of single-phase motors employing the repulsion 
motor properties for starting are available: the repulsion- 
start induction motor and the repulsion induction motor, 
(a) Repulsion-start induction motor. This motor is built exactly as the 
repulsion motor. However, when the rotor has reached about § of the syn¬ 
chronous speed, a centrifugal mechanism short-circuits the commutator 
segments so that the armature acts as a squirrel-cage winding in a single¬ 
phase stator. A view of such a motor, disassembled, is shown in Fig. 28-6. 
The centrifugal mechanism is sometimes designed to lift the brushes from 
the commutator at the same time that a bracelet short-circuits the commu¬ 
tator segments. The repulsion-start induction motor starts as a repulsion 
motor but operates as an induction motor with an approximately constant- 
speed characteristic. 


o 

o 

o 



Fig. 28-5. Con¬ 
nection diagram 
of the repulsion 
motor. 



Fig. 28-6. Disassembled small repulsion-start single-phase motor. 


(b) Repulsion-induction motor. The stator is the same as that of the 
repulsion (single-phase) motor. In addition to the d-c armature winding 
with commutator and brushes a squirrel-cage winding is also included in the 
rotor. No centrifugal mechanism is used to short-circuit the d-c armature 
winding so that both rotor windings always operate in parallel. Depending 
upon the design of the windings, the motor may have either an approximately 
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constant speed characteristic, as the induction motor, or a varying speed 
characteristic, as the repulsion (series) motor. The capacitor start motor has 
practically replaced the repulsion type motors. 

28-3, The shaded-pole motor. For a very small output and a small 
starting torque the construction shown in Fig. 28-7 is used. The main 
winding, not shown in the figure, is a concentrated single-phase winding 
placed on salient poles. Around a portion of each pole a copper strap (called 
shading coil) is placed, thus forming a short circuit. The rotor is of the 
squirrel-cage type. 

The main winding produces an alternating flux. However, the flux will 
not be in time-phase over the whole pole area: within the part of the pole 
lying inside the shading coil the flux will be delayed with respect to the flux 
in the part of the pole lying outside the shading coil. This is due to the in¬ 
duced current in the shading coil which delays the change of flux interlinkage 
within this coil. This means that the flux is a maximum in the shaded portion 
of the pole later than in the unshaded portion, which is identical with a 
progressive shift of the flux in the direction of the unshaded pole-portion to 
the shaded pole-portion. The effect of this progressive shift of the flux is the 
same as that of a weak rotating flux. 



Chapter 29 


LOSSES IN INDUCTION MOTORS 
HEATING AND COOLING 


29-1. Losses in Induction Motors. The conversion of energy, from 
electrical into mechanical in the motor and from mechanical into electrical 
in the generator, is connected with losses. These losses are caused by the 
magnetic flux, the currents in the conductors of stator and rotor and by the 
mechanical rotation. Because of these losses, the input to the machine must, 
of necessity, be larger than the output. The efficiency of a machine is defined 
as: 

_ output _ input - losses _ output _ ^ losses 
^ input input output + losses input 

The different kinds of losses which appear in the electric machine and 
especially in the induction motor are considered in the discussions which 
follow. 

(a) Losses due to the main flux. Since the main flux moves with respect 
to the stator and rotor iron, the particles of the iron are alternately magne¬ 
tized, first in one direction and then in the other. This leads to the hysteresis 
losses. The magnitude of the hysteresis loss depends upon the area of the 
hysteresis loop, the number of magnetic cycles per second, and the quality 
of the iron. 

The iron is laminated perpendicular to the direction of the current flow 
in the armature conductors in order to avoid parasitic (eddy) currents in the 
iron running parallel to the conductors and causing losses (see Chap. 16). 
However, eddy currents do appear in the single laminations and produce 
heat losses. The eddy-current losses depend upon the flux density, the 
number of magnetic cycles per second, the thickness of the laminations, and 
the quality of the iron. 

According to Steinmetz, the hysteresis losses per unit weight can be 
represented by the following equation: 

= (29-1) 

where B is the maximum value of flux density and/=pn/120 is the number 
of magnetic cycles per second, is a constant depending upon the quality 
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of the iron. Steinmetz’s equation yields low values for the losses when 
J?> 65,000 lines per sq in. A more accurate equation proposed by R. Richter 
is: 

Pn = afB + bfB^ (29-2) 

where a and b are constants corresponding to In practice jB> 65,000 lines 
per sq in. In this case the first term of Eq. 29-2 can be disregarded and the 
following equation used: 

The eddy-current losses are: 

The constant depends upon the electric resistivity of the iron. A is the 
thickness of the laminations in inches. The total iron losses per pound are 

In practice, iron-loss curves are used which represent the loss in watts per 
pound as a function of the flux density B, Such curves for different kinds of 
iron are given at the end of the book. It follows from Eq. 29-5 that the iron 
loss is proportional to the square of the flux density B and to the frequency 
of magnetization / in first or second degree. Eq. 29-5 and the iron-loss curves 
are based on sinusoidal variation of J5. 

The frequency of magnetization is constant for the stator, namely, equal 
to the line frequency /,, and variable for the rotor, since it is the relative 
speed between the rotating flux of the machine and the rotor which deter¬ 
mines the frequency of magnetization of the rotor. In the rotor the frequency 
is f^ = sf^. At rated speed s is small and there are practically no hysteresis or 
eddy-current losses due to the main flux in the rotor. 

The iron losses due to the main flux are larger than those obtained from 
Eq. 29-5, or from the iron loss curves, due to the non-sinusoidal flux distri¬ 
bution (non-sinusoidal B curve) at higher saturation of the iron, non- 
uniform distribution of the flux over the cross-section of the armature core, 
punching of the laminations, and the filing of the laminations in order to 
remove the burrs. The increase of the iron losses due to these factors may be 
as high as 30 to 40%. 

(b) Losses due to slot-openings. Consider Fig. 29-1. It refers to a smooth 
rotor (with closed slots) and shows the influence of the stator slots on the 
flux distribution curve. The flux density is larger at points opposite the teeth 
than at points opposite the slots, owing to the difference of the magnetic 
reluctance. Superimposed on the average flux density is a ripple, the wave 
length of which is equal to a slot pitch. This ripple moves with respect to the 
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Fig. 29-1. Flux ripple produced by slot openings. 


rotor and induces eddy currents in the rotor surface. The amplitude of the 
ripple depends upon the width of the slot-opening. In induction motors both 
the stator and the rotor are slotted. Therefore, the stator slot-openings pro¬ 
duce surface losses in the rotor and the rotor slot-openings produce surface 
losses in the stator. Medium-sized and larger induction motors have open 
slots in the stator and semi-open slots in the rotor; smaller induction motors 
have semi-open slots in both parts. The surface losses are larger in machines 
with open slots. 

Due to the fact that both the rotor and stator have slots, another kind of 
loss appears in the induction motor: the flux pulsation due to the slot open¬ 
ings penetrates the teeth themselves and produces eddy currents as well as 
hysteresis losses in the teeth. The frequency of these pulsations is the same 
as that of the tooth surface losses, i.e., for the stator for the rotor 

Qin/60. The magnitude of the variation of the flux density in the teeth 
depends upon the saturation in the teeth. The total losses due to the slot 
openings are larger in induction motors than in d-c machines (and syn¬ 
chronous machines). These losses, as a percentage of the iron losses due to the 
main flux, (Eq. 10-5), are approximately: 80 to 120% in squirrel-cage 
motors with semi-open slots in stator and rotor, 150 to 200% in squirrel-cage 
motors with open slots in stator and semi-open slots in rotor, and 180 to 
220% in wound rotor motors. 

The flux ripple produced by the slot openings induces parasitic currents 
not only in the iron but also in the bars of a squirrel-cage rotor. The currents 
induced in these bars may become considerable and the copper losses in the 
bars high, if the slot pitch of the cage is much different from the stator slot 
pitch. A difference up to 30% between the slot pitches keeps the losses at a 
low level. Equal slot pitches cannot be used because this would produce 
locking torques which may prevent starting of the motor. 
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(c) Losses due to the load currents. The load currents produce I^R losses 
in the stator and rotor windings. Furthermore, the cross flux in the slot may 
produce additional copper losses through skin-ejfect (see Art. 10-1) which 
forces the current to flow in the top part of the conductor, thus decreasing the 
effective area of the conductor and increasing its resistance which results in 
an increase of the copper losses. The skin-effect is proportional to the square 
root of the frequency. It is negligible at rated load in the rotor since the 
frequency of the rotor currents at rated load is very small. Although the 
stator frequency is always equal to the line frequency, i.e., usually 60 cycles, 
the skin-effect loss in the stator is usually small (in medium-sized and larger 
motors about 5 to 15% of the stator l^R losses). 

(d) Losses due to harmonic fluxes. It has been shown in Art. 24-1 that the 
mmf of a distributed winding consists of a main wave and harmonics. While 
the main wave produces the main flux, the harmonics produce parasitic 
fluxes which travel with different speeds than the main flux and some in an 
opposite direction to the main flux. The amplitudes of these rotating fluxes 
are proportional to the ciirrent in the winding and inversely proportional to 
the length of air-gap. Since the induction motor has a smaller air-gap than 
the other a-c machines, in order to keep down its magnetizing current, the 
harmonic fluxes are stronger in it than in the other a-c machines with larger 
air-gaps. 

At no-load the stator current of the induction motor is small and, there¬ 
fore, the stator mmf and the harmonic fluxes are also small. At full-load the 
harmonic fluxes may become considerable, depending upon the design of 
the winding (see Art. 24-3). Since the stator harmonic fluxes travel with 
respect to the rotor, they produce rotor surface losses and tooth-pulsation 
losses in the same way as the slot opening ripple produces losses (Fig. 29-1). 
The same consideration also applies to the rotor: at load the rotor currents 
produce harmonic fluxes which travel with respect to the stator and cause 
stator tooth-surface and tooth-pulsation losses. These losses are mainly 
eddy-current losses. 

In well-designed induction motors the losses due to the harmonic fluxes 
of stator and rotor mmf are 0.6 to 3.0% of the motor output. The larger 
value applies to small motors; the lower value, to large motors. A motor of 
1000-HP output has about \ % harmonic losses. In poorly designed induction 
motors the harmonic losses may be 4 to 5 times as high as the values given 
above. 

Just as the flux ripple due to the slot openings induces currents in the bars 
of the squirrel-cage rotor, the flux harmonics of the stator induce currents 
in the squirrel-cage bars. In well-designed induction motors these current 
losses usually are small, about 0.03 to 0.05% of the output. 

In large machines the leakage fluxes around the end-windings of the stator, 
due to the load current, are considerable and, since they move with respect 
to the stator, they induce eddy currents in metallic parts, such as the end 
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plates, finger plates, bolts, etc. These losses can be neglected in small 
machines. The losses under (c) and (d) are the rotational iron losses (see 
Art. 19-3). 

(e) Friction and windage losses. Because of rotation, bearing friction losses 
occur in all machines. The amount of the bearing friction losses depends upon 
the pressure on the bearing, the peripheral speed of the shaft at the bearing, 
and the coefficient of friction between bearing and shaft. 

Windage losses also occur because of rotation. The amount of these losses 
depends upon the peripheral speed of the rotor, the rotor diameter, the core 
length, and largely upon the construction of the machine. 

(f) No-load and load losses: stray-load losses. The losses which appear at 
no-load and those which appear at load are shown in Table 29-1. 


TABLE 29-1 


No-load 

losses 

Iron losses in the 
stator due to the 
main flux. 

Surface and tooth 
pulsation losses in 
stator and rotor due 
to slot openings. 

Copper losses in 
the squirrel cage 
due to the slot 
openings. 

Windage and 
bearing friction 
losses. 

Load 

I^R losses in the 

Surface and tooth 

Skin-effect losses 

Losses in the 

losses 

stator and rotor 
windings. 

pulsation losses in 
stator and rotor 
due to harmonic 
fluxes. 

in the stator 
winding. 

structural parts 
due to leakage 
fluxes. 


The additional losses due to the load (these are items 2, 3, and 4 of the second 
row) are called stray load-losses. 

(e) Examples of loss distribution and efficiencies. The following tabulation 
shows the loss distribution of three induction motors, one of which is single¬ 
phase and the other two polyphase. 


J-HP, 4 poles, single phase, 

60 cycles, 110 volts, n = 1720 rpm 


Stator winding l^R . 25 watts 

Rotor winding I^R . 20 

Total iron loss (including stray load-loss). 20 

Bearing friction and windage loss . . .. 10 


75 watts (Total) 


Output J HP = 124.5 watts 
124 5 

Efficiency = 100 = 62.3% 


3 HP, 4 poles, 60 cycles, 

3 phase, 220/440 volts, 1745 rpm 


250 HP, 8 poles, 60 cycles, 

3 phase, 2300 volts, 883 rpm 
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Aluminum cast 
squirreUcage Rotor 


Stator winding. 140 watts 

Rotor winding. 80 

Stray load-loss. 50 

Iron loss. 120 

Bearing friction and 

windage loss. 50 


440 watts 


Output = 746 X 3 = 2238 watts 
Efficiency = 100 


Squirrel-cage 

Rotor 

4300 watts 
3600 
1900 
2700 

2000 

(Total) 14,500 watts (Total) 
Output - 746 X 250 = 186.5 kw 

Efflci.™,. 100 92.8% 


29-2. Heating and cooling of induction motors. The losses treated in the 
the previous article are of diflFerent kinds, but all of them appear in the electric 
machine in the form of heat. Since the losses are produced mainly in the 
active parts of the machine, i.e., in the iron which carries the flux and in the 
conductors which carry the currents, the heat appears mainly in these 
machine parts. The result is an increase in the temperature of the iron and 
copper above that of the surroundings. 

Tests on various kinds of insulating materials have shown that for each 
material there is a safe continuous-operating temperature which cannot be 
exceeded without impairing the life of the material. Table 29-2 shows the 
limiting temperatures for the different kinds of insulation as specified by the 
AIEE. 

The table distinguishes four classes of insulation. Class 0 insulation consists 
of cotton, silk, paper, and similar organic materials when neither impreg¬ 
nated nor immersed in oil. Class A insulation consists of cotton, silk, paper, 
and similar organic materials when impregnated or immersed in oil; also 
enamel, as applied to conductors. Class B insulation consists of inorganic 
materials, such as glass, or mica and asbestos in built-up form, combined 
with binding substances. 

A relatively new development in the field of insulating materials is repre¬ 
sented by the silicon binders and varnishes. These binders and varnishes 
when used together with the inorganic materials of Class B insulation yield 
an insulation which is able to withstand much higher temperatures than the 
standard Class B insulation for the same life of the winding (see class H 
insulation). 

The temperature rise of any part of the machine decreases as the heat 
conductivity to the surface of the machine part and the heat transfer from 
the surface of the machine part to the cooling medium (normally air, or 
hydrogen in some large machines) are increased. High heat conductivity of all 
materials used, i.e., of the laminations, conductor material, and insulating 
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materials, and high heat transfer from the surfaces of windings and iron to the 
cooling medium are the necessary conditions for low temperature rises. The 
heat conductivity of the insulating materials is low. 

There are two ways for the heat transfer from the surface to the cooling 
medium to occur: (1) through radiation and (2) through convection, i.e., 
heat transportation by the moving air or hydrogen. The radiation is affected 
by the frame. In totally enclosed machines without an air supply from the 
outside, convection is also affected only by the frame. In open-type machines 
and in totally enclosed machines with an air supply from the outside, the 

TABLE 29-2 

Limiting Temperatures, °C 
for Industrial Apparatus 

Class Material Classification 

Ther- Embedded Hot- 
mometer Detector spot 

O Untreated Untreated fabrics of cotton, silk, 

organics linen. Untreated paper, fiber, 

wood, etc. 75 85 90 

A Treated or Oil, varnish, wax, or compound 
impregnated impregnated fabrics or sheets of 
organics cotton, silk, linen, paper, wood, 

fiber; oil, varnish, bakelite, or¬ 
ganic filler compounds. 90 100 105 

B Treated or Asbestos, fiberglas, mica tape, 
impregnated oxide films, inorganic fillers, as- 
inorganics bestos boards. (A limited amount 
of organic materials may be used 

for binding purposes.) 110 120 130 

H Treated or Mica, asbestos, fiberglas and sim- 

impregnated ilar inorganic materials in built- 
inorganics up form with binding substances 
composed of silicone compounds, 
or materials with equivalent pro¬ 
perties; silicone compounds in — — 180 

rubbery and resinous forms, or 
materials with equivalent pro¬ 
perties in minute proportions. 

Class A material may be used 
only where essential for struc¬ 
tural purposes during manufac¬ 
ture. 
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Fic. 29-2. Cutaway view of a spla^^h proof ball-bearing, squirrel-cage motor. 


1. End turn of stator coil 

2. Locking bar 

3. Stator core 

4. Rotor 

5. Balancing lug 

6. Rotor blades 


7. Prelubricated ball bearing 

8. Ventilation openings 

9. Conduit box 

10. End plates 

11. End brackets 

12. Bearing hub 
13. Fan 


winding and the laminations, as well as the frame, are included in the heat 
transfer by convection. The heat transfer by convection is much larger than 
that by radiation. 

Sufficient ventilation (cooling by convection) of the machine is necessary 
in order to keep the temperature rises of the iron and copper within the pre¬ 
scribed limits. This ventilation can be achieved when care is taken in the 
design to insure that good heat transfer will take place from the active iron 
and copper, where the losses originate, to the cooling medium. The ventila¬ 
tion can be radial or axial. In medium-size and larger machines it is normally 
radial. In this case the armature with cores larger than 5 inches are divided 
into stacks of laminations about 2 in. wide, separated by f-in. ventilating 
ducts through which the air is forced (see Figs. 16-4 and 16-6). Forcing air 
through radial or axial ducts facilitates the transfer to the air of the heat due 
to the losses in the iron and also in the embedded parts of the windings. 
Sufficient air circulation must also be present around the end-windings and 
field coils so that the heat developed there can be transferred to the air. 
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Fig. 29-2a. Cutaway view of totally enclosed fan-cooled 
ball-bearing polyphase induction motor. 


Grease Pipe 7 


r Right angle 

\ machined seal y Rigid Cast Frame 



Overlappingf 
running seal I 
on external 
fan 


Non-Sparking external 
blower with split hub. 
i to shaft. 


Heat treated chrome 
nickel steel bolts 

Rotor fan which circulates 
air within the motor 


Fresh grease introduced 
at outside end of bearing 
fFresh grease passing 
thru bearing cleanses 
it of used grease and 
forces it toward the 
relief passage 


Seals retain gllesse 


Keyed 


Overlapping running 
1 seal provides addi¬ 
tional protection 
against the entrance 
of dust and dirt 
Properly porportioned 
passages provides relief 
from overgrcasing 
Surplus grease takes this 
path to slump below 
bearing 

Overflow Grease Slump 
Pipe plug opening for removing 
excess or used grease 


Fig. 29-3. Air flow in a totally enclosed fan-cooled, squirrel-cage motor. 

Of the various kinds of machine construction, the open machine, i.e., one 
in which there is no restriction to ventilation other than that necessitated 
hy good mechanical construction, is preferred for the medium-sized and 
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larger motors. Smaller motors are made open or totally enclosed, fan- 
ventilated. On account of the environment, more or less complete enclosure 
may be necessary. The different types of enclosures are defined in the 
NEMA (National Electrical Manufacturers Association) Standards. 

Fig. 29-2 shows a cutaway section of an open splash-proof squirrel-cage 
motor. Fig. 29-3 shows the air flow in a totally enclosed fan-cooled squirrel- 
cage motor. Note the internal and external ventilation separated from each 
other and flowing in opposite directions. A cutaway section of a totally 
enclosed fan-cooled squirrel-cage motor is shown in Fig. 16-12 and in Fig. 
29-2a. For a method of calculating the temperature rises of copper and iron, 
see Ref. All. 


PROBLEMS 

1. A 7.5-HP, 230-volt, 4-pole, 3-phase, 25-cycle, squirrel-cage induction motor 
was loaded by means of a Prony brake and the following data were recorded for 
three different loads. Power was measured by the 2-wattmeter method. 


(1) (2) (3) 

Voltage. 230 230 230 

Line current. 26.1 14.4 9.55 

Watts Wi . 5500 2950 1550 

Watts IP 2 . 2920 1120 -490 

Scale reading(lb). 36.8 17.3 4.0 

Speed(rpm). 682 710 733 


A brake arm 24 in. long was used, and the tare reading on the scale was 1.61 lb. 
Determine the performance for each point including HP output, slip, torque, power 
factor, and efficiency. 

2. A 5-HP, 230-volt, 4-pole, 60-cycle, 3-phase, squirrel-cage induction motor is 
delivering rated output. The iron loss is 150 watts of which 65 watts are due to the 
main flux; stator copper loss, 125 watts; rotor copper losses, 130 watts; friction and 
windage losses, 90 watts; stray load losses, 95 watts. Determine: (a) power trans¬ 
ferred by rotating field; (b) mechanical power in watts developed by rotor; (c) power 
input in watts; (d) efficiency; (e) slip; (f) torque in pound-feet. 

3. Repeat Problem 2 for a 6 -HP output assuming the following: stator copper 
loss, rotor copper loss and the stray load-loss vary as the square of the output, and 
the core and friction and windage loss remain constant. 

4. A 100 -HP, 3 -phase, 4-pole, 440-volt, 60-cycle, squirrel-cage induction motor 
is operating at full-load at a slip 5 =0.02. The full-load stator current is 11.35 amp 
and the stator hot resistance is 0.032 ohm per phase. The no-load current is 1135 
amp and the no-load power input 4580 watts. Forty percent of the total iron losses 
can be assumed to be the iron losses due to the main flux. The friction and windage 
losses are 1 . 7 % of the output and the stray load-loss 1.5% of the output. Determine 
the full-load efficiency and power factor. 

5. The motor of Problem 4 takes 92 amp when delivering | rated output and 
150 amp when delivering f rated output. The iron losses due to the main flux can 
be assumed the same as at full-load. Also, the friction and windage losses remain 
unchanged. The stray load-losses vary as the square of the primary current, and 
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the slip is proportional to the output. Detemine the efficiency and power factor 
at f and | load. Combine with Problem 4 and draw curves of efficiency and power 
factor vs. load. 

6 . A 2300-volt, 3-phase, 8-pole, 60-cycle, squirrel-cage induction motor takes a 
power input of 361 kw when delivering rated output. The rated line current is 193 
amp and the speed 879 rpm. At rated output, friction and windage losses are 4.40 
kw, stray load-losses 3.36 kw, and the iron losses are 6.0 kw of which 2.2 kw are 
due to the main dux. The stator resistance at 75°C is 0.158 ohm per phase. Deter¬ 
mine the output, efficiency and power factor at full-load. 

7. Determine the output, efficiency and power factor of the motor in Problem 
6 for power inputs of 276 and 450 kw. The respective line currents are 80 and 
129.5 amp. The stray load-losses are proportional to the square of the power input; 
the iron losses, iron losses due to main dux, and friction and windage losses are the 
same as for full-load in Problem 6. Assume slip proportional to power input. 
Combine with Problem 6 and draw curves of efficiency and power factor vs. 
output. 




Chapter 30 


MECHANICAL ELEMENTS OF THE 
SYNCHRONOUS MACHINE 


As in the d-c machine, the flux of the synchronous machine is produced 
by a direct current. However, quite different from the d-c machine, the pole 
structure of the synchronous machine is the inner part of the machine which 
rotates, while the armature is the outer part and is stationary. As in the 
induction motor, the stationary part is called the stator and the rotating 
part the rotor. Thus, of the three main kinds of electric machines—namely 
the d-c machine, induction motor, and synchronous machine—in the d-c 
machine and the synchronous machine the flux is produced by a direct 
current, while in the induction motor the flux is produced by an alternating 
current. 

It will be explained in the following that the synchronous machine is a 
special case of the induction motor. On the other hand, the d-c machine is 
nothing more than a synchronous machine with an added special device, the 
commutator. 



Fig. 30-1. Salient-pole rotor of a 10-pole synchronous machine (held 

coils not shown). 
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A distinction must be made between synchronous machines having six or 
more poles and those having two and four poles. The rotors of the former 
are of the salient-pole type {salient-pole rotors), as in the d-c machine. Fig. 
30-1 shows a salient-pole rotor, without the field coils, for a 10-pole syn¬ 
chronous machine. Two-pole and 4-pole 60-cycle machines rotate at 3600 
and 1800 rpm respectively. When used as generators, they are driven by 
steam turbines. The rotors are subject to high mechanical stresses and for 
this reason are built of high-grade steel in a cylindrical shape (cylindrical 
rotors). Fig. 30-2 shows a cylindrical rotor (without winding) of a 2-pole 
synchronous machine. The d-c field winding is placed in slots and held in 
place by heavy metal wedges. The two large teeth correspond to the salient 
poles of the salient-pole rotor. It should be mentioned that small 4-pole 
machines are built with salient poles. 

While the field winding of the salient-pole machine consists of concentrated 
coils as in the d-c machine, the field winding of the cylindrical rotor machine 
is distributed similar to a single-phase winding (see Fig. 26-1). 

30-1. The salient-pole machine. Fig. 30-3 shows the main flux paths of 
a 4-pole salient-pole machine. The general shape and construction of the 
stator is very similar to that of the induction motor. The core is laminated 
just as in the induction motor and the d-c machine, and for the same reason. 
Fig. 30-4 shows a partially wound stator of a larger salient-pole machine, and 
Fig. 30-5 shows a complete stator. 

Fig. 30-6 shows a punching of a salient-pole machine, with slots for a 
squirrel-cage winding which is called a damper or an amortisseur winding. 
This winding is necessary in all synchronous motors for starting purposes 
(see Art. 38-4) and is often used in synchronous generators to damp out 
oscillations which may occur during parallel operation (see Art. 40-4). 
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Fig. 30-5. Complete stator of a 3-phase, salient-pole synchronous motor, 
1000 HP, 2200 volts, 614 rpm. 



Fig. 30-6. Pole punching of a 
salient-pole machine with slots for 
the damper winding. 



Fig. 30-7. Salient pole in three stages of assembly. 
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Fig. 30-7 shows a salient pole in three stages of assembly: the bare pole, 
the insulated pole, and the complete pole. Fig. 30-8 shows details of a damper 
winding: the bars of each pole are connected to segments which (in all 



Fig. 30-8. Details of a damper winding. 



I 


Fig. 30-9. Complete rotor of a 4-pole, salient-pole, synchronous machine. 



Fig. 30-10. Complete synchronous machine coupled with exciter. 
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motors) are bolted together making a complete ring connection around the 
rotor. Fig. 30-9 shows a complete salient-pole rotor of a 4-pole generator. 
Fig. 30-10 shows a complete synchronous machine coupled with its d-c 
exciter. 

30-2. The cylindrical rotor machine. Fig. 30-11 shows a punched stator 
segment of a 2-pole machine with a cylindrical rotor. Fig. 30-12 shows a 

stator core assembly of a cylindrical 

^ ^ - ^ ^ rotor machine without winding. Fig. 

30-13 shows the complete stator of a 
3-phase cylindrical rotor generator, 
rated at 80,000 kw, 1800 rpm, 22,000 
volts. 

A complete 2-pole rotor, without 
winding, was shown in Fig. 30-2. In 
this figure the bottom part of each slot 
does not contain conductors but is open 
and used for ventilation purposes. The 
grooves at the top of each slot are de¬ 
signed to hold the wedges. 

Fig. 30-14 demonstrates the process 

Fig. 30-11. Punched stator segment assembling the rotor winding. Fig. 
of a 2-pole machine with cylindrical 30—15 shows a rotor with the winding 
rotor. and wedges assembled. Fig. 30-16 

shows part of a complete rotor: to the 
left, the end-winding retaining ring; in the center, the ventilation fan; to the 
right, the slip rings through which the d-c exciting current is introduced. 
Fig. 30-17 shows a 2-pole cylindrical rotor generator with its turbine 




Fig. 30-12. Stator core assembly without winding, for a cylindrical rotor machine. 
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Fio. 30-13 Complete stator of a 3 phase cylmdncal rotor generator, 
80,000 kw, 85 per cent p f, 22,000 volts, 1800 rpm. 



Fig. 30-14. Winding the coils of a 2 pole cylindrical rotor. 
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Fig. 30- 15. Cylindrical rotor complete with winding and slot wedges. 





Fig. 30-16. Part of a cylindrical rotor for a 12,500-kva machine showing the 
end ^^lndlng retaining ring, ventilating fan, and slip rings 
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Fio. 30-17. T^iree-phase cylindrical rotor generator, 31,250-kva, 14,440 volts, 
80 per cent p.f., 3600 rpm, with turbine and exciter. 


and exciter. The rating of this unit is 31,250 kva at 14,440 volts, 0.80 power 
factor, 60 cycles. 

No distinction has been made in the foregoing between the synchronous 
generator and synchronous motor because the synchronous machine is able 
to operate both as a generator and as a motor, just as the d-c machine. The 
cylindrical rotor machine is chiefly used as a generator while most syn¬ 
chronous motors are of the salient-pole type. 



Chapter 31 


GENERAL CONSIDERATIONS OF THE 
SYNCHRONOUS MACHINE 


31-1. The no-load characteristic. The stator as well as the rotor of the 
synchronous machine is connected to a source of power. Therefore, as for the 
doubly fed induction motor (see Art. 23-3d), a uniform torque cannot be 
developed at all rotor speeds, because the stator and rotor mmf’s are not at 
standstill with respect to each other at all rotor speeds. In general, the 
doubly fed machine has two speeds at which the torque is uniform. These 
speeds are given by Eq. 23-2: 


^^ 120(At/, ) 

P 


(31-1) 


Since the rotor is connected to a d-c source of power in the case of the syn- 
chronous machine, /2 = 0, and there is only a single speed at which a uniform 
torque exists, namely. 


n,= 


120 /, 


(31-2) 


This is the synchronous speed of the machine. The synchronous machine is 
bound to its synchronous speed. Its torque-speed characteristic is a vertical 

line, as shown in Fig. 31-1. For comparison, 
the torque-speed characteristic of the induction 
machine is also shown in this figure. 

When a synchronous generator is operating 
as a single unit, i.e., not in parallel with other 
machines, it is necessary for the rotor speed to 
remain constant in order that the frequency remain 
constant. 

The synchronous machine represents a special 
case of the doubly fed induction machine and is 
therefore a special case of the transformer. How¬ 
ever, it has the character of a current transformer, 
while the induction machine has the character of a 
voltage transformer. The voltage transformer oper- 
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Fig. 31-1. Torque-speed 
characteristic of the syn¬ 
chronous machine and the 
induction machine. 
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ates with a constant primary voltage and therefore with almost a constant flux 
from no-load to full-load, since its voltage drop is small. The current trans¬ 
former when operated with a constant primary current has a large flux 
variation between no-load and full load: at no-load its flux is fixed by the 
mmf of the primary current alone ; at load its flux is determined by the 
resultant of the primary and secondary mmf’s. The primary current of the 
synchronous machine is the direct current of the field winding; the secondary 
current is the armature current. 

Since there is not a direct proportionality between mmf and flux in iron, the 
magnetization curve of the material has to be used for a study of the current 
transformer. The same reasoning applies to the synchronous machine, i.e., 
the saturation curve {no-load characteristic) of the magnetic circuit of the 
synchronous machine has to be used for the study of its behavior and per¬ 
formance. This is the same as in the d-c machine, which also operates with a 
variable flux. The no-load characteristic was not mentioned in the foregoing 
study of the induction motor. It was not necessary in the case of the induc¬ 
tion motor because this machine behaves as a voltage transformer and 
operates with almost a constant flux between no-load and full-load, i.e., it 
operates at a single point of the no-load characteristic and the entire curve 
is therefore unnecessary. 

Curve Olb in Fig. 31-2 is a no-load characteristic: as for the d-c machine, 
the field ampere-turns (field mmf, Mf) of the field current If is shown on the 
axis of abscissae and the pole-flux O or the armature (stator) emf E is shown 
on the axis of ordinates. At low values of O the no-load characteristic is a 
straight line because the mmf required for the iron parts of the magnetic 



Fig. 31-2. No-load and short-circuit characteristic of a synchronous machine. 
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path is negligible in comparison with the mmf required to maintain the flux <t> 
in the air-gap between the rotor and stator. The straight line Oa which 
coincides with the lower part of the no-load characteristic is called the air-gap 
line. The field mmf necessary to induce a certain emf OA in the stator winding 
is equal to Ab. The part Aa of this mmf is necessary to drive the flux, which 
corresponds to E =0A, through the air-gap, and the part ab is necessary to 
drive the flux through the iron parts of the magnetic path. 

31-2. The main flux reactance. The rotor of the synchronous machine 
runs at the speed given by Eq. 31-2, i.e., if the rotor has p poles and the 
stator current has a frequency/i, the rotor speed is n,. = 120/,/p. The stator 
winding must be wound for the same number of poles as that of the rotor. 
The speed of the stator mmf with respect to the stator is given by Eq. 17-4, 
which is identical with Eq. 31-2, i.e., stator and rotor mmf’s are at standstill 
with respect to each other. This is to be expected since Eq. 31-2 has been 
derived for the condition of a uniform torque. 

Thus the main flux of the machine, which is produced by the stator and 
rotor mmf’s, travels at synchronous speed n, with respect to the stator and 
zero speed with respect to the rotor, i.e., the main flux induces emf’s in the 
stator winding but none whatever in the rotor windings (field winding and 
damper winding). The rotor windings appear open with respect to the main 
flux. The same result can be obtained from the equivalent circuit of the 
induction motor. Fig. 18-4, since for the synchronous machine 5 = 0. 

In the treatment of the synchronous machine the armature resistance is 
denoted by r^, and the armature leakage reactance by Xi. The corresponding 
symbols for the induction machine are rj and x^. The main flux reactance 
requires here a special consideration. The main flux reactance (coL^) is a> 
times the flux interlinkage with the stator winding, when one ampere flows 
in it. It will be seen later (Art. 32-1) that the position of the amplitude of the 
stator mmf with respect to the pole axis (axis going through the center of 
the pole) depends upon the character of the load. Keeping in mind that the 
stator mmf is at standstill with respect to the rotor and considering the 
salient pole machine, is not a constant: when the load is such that the 
amplitude of the stator mmf coincides with the pole axis (see Fig. 34-1), 
will be a maximum; on the other hand, when the load is such that the 
amplitude of the stator mmf coincides with the axis of the interpolar space 
(see Fig. 34-2), will be a minimum, because in the latter case the reluct¬ 
ance of the main flux path is much larger than in the first case. 

The maximum value of the main flux reactance is denoted by x^a and is 
called the armature reaction reactance in the direct axis ; the minimum value 
of the main flux reactance is denoted by Xag and is called the armature 
reaction reactance in the quadrature axis. “Direct” axis is identical with pole 
axis; “quadrature” axis is identical with axis of the interpolar space. These 
axes are shifted from each other by 90 electrical degrees (= ^ a pole pitch). 
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Since the machine with cylindrical rotor has no interpolar spaces, for this 
type machine Xad^^aq- The two reactances are not exactly equal due to the 
large tooth in the pole axis which makes the reluctance in this axis somewhat 
smaller than in the axis shifted from it by 90®. 

In the consideration of the cylindrical rotor machine, the symbol Xad will 
be used for the main flux reactance. 

31-3, Effect of saturation. Under some conditions of operation the 
machine is unsaturated (Art. 32-2b) and operates on the air-gap line (Fig. 
31-1). The saturation introduces non-linearity between flux (or emf) and 
magnetizing mmf (or current). In some considerations, for the sake of 
simplification, the saturation is neglected and the air-gap line is used instead 
of the no-load characteristic; this linearizes the problem. 

When the saturation does not exist or is neglected, i.e., when the no-load 
characteristic is assumed to be a straight line (the air-gap line), then two 
methods of approach are permissible for treatment of problems with several 
mmf’s magnetizing the same magnetic circuit: 

(a) Each mmf is considered separately. There are as many fluxes considered 
as there are mmf’s and as many emf’s are considered as there are fluxes. The 
resultant emf is determined by geometrical addition of the individual emf ^s. 

(b) The resultant mmf is determined by geometrical addition of the individual 
mmfs. The flux produced by the resultant mmf is determined and then the 
emf induced by this flux. 

When saturation is considered, only one method of approach can be u^sed 
for treatment of problems with several mmf’s magnetizing the same magnetic 
circuit, namely, method (b). This is due to the non-linearity of the no-load 
characteristic. 

In the following, the synchronous machine will be considered first to be 
unsaturated and method (a) will be applied; then the saturation will be 
taken into account and method (b) will be used. 

The machine with cylindrical rotor will be considered first, because this 
machine with x^d^Xaq, is closer to the transformer than the salient-pole 
machine. The transformer diagrams can be applied to this machine. 



Chapter 32 


PHASOR DIAGRAMS OF GENERATOR AND MOTOR 
WITH CYLINDRICAL ROTOR • ARMATURE 

REACTION 


32-1. Phaser diagrams of synchronous generator and motor with 
cylindrical rotor. Armature reaction. First the unsaturated machine, i.e., 
the machine operating on its air-gap line, will be considered; then the 
saturated machine. 

(a) Machine unsaturated. Applying method (a) of Art. 31-3, the following 
mmf’s, fluxes, and emf’s induced by tho fluxes in the armature winding are 
to be considered: 


MMrs 


Fluxes Induced EMF's 


Field (rotor) mmf {Mf) 

Armature mmf (M^) 

MMF of the leakage (const x /„) flux Q>i 


E, 

(see Eq. 3-1) 

~ 3^ a^l 


la is the armature current. Ma is given by Eq. 15-11 

ilf„ = 0.9m—(32-1) 
P 

Thus, -KirchhofF’s mesh equation for generator operation is 

Ef -jiaXad -jiaXi=iara + V 

or .... (32-2) 

V^Ef- iaVa - jia(Xi + Xai) 

and for motor operation, 

V + 6, -jiaXad -3i<P^i=hra (32-3) 

Ef is the emf induced in the armature winding by the jfieM (rotor) flux. In the 
case of the generator the sum of the three emf’s balances the voltage drop 
in the armature resistance and in the load. In the case of the motor, the sum 
of the impressed voltage and the three emf’s balances the voltage drop in 
the armature resistance. 
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Eq. 32-2 for the generator can be rewritten as 

V + /«>•« + *„d) = ir (32-4) 

and Eq. 32-3 for the motor can be rewritten as 

V= - Ff-h iaVa +jia{Xi + (32-5) 

Ef appears in the latter equation with a minus sign, being the counter*emf 
of the motor, just as in the d-c motor and induction motor. Xad is the arma¬ 
ture reaction reactance of the direct axis. The sum 

(32-6) 

is called the direct-axis synchronous reactance. 

la 


Fig. 32-1. Phasor diagram Fig. 32-2. Phasor diagram of an 

of an unsaturated synchron- unsaturated synchronous motor with 

ous generator with a cylin- a cylindrical rotor—lagging current, 

drical rotor—lagging cur¬ 
rent. 

The phasor diagrams which correspond to Eqs. 32-4 and 32-5 are shown 
in Figs. 32-1 and 32-2, both for lagging current. Since Ef is 90 electrical 
degrees behind the flux producing 
it and since this flux is in phase with 
the field mmf if,, both 0 / and Mf are 
readily drawn in the phasor diagrams. 

Figs. 32-3a and 32-3b show the phasor 
diagrams for a leading current. 

The following observations can be 
made on the four phasor diagrams. 

First, V l^s behirul E,in a generator 32 . 3 ^. Phaser diagram of an un- 

and V is ahead of —Ef in a motor, saturated synchronous generator with 
Furthermore, considering the generator a cylindrical rotor—^leading current. 
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Fig. 32-3b. Phaser diagram of an iin- Fig. 32-4. Field mmf distribution 

saturated synchronous motor with a and field pole axis, 

cylindrical rotor—leading current. 


diagrams of Figs. 32-1 and 32-3a, the angle between the armature mmf 
(Eq. 32-1) which is in phase with /«, and the field mmf il// is larger than 
90*^ for a lagging current and less than 90° for a leading current. This means 
that a lagging current in a generator opposes its field mmf, while a leading 
current supports its field mmf. It can be seen from the motor diagrams of 
Figs. 32-2 and 32-3b that the opposite is true of a motor: lagging current 
in a motor supports the field mmf, while leading current opposes the field mmf. 

These considerations yield the following important rules of armature 
reaction in the synchronous machine: lagging current opposes the field (rotor) 
mmf in a generator and supports the field mmf in a motor \ leading current 
supports the field mmf in a generator and opposes the field mmf in a motor. 
However, it should be observed that it is not the power factor angle (p 
between and V which determines the character and the magnitude of the 
armature reaction but the angle i/j between la and Ef or -E,, because the 
position of ilf/ in the phasor diagram is determined by Ef, It is seen from 
Figs. 32-1 to 32-3 that the angle between the axes of the field mmf Mf and 
the armature mmf Ma is (90 - i/r)°. Neglecting harmonics, the field mmf and 
the armature mmf are sinusoidal waves, the amplitudes of which can be 
treated as phasors. In the phasor diagrams (Figs. 32-1 to 32-3) Mf and Ma 
are the phasors which represent the amplitudes of both mmf’s. Since the 
amplitude of a sinusoidal mmf coincides with the center-line of the flux dis¬ 
tribution produced by it, i.e., with its pole axis (see Fig. 32-4), the angle 
(90 - ^)° is the angle between the pole axes of rotor and stator. 

Attention must be called to the angle 8 between V and Ef or - Ef in the 
phasor diagrams. It will be shown later (see Art. 36-1) that this angle is the 
basic variable of the synchronous machine, just as the slip is the basic variable 
of the induction motor. A torque-angle characteristic therefore takes the 
place of the torque-speed characteristic of the induction motor, and it is the 
angle 8 which determines the magnitude of the torque. 
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(b) Machine saturated. When the machine is saturated, the resultant mmf 
of the field and armature windings and the flux produced by it must be 
considered. The armature reaction reactance Xad does not appear in this 
case, because it is taken care of by the armature mmf which is a component 
of the total mmf. Only the leakage reactance Xi of the armature is to be 
considered and a no-load characteristic must be available (see Art. 31-3). 
The mmf’s, fluxes, and emf’s induced by the fluxes in the armature winding 
are 

MMF's Fluxes Induced EMF's 

Resultant of = {Mr) ^ 

MMF of the leakage (const x I^) flux 

Kirchhoff’s mesh equation for generator operation is (see Eq. 32-4) 

V+iaTa^jiaXi^E (32-7) 

and for motor operation (see Eq. 32-5) 

F = - £ + iara +jiaXi (32-8) 

Here, E is entirely different from Ef, Ef is the emf induced in the armature 
winding by the field flux (of an unsaturated machine) alone, E is the emf 
induced in the armature winding by the flux due to the resultant mmf of 
armature and rotor. 



Fig. 32-5. Phaser diagram of 
a saturated synchronous gen¬ 
erator with a cylindrical rotor 
—lagging current. 


Fig. 32-6. Determination of the result¬ 
ant mmf from the no-load character¬ 
istic. 


Fig. 33-5 shows the phasor diagram of a generator with a cylindrical rotor 
for a lagging current. OC, the resultant of F, /afa, and laX^ is the emf E to 
be induced in the armature by the flux produced by the resultant mmf 
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(Mr). This resultant mmf must lead the emf OC=E by 90°. Its magnitude is 
to be determined from the no-load characteristic as shown in Fig. 32-6. 
Having found Mr from the no-load characteristic, the field mmf Mf is 
determined from the equation 


Mr=M_ 

or 

Mf==Mr-i 



Fig. 32- 7. Phaser diagram of a satur¬ 
ated synchronous motor with a cylindrical 
rotor—leading current. 


characteristic in the manner shown 
again determined from Eq. 32-9a. 


f + Ma (32-9) 

-(-M,) (32-9a) 

as shown in Fig. 32-5. The angle 
between if, and - if „ is (90 - If 
the generator, loaded corresponding 
to the phasor diagram of Fig. 32-5, 
should suddenly lose its load, the volt¬ 
age at its terminals would be the no- 
load voltage Ef which corresponds to 
the field mmf Mf — OF (equal to FF' 
in Fig. 32-6). The direction of .K, is 
indicated in the phasor diagram. 

The phasor diagram of a motor with 
a cylindrical rotor and a leading cur¬ 
rent, taking into account saturation, 
is shown in Fig. 32-7. The resultant 
mmf Mr is found from the no-load 
Fig. 32-6 for the generator. Mf is 



Chapter 33 


GENERATOR CHARACTERISTICS • 
VOLTAGE REGULATION 


33-1. Generator characteristics. The characteristics described in the 
following paragraphs are of importance for establishing good concepts of 
generator operation. 

(a) No-load and air-gap characteristic. These characteristics have already 
been shown in Fig. 31-2. 

(b) Short-circuit characteristic. Potier triangle. The short-circuit charac¬ 
teristic represents the armature current /„ as a function of the field current 
If or of the field mmf Mf with the armature 
terminals short-circuited. It is taken at syn¬ 
chronous speed of the generator. Referring to 
Fig. 32-5 the short-circuited generator appears 
to be loaded with an almost pure inductance 
because the resistance of the armature winding 
Ta is small in comparison to its leakage re¬ 
actance Xi. Fig. 33-1 shows the phasor dia¬ 
gram of the short-circuited machine using 
method (b) of Art. 31-3, although the machine 
is not saturated, as explained in the following. 

The terminal voltage V is equal to zero. The 
emf induced in the armature winding by the 
flux produced by the resultant mmf is AC. The 
resultant mmf, found from the no-load charac¬ 
teristic, is and the field mmf Mf is then Mf — 

Mr + ( ~ Mg)- The armature mmf Mg acts almost 
directly opposite to the field mmf Mf, as it 
should for an inductively loaded generator, according to the rules of armature 
reaction (see Chap. 32). 

The field mmf Mf must be large enough to overcome the opposing arma¬ 
ture mmf Mg and to induce an emf which balances the impedance drop 
j^i) of the armature winding. If, in the no-load characteristic 
of Fig. 31-2, Im is drawn equal to the impedance drop IgZg, then Om is the 
field mmf necessary to induce the emf which balances IgZg=AC (Fig. 33-1). 
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Fig. 33-1. Phasor diagram of 
a short-circuited generator 
with a cylindrical rotor. 
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Further, if in Fig. 31-2, On is made equal to Jf/, then mn=Mf - Om is the 
opposing armature mmf Ma* Finally, if nd is made equal to /o in Fig. 31-2 
and the origin 0 is connected with d by a straight line, the line Od is the 
short-circuit characteristic of the generator. It is a straight line because in the 
short-circuited machine the emf induced in the armature and the main flux 
are small; as a result there is no saturation of the iron. 

The triangle Imn in Fig. 31-2 is a characteristic triangle of the synchronous 
machine: it contains two important quantities, namely, the armature reac¬ 
tion mmf {mn = Ma) and the leakage reactance Xif^Za^lnilla- This triangle 
is called the Potier triangle, 

(c) Load characteristic. This characteristic represents the terminal voltage 
F as a function of fleld current If or field mmf Mf for a constant load current la 
and a constant phase angle q>. Fig. 33-2 shows three such characteristics for 
the same constant load current /« but for different values of a lagging angle 97 . 



Fig. 33-2. Load characteristics of a cylindrical rotor generator for 
constant armature current and variable power factor angle 97 . 

Let OA be the normal terminal voltage of the generator. The field 
current necessary to produce this voltage at no-load is Aa. At a fixed load 
current, the field current required to sustain this voltage increases 
rapidly with decreasing cos 97 . This increase of field current is necessary to 
counterbalance the voltage drop laZa but mainly to counteract the armature 
reaction which increases with increasing lagging angle 97. The cos 97 = 0 load 
characteristic can be readily constructed if the no-load characteristic and the 
Potier triangle are available. This is based upon the fact that, at cos 97 = 0 , the 
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armature mmf is in almost direct opposition to the field mmf, just as at 
short-circuit, Fig. 33 - 1 . Then at constant current /«the voltage drop remains 
the same (—Im) for all values of V and the armature reaction mmf also 
remains the same (=mn) for all values of F. Thus the cos 9 ? =0 characteristic 
can be found by moving the Potier triangle Imn parallel to itself with the 
vertex I on the no-load characteristic; the point n describes the cos 93=0 
characteristic, Fig. 33-2. For the voltage OA = as an example, the emf 
induced by the main flux is {OA the resultant mmf Mr is Am and the 

field mmf Mf is An. For the voltage OA' the induced emf is {OA' and 
the field mmf is A'n. 

It has been shown that the cos 9 ? = 0 load characteristic can be determined 
from the no-load characteristic and the Potier triangle. Inversely, the Potier 
triangle can be determined from the no-load characteristic and two points of 
the cos 9 :' —0 load characteristic. It will be noted in Fig. 33-2 that the Potier 
triangle Imn fixes the angle lOn, since On is parallel to the axis of abscissae 
and 01 is parallel to the air-gap line. Let n and n' in Fig. 33-3 be two experi¬ 
mentally determined points of the cos 99 = 0 load characteristic, the point n 
being determined with the armature short-circuited and the point n' being 
determined at normal terminal voltage F„ with full-load current. Then, if 
n'O' is made equal to nO and the line O'A is drawn through O' parallel to the 
air-gap line, the intersection of O'A and the no-load characteristic will yield 
the Potier triangle Imn. Im is the leakage reactance drop and Imjla is the 
leakage reactance Xi. mn' is the armature reaction mmf Jkf 




Fig. 33-3. Determination of Potier Fig. 33-4. External characteristics for lag- 
triangle from no-load characteristic ging and leading current, 

and two points of zero power factor 
characteristic determined by test. 


(d) External characteristic. This characteristic represents the terminal 
voltage F as a function of the load current 1^ at constant field current and 
constant power factor cos 99 . Fig. 33-4 shows the trend of the external 
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characteristic for lagging as well as leading current. For a lagging current 
the total voltage drop increases as the power factor decreases. 

(e) Regulation curve. This curve shows the field current If as a function 
either of the load current la at constant power factor, or of the power factor 
at constant load current /«. In both cases the terminal voltage is kept con¬ 
stant. Fig. 33-5 shows regulation curves for two fixed values of power factor 
and variable /«; Fig. 33-6 shows a regulation curve for a fixed value of the 
load current and variable cos 99 . The trend of these curves, as well as that of 
the other characteristics of the machine under load, can be explained by the 
rules of armature reaction (see foregoing article). 




Fig. 33-5. Regulation curves 
for constant power factor. 


Fig. 33-6. Regulation curve for con¬ 
stant load current. 


(f) Short-circuit ratio. The short-circuit ratio (SCR) of a synchronous 
machine is defined as the ratio of field current required to produce rated 
voltage on open circuit to the field current required to produce rated current 
on short circuit. Fig. 33-7 shows a no-load characteristic and a short-circuit 
characteristic. The armature current is expressed in per-unit of rated current. 
According to the definition 


opp OF 0 LF 0 LF 0 ^ ^ 


(33-1) 


The short-circuit ratio determined in this manner is the saturated SCR. The 
unsaturated SCR is equal to UFq \ it is determined from the no-load field 
current which corresponds to the air-gap characteristic and is smaller than 
the saturated SCR which is equal to LFq. 

The short-circuit ratio is an important factor for the synchronous machine 
for the following reasons. The field mmf OF a. Fig. 33-7, necessary to produce 
the rated current at short circuit is larger the larger the armature reaction 
mmf and the laPCi drop (see Fig. 33-1). A small SCR indicates a large armature 
reaction, i.e., a machine sensitive with respect to load variations. A large 
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Fig. 33-7. Determination of the SCR. 


SCR indicates a small armature reaction, i.e., a machine less sensitive to 
load variations. 

(g) Dptermination of the direct-axis synchronous reactance x^- This reactance 
can be determined from the no-load and short-circuit characteristics. Con¬ 
sider Fig. 33-7. The field current OFf induces the emf Ffa = in the stator 
at open circuit. When the stator is short-circuited at the same field current 
OFf, the induced emf in the stator is the same but it is consumed by the 
drop due to the synchronous impedance (see Fig. 32-1) i.e. Ef = Ffa= V,^ = 
IaZa- Since is small in comparison with x^ 


Xa 


V„ 


Vn 

FfU 


(33-2) 


where l^ — FfU is the short-circuit current which corresponds to If — OFf. 
FfU is expressed in Fig. 33-7 in per-unit, the unit being the normal cur¬ 
rent. If, in Fig. 33-7, the voltage is also expressed in per-unit with the normal 
voltage F„ as the unit value 

1 

Xd^-lRTTr-f 

If Q -L 


As has been shown under (f), FfL' is the unsaturated short-circuit ratio. 
Thus 


1 


(33-3) 


i.e., the synchronous reactance in per-unit is equal to 1 divided by the 
unsaturated short-circuit ratio. 


33-2. Voltage regulation. The voltage regulation is defined as the per-unit 
voltage rise which takes place at the terminals when the load is dropped and 
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the field current and the speed remain unchanged. In this case the no-load 
voltage corresponding to the field current appears at the machine terminals; 
this voltage can be determined from the no-load characteristic. In Fig. 33-2 
.the field mmf which corresponds to the voltage ¥„ and cos 95 = 0.8 is Ab. 
The no-load voltage produced by this mmf is cd and consequently the 
per-unit voltage regulation is: 


or 


db Fr-Vn 
"~cb- V, 


in p-u 


(33-4) 




in percent 


(33-4a) 


The voltage regulation increases 
with increasing load current la 
and with increasing lagging angle 9 ?. 
For capacitive loads the voltage 
regulation may be negative. Fig. 33-8 
shows the voltage regulation for a 
constant-load current and variable 
power factor. 

Similar to the short-circuit ratio, 
the voltage regulation is determined 
partly by the voltage drop laZa hut 
mainly by the armature reaction. It 
is an important factor for the syn¬ 
chronous machine. There are several 
methods employed for the determina¬ 
tion of the magnitude of the voltage regulation. The following empirical 
method is recommended by the AIEE. 

The no-load characteristic and two points of the cos 95 = 0 load charac¬ 
teristic are determined by tests, one of the two points being at normal 
current and short-circuited armature (point n Fig. 33-3), the other point 
being at normal current and normal voltage (point n' Fig. 33-3). From this 
the Potier triangle can be determined as explained in the foregoing article. 
Referring to Fig. 33-9a where the load current is assumed along the 
horizontal, draw the voltage diagram of the three phasors F„, /a^a, and la^h 
i.e., determine the emf F to be induced in the armature by the flux due to the 
resultant mmf (see Fig. 32-5). is then the difference in field amperes 
between the air-gap line and the no-load characteristic for the voltage jE, 
and it represents the effect of saturation. 

In order to find the field current 7,^ which corresponds to the load current 
la, the rated voltage Vn, and the fixed value of the angle 99 , draw Ifg hori¬ 
zontally (Fig. 33-9b), lay off the value of the field current required to 
produce the current 7^ in the short-circuited armature (On Fig. 31-2 or 



Fig. 33-8. Voltage regulation as a func¬ 
tion of power factor for constant lagging 
and leading current. 
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Fig. 33-9. Empirical AIEE method for determination of regulation. 

On Fig. 33-2 or O'n' Fig. 33-3) at the power factor angle (p to the vertical, 
and add //« directly to the phasor sum of these two phasors. The no-load 
voltage Ef taken from the no-load curve corresponding to In determines the 
voltage regulation. 


Example 33-1. The no-load and the full-load zero-power-factor characteristics 
of a 3-phase, 6500-kva, 5500-volt, Y-connected turbogenerator are shown in 
Fig. 33-10. The ordinate is plotted in volts per phase. 


Fn = = 3180 volts per phase 


r 6500 _ 

= — " =683 amp 

v 3 X 5.5 


Following the methods of Art. 33-lc, the triangle O'ln is constructed, and the 
Potier triangle Imn is determined. From this, mn = 71 is the armature reaction 
expressed in terms of field amperes, Im — 660 volts is the leakage-reactance voltage; 
therefore Xi = 660/683 = 0.968 ohm. The leakage reactance in p-u is 660/3180 = 0.208. 
The short-circuit ratio (unsaturated) SCR is .4o/On = 73/87 =0.84, and the satur¬ 
ated value is Ab/On —SOjSl =0.92 (for the saturation at rated voltage). Also frdm 
the short-circuit characteristic (on per-unit basis) the SCR = Fo'L'=0.84; the 
saturated value SCR = FqL = 0.92. Therefore = 1/0.84 = 1.19 in per-unit. The 
unit impedance is 3180/683=4.66 ohms; therefore a;j, = 1.19 x4.66 = 5.54 ohms. 
Also by definition 0 :^ = 71^/683=3780/683=5.54 ohms. The armature-reaction 
reactance - Xi (Eq. 37-5); hence =5.54 - 0.968 = 4.57 ohms, or 4,5114.66 

=0.98 p-u. 
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Fig. 33-10. 



Fig. 33-11. 


The per-unit voltage regulation of this machine now will be determined for ( 1 ) 
unity power factor. ( 2 ) 0.8 power factor lagging, using the AIEE method described 
in Art. 33-2 (see also Fig. 33-9). (Armature resistance is neglected.) From Fig. 
32-5 it follows that = x/( cos 99)2 + (sin (p + ; hence for = 

n/( 3180)* + (660)* = 3250. From Fig. 33-10 the value of I„ =Aa = 73, = 0 „ = 87, 

and Ifg^ah^S.Q. Fig. 33-9b is now constructed as shown in Fig. 33-1 la in 
which = then ac =:^y732-f-872 -113.6, ^^d hence 

7/4 = ad = 121.6. This value of field current produces .£7, = 3950 at no-load (see 
Fig. 33-10). Hence € = (3950-3180)/3180 = 0.242 at unity power factor. For 
cos 9 ? = 0.8 lagging current 

E = x/(W0^078)2 + (3180 X 0.6 4- 660)2 =3615 volts 
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From Fig. 33-10, = //, = 16. 

Fig. 33-9b now appears as shown in Fig. 33- 
11b. Here bc = Sl, cc2 = 16, ac? = 159.2 

amp. This If produces ^,=4280 volts at no- 
load; hence 


4280 - 3180 
3180 


0.346 


With the information given in this ex¬ 
ample it is instructive to draw the phasor 
diagram of Fig. 32-5 for this machine. This 
is done only for 0.8 power factor lagging (Fig. 
33 -12). The figure is drawn to scale, so that 
F=3180, ^ = 3615, = Mf=^ 

159.2, cos 9 ^) =0.8. 



PROBLEMS 

1. For the machine of Example 33-1, determine the voltage regulation for 0.8 
power factor leading, and draw the voltage and mmf diagrams. 

2. The no-load and full-load zero-power-factor curves for a 12.0-kv 5000-kva 
3-phase Y-connected 60-cycle turbogenerator are as follows, the voltage per-phase 
(neglect armature resistance): 

If (amp): 10 20 30 40 43.0 50 60 70 80 90 100 110 

V (no-load): 1750 3500 5120 6360 6700 7260 7860 8280 8580 8780 — — 

V (full-load): — 0 1080 2720 4250 5380 6180 6750 7080 

(a) Construct the Potier triangle and determine Xi in ohms and in per-unit. 

(b) Determine the armature reaction in terms of field amperes. 

(c) Determine in ohms and in p-u. 

3. Using the AIEE method, determine the voltage regulation for the machine of 
Problem 2 in p-u for unity power factor and for 0.8 lagging and 0.8 leading. 

4. For the machine of Problem 2 draw the short-circuit characteristic and 
determine the saturated and unsaturated SCR. 

5. The no-load and full-load zero power factor characteristics for a 23,500-kva, 
13,800-volt, 3-phase, 60-cycle, 2-pole, 0.85-p.f. lagging hydrogen-cooled turbo¬ 
generator are given below in p-u values. 


No-load characteristic 


If- 

0.10 

0.20 

0.40 

0.60 

0.80 1.0 

1.2 

1.4 

1.6 

V (no-load): 

0.13 

0.23 

0.45 

0.69 

0.87 1.0 

1.09 

1.15 

1.21 

Zero-power-factor 

characteristic 







If- 

1.2 

1.3 

1.4 

1.6 

1.7 1.8 2.0 

2.2 

2.4 

2.6 

F(full-load): 

0.015 

0.13 

0.25 

0.49 

0.61 0.69 0.83 

! 0.92 

0.99 

1.25 


Unit field amperes = 185 
Unit voltage = 13,800 
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Neglect armature resistance. 

(a) Construct the Potier triangle and determine Xi in ohms and p-u. 

(b) Determine the armature reaction in terms of field amperes. 

(c) Determine the value of in both ohms and p-u. 

6. For the machine of Problem 5 determine the voltage regulation for 0.80 p.f. 
lagging and 0.80 p.f. leading, using the AIDE method. 

Draw emf and mmf phasor diagrams. 

7. Determine the unsaturated SCR for the machine of Problem 5. 

8. A 70,600-kva, 13,800-volt, 3-phase, 60-cycle, 2-pole, 0.85-p.f. lagging 
hydrogen-cooled turbogenerator has no-load and full-load zero power character¬ 
istics identical with those of Problem 5, on a p-u basis. However, for this generator: 

Unit field amperes=350 

Unit voltage = 13,800 

(a) Construct the Potier triangle and determine Xi in ohms and p-u. 

(b) Determine the armature reaction in field amperes. 

(c) Determine the value of x^ in ohms and p-u. 

9. For the machine of Problem 8 determine the regulation at unity, 0.80 lagging 
and 0.8 leading power factor, using the AIEE method. 

Construct emf and mmf phasor diagrams. 



Chapter 34 


THE TWO-REACTION THEORY 


34~1. The essence of the two-reaction theory. It has been found in 
Art. 32-1 that the amplitude Ma (pole axis) of the stator mmf makes an 
angle 90 - ^ with the direct axis (pole 
axis of the rotor), ift is the angle be¬ 
tween the armature current la and 
the emf Ef induced in the armature 
by the field fiux (Fig. 32-1). Its mag¬ 
nitude depends upon the character of 
the load. Fig. 34-1 shows the relative 
position o{ M a and the direct axis 
for ^ = 90° (pure inductive load). Fig. 

34-2 shows their relative position for 
0 = 0 (certain capacitive load), (see 
also Fig. 32-3a). For intermediate 
values of 0 (9O>0>O), the relative 
position of Ma and the direct axis is that between those of Figs. 34-1 and 
34-2 (Fig. 34-3). 

It has been pointed out in Art. 31-2 that the reluctance with respect to 
the armature mmf depends upon the position of the amplitude Ma of the 
armature mmf with respect to the rotor poles. It is seen from Figs. 34-1 and 



Fig. 34-1. Position of the armature mmf 
with respect to the direct axis for 0 =90°. 



Fig. 34-2. Position of the armature mmf with respect to the direct 

axis for 0=0. 

283 



284 


A-C MACHINES 



Fig. 34-3. Armature mmf wave and its two component waves in 
their positions relative to the direct and quadrature axes. 

34-2 that this reluctance is minimum for the position Fig. 34-1 and maximum 
for the position Fig. 34-2. For any intermediate position of the armature 
mmf with respect to the poles, the reluctance has a value between the mini¬ 
mum and the maximum values. It is relatively simple to determine the 
effect of the armature mmf for its positions Figs. 34-1 and 34-2 because the 
direct axis and the quadrature axis are both axes of symmetry for the rotor, 
but it is difficult to determine the effect which the armature mmf has in 
intermediate positions. This difficulty can be overcome by the use of BlondeVs 
two-reaction theory. 

This theory consists essentially of the replacement of the sinusoidal arma¬ 
ture mmf of amplitude Ma by two 
sinusoidal waves, one of which has 
its amplitude coinciding with the 
direct axis, and the other has its amp¬ 
litude coinciding with the quadrature 
axis (Fig. 34-3). The amplitudes of 
these two waves can be determined 
from the phasor diagrams derived 
previously. Consider Figs. 32-1 and 
32-3b which refer to a generator and 
motor, the generator running with 
lagging current, the motor with 
leading current (these are the normal 
kinds of operation for a synchronous 
generator and motor). The relative 
position of the armature mmf (Ma) 
with respect to the direct axis (Mf), 

as it follows from the two phasor armature mmf and the quadrature axis 
diagrams, is shown in Fig. 34-4. If mmf. 


d(Mf) 


MaSin 



Fig. 34-4. Resolution of the armature 
mmf into two comnonents. the direct-axis 
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JIf o is resolved into the components sin ^ and cos then the first 
component coincides with the direct axis and the second with the quadrature 
axis, i.e., the replacement wave, the pole axis of which coincides with the 
direct axis, has the amplitude 

Mad =^Ma sin ^ (34-1) 

and the replacement wave, the pole axis of which coincides with the quad¬ 
rature axis, has the amplitude 

MaJ=MaOOSlfs (34-2) 

Fig. 34-3 shows the two component waves of the armature mmf wave with 
the amplitude JfFigs. 34-5 and 34-6 show the component waves and their 




Fig. 34-5. Direct-axis 
armature mmf in its posi¬ 
tion relative to the direct 
axis. 


Fig. 34-6. Quadrature-axis armature 
mmf in its position relative to the quad¬ 
rature axis. 


positions with respect to the direct and quadrature axes separately. It is 
seen from Fig. 34-5 that the reluctance with respect to armature component- 
wave with the amplitude Mad\ the pole-axis of which coincides with the 
direct axis, is the same as for the rotor (field) mmf. The magnetic path is the 
same for both mmf’s, namely, the path through the salient poles (Fig. 30-3), 
with the direct axis as symmetry axis. The component of the armature mmf 
with the amplitude Moq' has a cross-magnetizing effect on the poles, because 
its axis is shifted 90° with respect to the direct axis. 


34-2. Effective armature mmf in both axes. Consider Fig. 34-5. It is seen 
that the component of the armature mmf with the amplitude Mad sin ^ 

will produce very little flux at the edges of the sinusoid due to the interpolar 
spaces. It can be assumed that only the part of this mmf shown in Fig. 
34-7 is effective. Of this part the fundamental alone is to be considered, 
since the influence of the harmonics is small. The amplitude of the funda¬ 
mental is given by the equation 

1 

a^ — -\ f(x) sin x dx 

^ Jo 


(34-3) 
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Ma sin V/sin X 



Fig. 34-7. Eifective part of the armature 
mmf of amplitude in the direct axis. 


If the ratio between pole arc and pole pitch is denoted by a, i.e., 


then (Fig. 34-1) 

f(x) = 0 from x = 0 to a: = (l -a)7r/2 

f(x) = 0 from a: = (l -f a)7r/2 to a? = 7r + (l -a)7r/2 

f(x)—0 from z = 7T-\-(l 4-a)7r/2 to x = 27r 

f(x) = Ma sin i/j sin x from a: = (1 - a)7r/2 to (1 4- a)7r/2 

f(x) — - Ma sin iff sin x from a; = 7r + (1 - a)7r/2 to x = 7t + (1 4-a)7r/2 


Carrying out the integration Eq. 
(34-3) yields 

Ttjr • # + sin (X7r\ 

sm 0 (-1 

(34-4) 

Consider now Fig. 34-6. It is seen 
that the component of the armature 
mmf with the amplitude = 
Ma COS ip will produce but little flux 
in the interpolar space. Assuming that 
the effective part of this mmf is as 
shown in Fig. 34-8 (the height of 



Fig. 34-8. Effective part of the armature 
mmf of amplitude in the quadrature 
axis. 


line cd is assumed to be | of the 


amplitude Ma cos tp) and again considering only the fundamental of this mmf, 


the result is 
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The factors of Eqs. 34-4 and 34-5 shown in parenthesis are the effectiveness 
factors of the two armature mmf’s. 

The field mmf of the salient-pole machine is rectangular. For its funda¬ 
mental the Fourier series yields 


y Nf 4 . OLTT 

—-sm-- 

p rr 2 


(34-6) 


is the total number of field turns. 

The amplitudes of the armature mmf’s, and are used in connection 
with the no-load characteristic, short-circuit characteristic and load charac¬ 
teristics. In all these characteristics, If(Nfjp) is used as abscissa and not a^f, 
the fundamental, i.e., as abscissa is used, the field fundamental divided by 
( 4 / 77 ) sin (a7r/2). Therefore, when and are used in connection with 

these characteristics, they also must be 
divided by the same factor. These lead 
to the following values of the two arma¬ 
ture mmf’s to be used in the following 
considerations: 





( 4 / 77 ) sin (a77/2) 


= Ma sin if 


OLTT + Sin aTT 
4 sin (aTr/2) 

—O^Ma sin 0 


(a77/2) 


(34-7) 


= M a cos iff 


OLTT - sin a77 -h i cos (a7r/2) 


0.5 


0.6 


0.7 


0.8 


4 sin (a77/2) 


Fig. 34-9. Factors, and (7^, for the 
effective armature mmfs in the direct 
axis and in the quadrature axis of the 
salient-pole machine. 


COS iff 

where 


an + sin an 
4sin(a77/2) 


^ an — sin a77 H- J cos (an12) 
4 sin (a77/2) 


(34-8) 


(34-9) 


(34-10) 


The values of and Cg as functions of a = 6p/T are shown in Fig. 34-9. 
Ma is given by Eq. 32-1. 

Thus, contrary to the cylindrical rotor machine, where the armature mmf 
with the amplitude is considered in total, this mmf must be split into 
two mmf’s with the amplitudes Mad ^aq for the consideration of the 
salient-pole machine (Refs. El, E4, E6, E8). 




Chapter 35 


PHASOR DIAGRAMS OF THE GENERATOR AND 
MOTOR WITH SALIENT POLES • ARMATURE 
REACTION • GENERATOR CHARACTERISTICS 


35-1. Phasor diagrams of the generator and motor with salient 
poles. Armature reaction. First the unsaturated machine will be treated. 

(a) Machine unsaturated. The direct-axis armature mmf M^d is propor¬ 
tional to la sin 0; the quadrature-axis armature mmf Mag is proportional to 
la COS iff. The first mmf produces a flux in the direct axis; the second mmf 
produces a flux in the quadrature. As a consequence, the two fluxes are 
proportional to, and in phase with, sin if/ and cos ^ respectively. The 
emf’s induced by the two fluxes in the armature winding are -jxadia sin ^ 
and -jxaqia cos ijj. The first of these emf’s is similar to that which appears in 
the unsaturated machine with cylindrical rotor (see Eq. 32-2). As in the case 
of the latter machine, Xad is the armature reaction reactance in the direct axis. 
Accordingly, Xag in the second emf, -jXagla cos i/j, is the armature reaction 
reactance in the quadrature axis. 

Compared with the cylindrical rotor machine, Xad has the same signifi¬ 
cance in both kinds of machine and Xaq appears only in the salient-pole 
machine. Furthermore, two emf’s are to be considered in the armature wind¬ 
ing of the salient-pole machine, one perpendicular to sin i/j and the other 
perpendicular to la cos i/j, while only the one emf, perpendicular to 7^,- is to 
be considered in the armature winding of the cylindrical rotor machine. 

As has been explained (Art. 31-2), Xad is due to a flux the path of which is 
the same as that of the field winding, i.e., along the field poles, and Xaq is 
due to a flux which goes across the main poles; both of these fluxes do not 
take into account the leakage fluxes of'the armature winding. 

Thus, in accordance with method (a) of Art. 31-3, the following mmf’s, 
fluxes, and emf’s induced by the fluxes in the armature winding are to be 


considered (see Art. 32-la): 



MMrs 

Fluxes 

Induced EMF’a 

Field (rotor) mmf (Mf) 

<D, 

E, 

Armature mmf in the direct axis (Mad) 
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sin ^ 
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Armature mmf in the quadrature axis 

aq) “'j^aP^aq ^ 

MMF of the armature leakage flux (const. 

^a) 

and, therefore, Kirchhoff’s mesh equation for generator operation is (see 
Eq. 32-4) 

V + laTa ^jlqpCl +j^aqla COS ijj +jXaJa sin 0 = JS, 

or (35-1) 

V = /a(^a + j^z) -jiai^ad si^ 0 COS t/j) 

and that for motor operation (see Eq. 32-5) 

F = - .E, + iaVa +jiaXi ^j^aja COS ^ +jXaJa Sm 0 (35-2) 

Fig. 35-1 shows the phasor diagram of an unsaturated salient-pole gener¬ 
ator for lagging current. The phasors V=0A, IgTa^AB and BC=IaXi are 
drawn in the same manner as before (see, for example Fig. 32-1). Then the 
phasors CD =Xa^Ia cos ip and DF =XadIa sin ip are drawn. Since, according to 
Kirchhoff’s mesh law, the phasor row OABCDF must be balanced by the 
emf induced in the armature by the fleld flux, i.e., OF is equal to Ef. Ef lies 
90° behind Mf. Fig. 35-2 shows the phasor diagram of an unsaturated 
salient-pole motor for a leading current. 




Fig. 35-1. Phasor diagram of an im- Fig. 35-2. Phasor diagram of an un¬ 
saturated, salient-pole generator loaded saturated, salient-pole motor carrying 

with lagging current. leading current. 

It will be observed from diagrams Fig. 35-1 and 35-2 that a lagging current 
in a generator opposes the fleld mmf and also that a leading current in a 
motor opposes the field mmf. This is the same as in the machine with a 
cylindrical rotor. In general, the rules of armature reaction derived for the 
cylindrical rotor machine apply also to the rncLchine with salient poles. 
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The phasor diagrams, Figs. 35-1 and 
35-2 can be represented in a somewhat 
different form. The phasors AB—IoTa and 
BC=IaXi can each be resolved into two 
components (Fig. 35-3) so that AA' 
laTa COS i/r, A’B^lja sin BE ^ 

l^Xi sin 0, and EC—la^i cos This 
changes Kirchhoff’s equation 35-1 to 

V + ija COS ^+ijra sin sin ^ 

+j/„X, cos >l> +jiaXa« COS ^ + j/aXad sin ijj 
= Ef (35-3) 

Further introducing the abbreviations la^i cos ip-\-Ia^aQ cos ip—IaX^ cos 
laXi sin ilf-\-Ia^ad sin ils=IaXa sin 0, Iq cos ^ = Iq, and /<, sin simplifies 

Eq. (35-3) to 

F + iaTa + i,ra +ji^, +ji^,=E, (35-4) 

and the phasor diagram (Fig. 35-1) for the generator with lagging current 
becomes as shown in Fig. 35-4. Xa=Xi + Xad is 
the direct-axis synchrcymus reactance (see Eq. 

32-6), and 

X^-Xi-^Xaq (35-5) 

is the quadrature-axis synchronous reactance. 

In constructing the phasor diagrams (Figs. 

35-1 to 35-4), it has been tacitly assumed that 
the angle ifs between la and Ef is known. Other¬ 
wise it would not be possible to resolve 
into the components sin ift and la cos tp. The 
following artifice can be used to find the angle 
ip while constructing the diagram. 

In Fig. 35-5 which refers to a generator with 
lagging current, the phasor DC=IaXag cos ip is 
the emf induced in the stator winding by the 
cross-flux of the machine, the axis of which 
is the quadrature axis. Since the path of the 
cross-flux is unsaturated, the emf GD = IaXaq cos ip can be found from the 
lower part of the no-load characteristic (air-gap line) as the emf correspond¬ 
ing to the mmf Mf=Mag=CaMa cos ip (Eq. 34-8). If the line CB=IaXi 
(Fig. 35-5) is extended until it intersects the line in which Ef lies, the dis¬ 
tance CC is equal to CDfcos tp. This emf ( —laXaq) is independent of the angle 
0 and can be found just as the emf CD from the lower part of the no-load 
characteristic; it is the emf which corresponds to the mmf Mo^/cos tp^C^Ma 



Fig. 35-4. Phasor diagram of 
an unsaturated, salient-pole 
generator loaded with lagging 
current on the basis of the 
synchronous reactances. 



Fig. 36-3. Auxiliary diagram to 
Fiff. 36-4. 
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(Fig. 35-6). Hence the angle ip can be ^aq^a C I^^xi B 

found in the following way: Draw the 
phasor row OABC; determine, from the 
no-load characteristic, the emf which cor¬ 
responds to the mmf i.e., the emf 

CC'^IaXaq\ extend BC by the distance 
CC'=IaXg; the line which connects the 
origin O with the point C' coincides with 
Ef and makes the angle tp with la- Determination of the 

(b) Machine saturated. When the machine angle p. 

is saturated, only one flux is to be considered in the direct axis, namely, the 
flux produced by the resultant of the mmf’s Mf and Mad^ Thus, in accordance 
with method (b) of Art. 31-3, the following mmf’s, fluxes, and emf’s induced 
by the fluxes in the armature winding are to be considered (see Art. 32-lb): 


Determination of the 
angle p. 


MMTs 


Fluxes 

<^d 


Induced EMF's 
Ed 


Resultant of Mf + Madi^r) E^ 

Armature mmf in the quadrature axis 

MMF of the armature leakage flux 

(const. X /„) <I>, 

KirchhofF’s mesh equation for generator operation is in this case (see Eq. 
35-1) 

V + iaVa +jXaJa COS (35-6) 

and for motor operation (see Eq. 35-2) 


- 1cTa +i/„a;, +ia:a,f« cos ip 


(35-7) 



Fig. 35-6. Determination of the 
angle p. 


Fig. 36-7. Phasor diagram of a saturated, 
salient-pole generator loaded with lagging 
current. 
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is in phase with Ef because both emf’s are induced by the flux in the direct 
axis. However, the magnitude of E^ is different from that of Ef : E^ is due 
to the flux produced by the resultant mmf in the direct axis; Ef is due to the 
field flux alone. Xad does not appear in Eqs. 35-6 and 35-7. Fig. 35-7 shows 
the phasor diagram of a saturated salient-pole generator with lagging current. 
The phasor row OABCD is the same as for the unsaturated machine (see 
Fig. 35-1). In the unsaturated machine, the armature mmf in the direct 
axis Mad produces an emf -jxadia *A armature winding which is 

balanced by an equal component of the emf Ef produced by the field flux 
(Fig. 35-1). In the case of the saturated machine, OD (Fig. 35-7) is the emf 

induced in the armature winding by 
the flux due to Mf-\-Mad = M^, i.e., by 
the flux produced by the resultant mmf 
Mr. This resultant mmf Mr must be 
determined from the no-load character¬ 
istic as the mmf which corresponds to 
Ea = OD, in the same way as for the 
saturated machine with cylindrical 
rotor (see Fig. 32-6). With Mr known, 
the field mmf is found as 

Mf = Mr + (-Mad)^ 

Fig. 35-8 is the phasor diagram of 
a saturated salient-pole motor with 
leading current. The construction is 
the same as that for the unsaturated 
machine (Fig. 35-2), except that here 
OD is the emf induced by the (single) direct-axis flux of the machine and its 
mmf Mr is to be determined from the no-load characteristic. Just as for the 
generator, Mf = Mr -H ( - Mad)- 



Fig. 35-8. Phasor diagram of a satur¬ 
ated, salient-pole motor carrying loading 
current. 


35-2. Generator characteristics. Voltage regulation. Since the rules of 
armature reaction are the same for both cylindrical rotor and salient-pole 
machines and since the voltage drop — also appears in both 

machines, the characteristics of the generator with salient-poles have the 
same general shape as those of the machine with a cylindrical rotor (see 
Chap. 33). 

The short-circuit ratio and the synchronous reactance in the direct axis, 
Xtf, can be determined in the same way as in the case of the machine with the 
cylindrical rotor, namely, from the no-load and short-circuit characteristics 
(see Art. 33-1). Also the relation between the synchronous reactance in the 
direct axis, Xd, and the short-circuit ratio (SCR) is the same (see Eq. 33-3) 
as for the cylindrical rotor machine. 

The synchronous reactance in the quadrature axis Xa—Xi-\-Xaq (Eq. 35-5) 
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is a quantity peculiar only to the salient-pole machine. When and Xi are 
known, then 

^ad~^d 

Xaq is the armature reaction reactance in the quadrature axis; Xad is that in 
the direct axis. The ratio of Xaq and x^a is the same as the ratio of the arma¬ 
ture flux in the quadrature axis and the armature flux in the direct axis, both 
produced by unit current flowing in the armature winding. Since the ratio of 
fluxes is the same as that of their mmf’s the ratio of Xaq and Xad must be the 
same as that of M^q and M^d at unit current {la cos i/r = 1, sin ^ = 1), i.e., 


_ ^q 

^ad ^ d 


(35-8) 


from which equation Xaq and also Xq=Xi-\-Xaq can be determined. It can be 
seen that Xaq is much smaller than Xad and therefore x^ is also much smaller 
than x^. 

The following empirical method of determining x^ for a given value of Xd 
is recommended by the AIEE 



0 


T 

Fig. 35-9. Determination of the synchronous reactance in the quadrature axis (a?^) of 
the salient pole machine by the AIEE empirical method. 
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^ ^ (^aql^ad) ^ A JB 

a{x^|x^a) " "l+fi 


(35-9) 


The ratios A and B are given in Fig. 35-9 as functions of the ratio of pole arc 
to pole pitch bjr, of the ratio of air-gap in center of the pole to pole pitch 
gjr, and of the pole pitch t. 

The definition of the voltage regulation and the methods for determining 
its magnitude are the same for the salient-pole machine as for the cylindrical 
rotor machine. Thus the AIEE method described in Art. 33-2 can also be 
applied to the salient-pole machine. 


Example 35-1. Fig. 35-10 is the no-load and gap characteristic for a 20-kva, 
60-cycle, 3-phase, 440-volt, Y-connected, 6-pole, salient-pole synchronous gener¬ 
ator. Each field pole has 400 turns. The armature is a single-circuit winding, with 
72 slots and 8 series conductors per slot, coil pitch 10 slots. The armature resistance 
ra = 0.13 ohm, the leakage reactance a:j=0.23 ohm, and the ratio of pole arc to 
pole pitch 5p/r = 0.7. 

From the armature winding data, the coil pitch is f and 0.966, = 0.958, 

=0.925, 7^ = 20,000/(440 X L73)= 26.3 rated armature current. C'^=0.84 and 
=0.46 correspond to bjr =0.7. From Eq. 15-11: 




0.9mNJnlCd^ 0.9 x 3 x 96 x 26.3 x 0.925 


6 


6 


= 1050 AT per pole 
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Ma = 1050/400 = 2.63 in terms of field current. =0.46 x 2.63 = 1.21. Fig. 35-5 
is now constructed for cos 9 ? =0.8 lagging current. OA =254 volts, ^45 = 26.3 x 
0.13=3.42 volts, = 26.3 X 0.23 =6.05 volts. From Figs. 35-6 and 35-10 with 
OC^CqM^ = 1.21, CC' =a:a^,/a ==84. This is CC in Fig. 35-5. From the latter 

F sin + + 254 x 0.0 + 6.05 + 84 o 

' F cos 9 . + iy~ - 0.8+ 3.42 " 

COS 0=0.648, sin 0 = 0.761, 0-9? = 12.7'" 

^^ = F cos (0 - 99 ) + Ija cos 0 -4 I^Xi sin 0 

= 254 X 0.975 4- 3.42 x 0.648 -}- 6.05 x 0.761 = 254.6 volts 


From Fig. 35-10, If required for J&d = 255 is 4.05 amp. To this must be added 
= sin 0 = 1050 X 0.84 X 0.761 =671 AT or 671/400 = 1.68 field amp to 
overcome Hence the field current required is 4.05 + 1.68 = 5.73 amp. This 
value of If produces a no-load voltage of 310. The regulation is c = (310 - 254)/254 = 
0.22 at 0.8 power factor lagging. The characteristic reactances may be determined 
from the data as follows: = 2.63 in terms of field current for the rated current, 

23.6 amp. For this same current = 26.3 x 0.23 = 6.05 volts. With I^Xi and 
M Potier triangle may be drawn in Fig. 35-10. The short-circuit 
characteristic can now be determined (see Fig. 31-2) with mn = M„d a^nd ml — IaXi, 
The no-load characteristic and short-circuit characteristic yield the unsaturated 
SCR = 1.593. The value for is therefore 0.628. The unit impedance is 254/26.3 
= 9.66 ohms and the leakage reactance in p-u =0.23/9.66 =0.0238. Hence x^a 
= =0.628 - 0.0238 =0.604. From this =0.604 x 0.46/0.84 =0.331. There¬ 

fore Xg^Xfjg+Xi = 0,331 +0.0238 =0.355 p-u. 

Example 35-2. The synchronous reactances in both axes will be determined 
for the following generator: 

Output: 875 kva, cos 9 ? =0.80, 3 phases, 60 cycles, 24 poles, 2300 volts, = 220 
amp. 

Stator winding: 180 slots, 6 conductors per slot, coil pitch 6 slot pitches, pole 
pitch t = 9.52 in., width of the pole arc 6 p = 6.0 in., no-load mmf at 2300 volts 
= 3610 AT per pole and Mf^g = 2030 AT per pole for the gap only. The leakage 
reactance is 0.826 ohm per phase. For the ratio 6 p/T = 6.0/9.52 =0.63, (^^=0.86, 

=0.41. The number of slots per pole per phase q = 180/(3 x 24) = 2.5,* =0.955. 

A;j, = sin [(6/7.5) X 7 r/ 2 ] =0.951, ^^p = 0-908. The number of turns per phase 




The total armature mmf in the direct axis at 0 = 90° (short circuit) is 

180 

= 0.9 X 3 X ^ X 0.908 x 220 x 0.86 = 3480 AT per pole 

From the data given, the air-gap line OG in Fig. 35-11 may be drawn. Construct 
the Potier triangle with lm = IgXi = 220 x 0.826 = 182 volts and mn = 3480 AT. To 


* In this example, the value of q is 2.5. Such a winding is classified as a fractional 
slot winding and was not considered in Chapters 13 or 14 of this text. Equation 14-4 
for the distribution factor does not apply to this kind of winding. 
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Fig. 36-11. 


point n (3730 AT) corresponds unit armature current (nA) on the short-circuit 
characteristic—draw this latter characteristic as OA . Corresponding to Mf^g = 2930 
and ilf/Q = 3610 (points B and B' respectively) the unsaturated SCR may be deter¬ 
mined as 0.78. Hence (in p.u.): 




Xi 

= 0.137 

^ad 

= 1.28-0.137 = 1.14 


0.41 

Xg^Xi 

+ Xag = 0.137 + 0.543 = 0.680 


PROBLEMS 

1. Determine the voltage regulation of the machine of Example 35-1, at unity 
power factor and at 0.8 power factor leading. Draw the voltage and mmf diagram 
to scale. 

2. Determine the synchronous reactances in both axes for the following gener¬ 
ator: 

Output: 16,500 kva, cos 99 = 0 . 85 , 3 phases, 60 cycles, 52 poles, 6600 volts, 
la = 1442 amp. 

Stator winding: 312 slots, 2 conductors per slot, coil pitch =5 slot pitches, pole 
pitch = 11.55 in., pole arc = 8.5 in., no-load mmf at 6600 volts ilf,o = 6380 AT per 
pole, and Af/Q^= 5730 AT per pole for the gap only. Leakage reactance of the 
armature winding (in p-u) =0.187. (7d=0.84 and (7^ =0.48, corresponding to 
6 ,/t =0.736. 
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3. The no-load characteristic of the machine of Problem 2 is as follows, the 
voltage being per-phase: 

AT per pole: 3020 4500 5520 6380 7080 83^0 

Volts: 2000 3000 3500 3810 4000 4250 

Determine (a) field ampere-turns required per pole to produce rated armature 
current on short circuit; (b) the saturated SCR; (c) the voltage regulation at unity, 
0.80 lagging, and 0.80 leading power factors, (r^ neglected.) 

4. A 3-phase, 15-kva, 220-volt, Y-connected, 6 -pole synchronous generator with 
salient poles has ra=0.10 ohm per phase. The no-load characteristic is 

7 (per phase): 37 70 98.4 109.3 123 142 156 166 174 181 187 

//(amp): 1.0 2.0 3.5 3.0 4.0 5.0 6 7 8 9 10 

The full-load zero-power-factor characteristic is 

V: 0 62 88.5 109 127 132 

//: 4.05 6.35 7.43 8.5 9.7 10 

The short-circuit characteristic is 

//: 2.1 4.05 6.17 

lai 20 40 60 

The ratio of to z^ was found to be 1.21. Construct the Potier triangle and deter- 
mine Zj, and the value of expressed in terms of field amperes. 

5. Determine the voltage regulation of the machine of Problem 4 at unity power 
factor and at 0.8 power factor, leading and lagging current. 

6 . Determine z^ and Zg for the machine of Problem 4. 

7. The following data apply to a 72-pole, 16,667-kva, 100-rpm, 13.8-kv, Y- 
connected, waterwheel synchronous generator: z^ = 0.895, Zg = 0.62, Zi =0.240 in 
p-u. The armature reaction expressed in terms of field amperes is 135. Deter¬ 
mine z^g and Zga and express all the characteristic reactances in both ohms 
and per-unit. Determine the value of field current required to circulate rated 
current in the short-circuited armature, and the SCR (unsaturated). // = 80 amp 
for E = 3600 v. 

8 . The no-load characteristic for the machine of Problem 7 is 

V: 2000 3600 6300 7800 8900 9550 10,000 

/,: 45 80 150 200 250 300 350 

The voltage is per-phase. From the data given determine the values BC, CC' and 
the angles i/j and 8 of Fig. 35-5. From CC' and the no-load characteristic determine 
MgCg, and then and Cg. (cos 9 ? = 0.8 lagging, neglect r^.) 

9. From the data determined in Problem 8 determine the voltage regulation of 
the machine, at unity and at 0.8 lagging and leading power factor. Use method 
described in Example 35-1. 

10. Repeat Problem 9, using the AIEE method, and compare results. 

11. A 6000-kva, 2400-volt, 3 -phase, 60-cycle, 40-pole, salient-pole generator has 
a resistance of 0.006 ohm per phase and is wye-connected. The characteristic 
curves are: 

//(amp): 25 50 75 100 125 150 175 200 255 

7 (terminal): 690 1330 1900 2320 2600 2770 2900 3020 3160 
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FtdUload zero power factor 

/,(amp): 100 125 150 175 200 225 250 275 300 325 

F (terminal): 0 650 1170 1580 1890 2090 2240 2350 2450 2520 

Short circuit 

//(amp): 0 50 100 150 

/«(amp): 0 720 1450 2160 

Construct the Potier triangle and determine Xi (in ohms and p-u) and in 
equivalent field amperes. 

12. Determine the voltage regulation for power factors of unity, 0.80 lagging, 
and 0.80 leading for Problem 11. 

13. Determine the SCR, and x^ for the machine of Problem 11. (7^=0.84 and 
C',=0.50. 

14. A 750-kva, 2400-volt, 3-phase, 60-cycle, 52-pole, salient-pole generator has 
an armature resistance of 0.15 ohm per phase and is wye-connected. The charac¬ 
teristic curves are: 

No-load 

//(amp): 10 20 30 40 50 60 70 80 100 120 140 

F (terminal): 470 930 1400 1830 2150 2420 2600 2750 2960 3150 3300 

Full-load zero power factor 

//(amp): 70 80 90 100 110 120 140 160 200 

F (terminal): 0 550 920 1200 1500 1740 2130 2350 2700 

Short circuit 

//(amp): 0 31 62 93 

/„ (amp): 0 100 200 300 

Construct the Potier triangle and determine Xi (in ohms and p-u) and in 
equivalent field amperes. 

15. Determine the voltage regulation for power factors of unity, 0.80 lagging 
and 0.80 leading for the machine of Problem 14. 

16. Determine the SCR, x^y and Xg for the machine of Problem 14. C'<, = 0.85, 
C^=0.45. 



Chapter 36 


TORQUE AND POWER RELATIONS 
SYNCHRONIZING GENERATORS 


36-1. Torque and power relations. Fig. 36-la shows the power balance 
of the synchronous generator. The iron losses necessary to sustain the 

main flux are supplied mechanically by the rotor. The total power input 
(Anp.shaft) is then consumed by the sum of the rotational iron losses 

(^ir.rot)» friction and windage losses (Pf+w)> and the electromagnetic 
power supplied to the stator (Prot.f)- A small part of the latter power is con¬ 
sumed by the stator as losses, and the balance (mV I a cos rp) goes to the 
line. The copper losses of the fleld winding do not appear in the power 
balance of Fig. 36-la because they are supplied by a d-c source of power. 
Fig. 36-lb shows the power balance of the synchronous motor. 


/^inp. shaft Pvox.f ^outp. to lines 

mV cos 

^F-Vw 
^ir. rot. 

Generator 

Fig. 36-la. Power balance of a syn¬ 
chronous generator. 


Pinp. stator Ppot./ Poutp. shaft 


Pf+w 

p. 

ir. rot. 

Motor 

Fig. 36-lb. Power balance of a 
synchronous motor. 


As in all other electric machines, the electromagnetic power (Prot.f) is 
equal to (see Eqs. 1-33 and 19-15) 

Proi, f =mEI cos 0 watts (36-1) 

The electromagnetic torque is 

(36-2) 

Phaser diagram Pig. 36-4, which refers to an unsaturated salient-pole 
generator, will be used in order to transform Eq. 36-1 for the electromagnetic 
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la power {la^Ta will bc neglected). The result 

obtained also holds with satisfactory ac- 
^ curacy for the saturated machine. The 
/electromagnetic power of the machine 
/ with a cylindrical rotor will appear as a 

^ r f V / special case of the machine with salient 

/ With lata neglected, the phasor diagram 

of Fig. 35-4 becomes as shown in Fig. 36-2. 
^ Furthermore, it follows from Figs. 36-la 

Fig. 36-2. Phasor diagram of an and 36-lb that for ra = 0 
unsaturated, salient-pole generator 

loaded with lagging current (r^ as- PjQ^ f = mVIa COS q) (36-3) 

sumed zero). 

It can be seen from Fig. 36-2 that 
la COS q)—Ii sin {ili-q>)+ cos (^ -^) = /^ sin S + /« cos 8 


V sin 8 = 7 , 2 ;,; 


F8in8 

^ Q — 

Xn 




I.=- 


Ef-V cos S 


Inserting the equations for cos 9 ?, 7^, and 7^ in Eq. 36-3 the equation for 
the electromagnetic power becomes 

r> VEf ^ ^ T72 2S ^^ 


r = m - ^sin h^mV^- 

Xa 


(36-4) 


In the cylindrical rotor machine x^—Xg since there are no interpolar spaces. 
Thus for the cylindrical rotor machine 

VW 

D _ ^ ^ f ^ /0£! KV 


J^rot.f = ^-sin 8 


(36-5) 


It has been mentioned that the angle 8 between V and Ef is the basic variable 
of the synchronous machine. It can be seen from Eqs. 36-4 and 36-5 that for 
constant field current, i.e., for constant Efy the electromagnetic power and 
torque (Eq. 36-2) of the synchronous machine depend solely upon the angle 8 . 

Fig. 36-3 is the torque-angle characteristic of the cylindrical rotor machine. 
The angle 8 is arbitrarily assumed positive for generator operation and 
negative for motor operation. The characteristic is a sinusoidal curve, and 
maximum torque occurs at 8 = ± 90°. 

Considering Eq. 36-4 for the salient-pole machine, it is seen that the 
saliency (x^ ^ Xg) appears in the second term which is a function of sin 28. 
Fig. 36-4 shows both terms of the torque of the salient-pole machine, each 
separately, as well as the total torque as a function of 8 . Maximum torque 
occurs at an angle smaller than 90° for both generator and motor. 
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Fig. 36-3. Torque angle characteristic of a cylindrical rotor machine. 



An examination of Eqs. 36-4 and 36-5 shows that, when the field current 
is zero {Ef = 0), the torque of the cylindrical rotor-machine is zero while that 
of the salient-pole machine is not zero but has a definite value. The latter 
machine is able to produce a torque without field excitation and this torque 
depends upon the difference between the reluctances in both axes 
Synchronous motors without field windings are used for certain applications 
as small units; they are called reluctance motors (see Art. 42-1). 

36-2. Synchronizing of synchronous generators. Synchronizing a syn¬ 
chronous generator means connecting the generator to an existing line which 
has a terminal voltage V in such a manner that no inrush of current takes 
place. 

As in the case of the d-c generator, several conditions must be fulfilled 
in order to avoid an inrush of current. 
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1. The terminal voltage of the incoming machine must be equal to the 
line voltage F. 

2. Both voltages must be in phase. 

3. The frequency of both voltages must be the same. 

The first condition means that the voltage of the incoming machine must be 
exactly equal to the line voltage. If the terminal voltage of the incoming 
machine is greater or less than the line voltage, a current surge results upon 
the connection of the new machine, which subsequently causes circulating 
current through the armature winding of the machine, the bus-bars, and the 
other generators feeding the line. 

The second condition, both voltages in phase, means that at the moment 
of connection the terminal voltage of the incoming machine and the line 
voltage must act in opposition to each other in the closed circuit consisting 
of the incoming machine, the bus-bars, and the other generators. If both 
voltages are not in phase at the moment of connection, the resulting voltage 
difference produces a surge of current which, in case of large phase displace¬ 
ments, can damage the machine windings. 

The in-phase condition between the line voltage and the voltage of the 
incoming machine and also the third condition of equal frequencies can be 



Fig. 36-5. Syn¬ 
chronizing a gen¬ 
erator by means 
of lamps. 


determined by means of lamps. Fig. 36-5 shows the arrange¬ 
ment of the lamps for an incoming single-phase machine. 
The double-pole switch S is bridged by two lamps L. If 
the voltages are equal and in phase, the lamps remain dark. 
However, if the voltages are equal but the line frequency 
and the frequency of the incoming machine are not the same, 
the lamps remain dark for only a short time, then brighten, 
and later become dark again. The flashing of the lamps oc¬ 
curs in a periodic sequence, and the frequency of fluctua¬ 
tion is an indication of the difference in frequency between 
the incoming machine and the line. The frequency of the 
incoming machine must be adjusted so that the flashing of 
the lamps takes place very slowly, and the switch S must 
be closed at the moment when the lamps are dark. For a 
3-phase machine, three lamps are connected to a 3-pole 
switch in the same manner as for the single-phase machine. 
Instruments called synchroscopes are available for an ac¬ 


curate indication of synchronism. (See end of Chap. 37 for Problems to this 


Chapter.) 



Chapter 37 


PARALLEL OPERATION OF 
SYNCHRONOUS GENERATORS 


37-1. Parallel operation of synchronous generators. Since qualitative 
rather than quantitative results are important in the consideration of 
machines operating in parallel, the cylindrical rotor machine, as the simpler 
of the two types, will be considered. Furthermore, it will be assumed that 
the saturation of the magnetic path is low and that the armature resistance 
is zero. Under these simplified conditions the phasor diagram of a generator 
with lagging current is shown in Fig. 37-1 (see also Fig. 32-1). 

It has been shown in the foregoing article that the angle S between the 
phasors V and Ef is a measure of the power developed by the machine. 
Consider a synchronous generator connected to a line with a constant voltage 
F, at no-load. Since 8=0 corresponds to the no-load condition, the phasors 
Ef and V in the phasor diagram of Fig. 37-1 must coincide. It will be as¬ 
sumed that the field current is adjusted in such a manner that Ef^V, The 
phasor diagram which corresponds to the no-load condition with Ef=^V is 
shown in Fig. 37-2. Also according to Kirchhoff’s mesh law, Eq. 32-2, the 
armature current must be zero because Ef=V. Now let the regulator of 
the prime mover (for example, a turbine) be infiuenced in such a manner 
that the prime mover receives added input (more steam) and seeks to drive 
the generator at an increased speed. Since the rpm of the synchronous 



Fig. 37-1. Simpli¬ 
fied phasor diagram 
of a cylindrical rotor 
generator loaded 
with lagging current. 


Fig. 37-2. 
Phasor diagram 
for no-load and 
Ef = V. 


Fig. 37-3. Phasor diagram 
showing relative position of Ef 
and V of Fig. 37-2 after the 
input to the prime mover has 
been increased. 
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machine is fixed by its number of poles and the line frequency (see Eq. 1-9), 
the increased input will result in an advance of the pole structure, i.e., con¬ 
sidering the phasor diagram of Fig. 37-2, the phasor Ef will be moved ahead 
of the line voltage F to a new angle h (Fig. 37-3) which corresponds to the 
power input. Since Ef 9 ^= F, a current /„ will flow in the armature winding of a 
magnitude determined by Eq. 32-2, i.e., (Ef-V)=jIaXd- It follows from 
Fig. 37-3 that the phase displacement between the current and the 
terminal voltage F is relatively small. This leads to the important statement 
that the forward advance of the phasor Ef (of the pole structure) forces the 
generator to deliver a current /<, to the line which is nearly in phase with F, 
and which therefore yields an active power output. (S exaggerated in Fig. 
37-3.) 

Thus, if the output of a synchronous generator which is operating in 
parallel with other generators is to be increased, its prime mover must be 
momentarily accelerated by supplying it with more power (for example, more 
steam) and, vice versa, if the output is to be reduced, the prime mover must 
be decelerated by reducing its input. This is entirely different from the 
operations necessary to change the load of a d-c generator or an induction 
generator: a change of the field current is necessary in order to change the 
load of a d-c generator, and a change of the speed (of the slip) of the rotor is 
necessary to change the load of an induction generator (see Art. 20-2). 

Consider again Fig. 37-2 which represents the phasor diagram of a gener¬ 
ator at no-load with its field current adjusted in such a manner that Ef = F. 
No change will be made in the power input of the prime mover so that the 
angle S will remain equal to zero. However, a change will be made in the 
field current, i.e., in Ef. First let the field current be increased so that 
Ef>V, as shown in Fig. 37-4a. According to Kirchhoff’s mesh law, Eq. 32-2, 
jla^d must then be in phase with F, i.e., the generator current /„ must lag F 
by 90°. Thus an increase of field current forces the generator to carry a lag¬ 
ging reactive current. If the field current is decreased so that Ef becomes 
smaller than F, as shown in Fig. 37-4b, is opposite to F and the gener¬ 
ator is forced to carry a leading reactive current. 

The character of the armature current for an increase or decrease of the 
field current, obtained from the phasor diagrams of Figs. 37-4a and 37-4b, 
can also be derived from the rules of armature reaction (see Art. 32-1). If 
a generator or motor is connected to a line with a constant voltage F, the 
flux of the machine and therefore its field current are fixed by the load and 
the voltage F. If the field current is increased at no-load (as considered in 
Fig. 37-4) above this fixed value, a generator will react by delivering a 
lagging current to the line, because in a generator a lagging current opposes 
the field mmf. If, on the other hand, the field current is decreased below this 
fixed value, a generator will react by delivering a leading current to the 
line, because in a generator a leading current supports the field mmf. 

The same consideration applies to any load. If the field current of a 
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generator operating in parallel with other generators at a fixed terminal 
voltage is increased, the reactive current of the generator will be increased 
and, vice versa, if the field current is decreased, the reactive current will be 
decreased. The generator may be even forced to carry a leading current, if the 
reduction of the field current exceeds a certain value. This will be explained 
below by an example. 

It follows from these considerations that a variation of the field current, at 
fixed load and voltage, will force the generator to vary its reactive current. 

Care must be taken that generators operating in parallel are loaded in 
proportion to their ratings. This applies to the active as well as to the reactive 
current of each generator, i.e., not only the armature current but also the 
field current must be properly determined and fixed. 


Ef, 

rr 


V , 

Fr 



EfA 



h 


(a) 

(h) 


la^d 

i. 


Fig. 37-4. Influence of change in 
field current (excitation) on be¬ 
havior of a synchronous genera¬ 
tor. 



Fig. 37-5. Circulating current between two 
generators in parallel. 


Example 37-1. An arrangement consisting of two identical generators and an 
inductive load (Fig. 37-5) will be considered. If the field currents of both machines 
are equal and if the load is equally divided between them, then their vector dia¬ 
grams will be identical: /i==/ 2 , 81=82 37-6a). The 

excitation of machine 1 now will be increased and the excitation of machine 2 
decreased in such a manner that the terminal voltage remains unchanged; also, the 
total power output is to be the same and is to be equally divided between both 
machines. The condition of voltage balance then demands that machine 1 which 
now is overexcited shall deliver a larger lagging current, and that machine 2 which 
is underexcited deliver a smaller lagging current. Fig. 37-6a shows the phasor 
diagram of both machines for this condition of operation. The armature current of 
each of the two machines, prior to the change of their field currents, was OB with 
the active component equal to OA and the reactive component equal to A B. The 
load current is equal to OD. The emf's induced by the field currents were 
After the change of the field currents without changing the power (active current) 
of each of the machines, the armature current of machine 1 becomes equal to OP 
and that of machine 2 equal to OQ. The emf’s induced by the field currents become 
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Ef^ and Ef^. The angles between the terminal voltage V and the emf’s 
were Sj = Sg before the change of the field currents. After the change they become 
8i' and Sg ? the angle 8 becomes smaller (8i') for machine 1 and larger (82') for 
machine 2. This is in accordance with the requirement that the active power of 
each machine remains constant (see Eq. 36-5). 

Now it will be assumed that, under the same conditions as before (constant 
terminal voltage and constant active power of each machine), the field current of 
machine 1 is changed to such an amount that its armature current becomes equal 
to OP (Fig. 37-6b), i.e., the reactive current supplied by machine 1 (AP) is larger 
than the reactive current required by the load (FD). In order that the terminal 
voltage remain constant, machine 2 must be underexcited to such a degree that it 
carries leading current (current AQ). Since the load is inductive, the leading current 
of machine 2 does not appear in the external circuit (load circuit). It fiows as an 
internal or circulating current in the armature windings of both machines and in the 
connecting bus-bars only. Fig. 37-5 shows the direction of the circulating current 
in both machines at a given instant of time. It is the same in both machines but 
oppositely directed. 

Example 37-2. Consider again two identical machines, connected to a unity 
power-factor load,* and initially adjusted to deliver equal currents /i=/2 
37-7) at terminal voltage V and at 81=82. The synchronous impedance drop in 
each is shown as A jB (resistance neglected). Assume now that the terminal voltages 
and load power are to remain constant, and that the input power to machine 1 





Fig. 37-7. Influence of the change in 
power input on two generators in parallel. 
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is reduced, without changing its excitation. As a result, the angle Sj is reduced to 
Sj', and the impedance drop becomes AC as shown in Fig. 37-7. The armature 
current in machine 1 therefore becomes /j'. Note that ABjAC^IJIi, and that a 
lagging current now appears in machine 1. Since the load voltage V and current I ^ 
are assumed constant, changes must occur in 2, to offset the changes in 1. The 
current in 2 now must become greater, and equal to =^OD such that the vector 
sum // +I 2 ~IL- The impedance drop in 2 shown as AF, drawn perpendicular to 
/g', therefore is increased in the ratio AFjAB =^I 2 ^ 2 ^ thus requiring the voltage 
Ef 2 and the new angle Sg' shown in Fig. 37-7. Note that more power must be 
applied to 2, and also that its field current must be increased to accomplish these 
changes. A circulating current GH also is now present, which increases the total 
copper loss. The conclusion can be drawn that identical machines should deliver 
equal currents and operate at power factors the same as that of the common load. 

Circulating currents are undesirable currents because they produce larger I^R 
losses within the machines than are necessary for a given load. Such currents are 
recognized by the difference in the power factors of the machines operating in 
parallel. If the machines are identical and the power is equally divided, circulating 
currents can be recognized by the difference in the armature currents (also by the 
difference in the field currents). 


PROBLEMS 

(Consider all machines unsaturated. Unit current = rated current for generators 
and =/hp for motors.) 

1. A 1500-HP, 660()-volt, 3-phase, 60-cycle, 6-pole cylindrical-rotor synchronous 
motor has a rated armature current of 136 amp, and an armature reactance =0.95 
p-u. Neglecting the resistance and assuming the input power to remain constant at 
1000 kw, determine the angle 8 for values of = 1.15, 1.20, 1.25, 1.30 (p-u) volts 
respectively. Determine the power Prot.f in each case. 

2. For each value of Ef and the angle 8, determined in Problem 1, calculate (a) 
the line current, (b) power factor of the motor. Determine the value of Ef and 8 to 
produce a motor power factor of unity. 

3. Since is neglected, the limiting value of 8 is 90'’. For an input of 1000 kw, 
determine the value of Ef when 8 =90°. 

4. Repeat Problem 1 for inputs of 1200 kw and for 500 kw. 

5. Repeat Problem 2 for inputs of 1200 kw and for 500 kw. 

6. If the motor of Problem 1 is constructed with a salient-pole rotor having an 
armature resistance of 0.01 p-u, a;<j=0.90 p-u, and a:^ = 0.65 p-u, determine the 
power Prot.f for the same 8 angles calculated using the corresponding values of Ef, 
Compare your results with Problem 1. Neglect resistance. 

7. Two identical synchronous generators operate in parallel delivering power to 
a 40,000-kw load at 0.866 power factor lagging and rated terminal voltage. The 
machines are Y-connected and each is rated 30,000 kva, 13.2 kv and has =0.775 
in p-u. They are adjusted so that each is delivering its proper share of the load, and 
each operates at the same power factor. Determine for each machine (a) kva; 
(b) kw; (c) kvars; (d) the voltage Ef (per phase); (e) the angle 8; (f) the angle 0, 
neglecting A combined graphical and analytical solution is suggested for these 
problems on parallel operation. 
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8. The excitation of one machine of Problem 7 is increased so that Ef = 14,000 
volts per phase, while the terminal voltage, the total load, and the power of each 
machine remain constant. Determine (a) the power factor of each machine; (b) the 
current of each machine; (c) the voltage Ef of the second machine; (d) the angle 8 
for each machine; (e) the angle 0 for each machine; (f) the kva of each machine; 
(g) the kvars of each machine. 

9. Two synchronous generators are rated as follows: machine 1, 30,000 kva, 
13.2 kv, Xj=0.775 per-unit; machine 2, 12,250 kva, 13.2 kv, X(, = 1.0 per-unit. 
They both are Y-connected and operate in parallel to deliver a total load of 36,000 
kw at 0.866 power factor delivering current in proportion to their rating. Determine 
for each machine (a) the kw; (b) the kva; (c) the kvars; (d) the current; (e) the 
power factor; (f) the voltage Ef\ (g) the angle 8. 




Chapter 38 


CIRCLE DIAGRAMS OF THE SYNCHRONOUS 
MACHINE • V-CURVES • SYNCHRONOUS CONDEN¬ 
SER • STARTING A SYNCHRONOUS MOTOR 


As in the case of the induction motor the geometric locus of the stator 
current of the synchronous machine is a circle when the parameters (r^, Xi, 
and the main flux reactance) are constant quantities. Otherwise the geo¬ 
metric locus becomes a curve of higher order than the second order. Only the 
simplest case with constant parameters, namely, the unsaturated machine 
with constant reluctance around the stator bore, i.e., with a cylindrical rotor, 
will be considered. 

38-1. Circle diagrams for constant developed torque and variable 
field current. Considering the synchronous motor, the power input per 
phase is (Fig. 36-lb) 

-Pinp.stator = VIa COS (f watts per phase (38-1) 

and the electromagnetic power (the power of the rotating field), Prot.f» 
which is proportional to the developed torque of the machine, 

via COS q) -la^ra watts per phase (38-2) 

Consider Fig. 38-1. Let OL be the current /„ which corresponds to a fixed 
torque at a fixed field current. Then with a point on the axis of ordinates 
chosen so that 


OMt = 


V 

^Ta 


(38-3) 


la^ sin^ q — - (OAf- 1^ cos (pY 


or 


Via COS9-/a*ro = 


Z! 

4ra 


— Rip^r a 


(38-4) 


The left side of this equation is the power of the rotating field, Prot.f (see 
Eq. 38-2). In order that this power, i.e., the torque, remain constant and 
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independent of the value of the field current, 
the quantity on the right side of Eq. 38-4 must 
also be a constant, i.e., 


Z1 


- -Rt Va = constant = Pjot.f (38-5) 



Since V and Va are constant quantities, the 
quantity must also be a constant, if PfOt.f y 
i.e., the torque, is to remain constant. 

Since point L in Fig. 38-1 changes its posi¬ 
tion with the value of the field current, it follows 
that the geometric locus of the stator current 
for constant torque and variable field current is 
a circle with as the radius and as the center 
point, whereby OMt = V /2ra. To each value of 
the constant torque there corresponds another 
value of Rt, but' the center point is always the same for all constant- 
torque circles. 

Solving Eq. 38-5 for the radius R^ at constant torque (constant Prot.f) 


Fig. 38-1. Determination of 
the circle diagram for constant 
torque and variable field cur¬ 
rent. 


Rn 


I 


-^rot. f (constant) 


(38-6) 


This equation determines the radius of the circle, with Mt as a center point, 
which corresponds to the chosen constant value of torque (Prot.f)* 

The radius Rt which corresponds to zero torque is 

Rto^^ (38-7) 


Since 03/j»= F/2ra, the zero-torque circle goes through the origin of the 
coordinates O. Fig. 38-2 shows several circles for different values of constant 
torque. The larger the torque, the smaller the radius (see Eq. 38-6). The 
influence of the variation of the field current shows up in the change of the 
active as well as of the reactive components of at the same value of torque. 
The change in the active component is due to the change of the copper losses 
/oVfl. If these losses are assumed to be zero (ro = 0), then according to Eq. 
38-2) 

P rot.f = Via COS (p (38-8) 

In order that the torque (Prot.f) remain constant, the power input Via cos p 
must remain constant, i.e., the geometric locus of the primary current 
for constant torque at variable field current (r^, = 0) becomes a straight line 
as shown in Fig. 38-3. As to be expected from the rules of armature reaction 
(see Art. 32-1) the armature current becomes leading when the motor is 
overexcited, and lagging when the motor is underexcited. 
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Fig. 38-2. Circle diagrams for con¬ 
stant torque and variable field cur¬ 
rent (r„ abnormally large). 



Fig. 38—3. Locus of stator current for 
constant torque and variable field 
current = 0, cos (p = constant, 
T = constant). 


38-2. Circle diagrams for variable torque and constant field current. 

The phasor diagram Fig. 38-4 refers to a motor operating with a lagging 

current (see Fig. 32-2) ;* the voltage phasor 
V is placed in the vertical. The geometric 
sum of the voltage drops laTa and jlapCd 
designated as This latter phasor is 
degrees ahead of the current phasor /„ where 

(38-9) 

fa 

If the torque is varied at constant field cur¬ 
rent, the magnitude of the phasors V and Ef 
will not be changed, but the torque angle 8 
(see Art. 36-1) will increase with increasing 
torque and decrease with decreasing torque. 
Therefore the phasor laZd changes with 
changing angle 8, and with it the armature 
current also changes. 

It can be seen from Fig. 38-4 that, when 
8 varies, the end-point of Ef describes a circle 

* The phapsor diagram of Fig. 38-4 refers to a motor, since V is ahead of Ef, However, 
Ef is shown with a plus sign and not with a minus sign (see Fig. 32-2). This is done*in 
order that a single phasor diagram may be used for both generator and motor operation, 
in which the phasor V is common to both types of operation. Since F is a generated 
voltage in the case of a generator and an impressed voltage in the case of a motor, the 
phasors representing F are opposite in sign. Therefore, when F is represented by a 
single phasor for both motor and generator, the sign oi - Ef must be reversed for motor 
action. 



Fig. 38-4. Circle diagram of im¬ 
pedance drop for constant 
field current (see footnote on 
p. 312). 
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with the origin 0 as a center point. Since the end-point C of the terminal 
voltage phasor V is fixed, the end-point A of the phasor I^Za which coincides 
with the end-point of Ef also moves on a circle. The minimum value of 
la^d is 

-^a^ddnin) — Ef (38—10) 

and the maximum value of I^Zd is 

-^a^ddnax) = V (38-11) 

The minimum and maximum values of laZ^ lie in the vertical, coinciding with 
the direction of the voltage phasor V. 



Fig. 38-5. Circle diagram for variable torque and constant field current. 

If the end-point of the phasor moves on a circle, the same must be 
true of the end-point of the phasor because is a constant. The phasor 
laZd is ifja degrees ahead of the phasor Therefore, the minimum and 
maximum values of /„ must lie ifta degrees behind the line on which the 
minimum and maximum values of laZ^ lie, i.e., degrees behind the ter¬ 
minal voltage V. Thus, if a line OG is drawn which lies degrees behind the 
voltage V (see Fig. 38-5), /adnin) s-nd /a(max) fhls line. The values of 

^a(min) ^a(max) ^^e determined by Eqs. 38-10 and 38-11 as 

/ rog-m 

^o(inin)— > '*o(max)— _ ^oo—IZ; 
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If, in Fig. 38-5, OPi—Ia(mm and 0 P 2 =-^a(max)» then PjPg is equal to the 
diameter of the circle on which the end-point of /<, moves, and the center 
point M of the circle lies midway between the points Pj and P 2 . Thus the 
diameter of the circle is equal to 


D-I -I - — 

^ ^ oK max) ^ a{ min) — 


and the distance from center M to the origin 0 is 

nM-T 

OM — Iqj(^ max) 9 ~ y 
- 


(38-13) 


(38-14) 


i.e., the diameter of the circle depends upon the magnitude of Ef and there¬ 
fore upon the field current, while the position of the center of the circle 
depends upon the magnitude of the terminal voltage F. The diameter of the 
circle changes with the field current, but the center is the same for all 
circles. The diameter of the circle increases with increasing field current. 
When the field current is zero, the circle degenerates into a point, namely, the 
center M for which the torque is zero. Circle diagrams for variable developed 
torque for three different values of field current are shown in Fig. 38-7 

(»-a = 0). 

In order to determine the Torqtie-Line in Fig. 38-5, two points must be 
found on the circle for which the torque is zero (see Art. 21-3). In Fig. 38-2,, 
which represents circle diagrams for constant developed torque and variable 
field current, the zero-torque points lie on the circle T = 0 . This circle com¬ 
prises all possible values of field current and therefore includes the field 
current for which the circle of Fig. 38-5 is drawn. Thus, if in Fig. 38-5 a 
circle is drawn with the radius R^q— F/ 2 ro (Eq. 38-7) from a center Mt on 
the axis of ordinates and through the origin 0, this circle will intersect the 
circle of variable torque in two points (A and B Fig. 38-5) for which the 
torque is zero; the line connecting these two points is the Torque-Line. The 
machine operates as a motor on the arc AB above the Torque-Line and as a 
generator on the arc AB below the Torque-Line. Since zero torque corre¬ 
sponds to the center M, this point must also lie on the T — 0 circle. 

The distance from a point on the circle to the axis of abscissae is propor¬ 
tional to the power input (see Art. 21-3), and the distance from a point on 
the circle to the Torque-Line is proportional to the developed torque of the 
machine and also to the developed mechanical power of the machine (-Prot.f) 
which includes the windage, friction, and iron losses. 

Starting with the point A (Fig. 38-5), the torque rises and reaches its 
maximum value (pull-out torque) TT^ at point T. Beyond the point T the 
power input and the armature current increase, but the developed mechani¬ 
cal power and the torque decrease, because the copper losses increase at a 
greater rate than the power input. If the load torque plus the loss torque is 
greater than TT^, the motor pulls out of step and comes to rest. 
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At point Q, which lies diametrically opposite T, the developed mechanical 
power of the machine as a generator reaches its maximum value TiQ. If the 
power output from the prime mover is greater than T^Q plus the losses, the 
prime mover runs away with the generator. The line TQ represents the stability 
limits of the machine as both a motor and a generator. 

If the armature resistance is neglected {Va = 0) in Pig. 38~5, then iff a = 90°, 
and the points Pi and Pg fhe axis of abscissae (Fig. 38-6). Therefore 

the center M of all circle diagrams 
for variable torque and constant field 
current lies on the axis of abscissa. 

Since, for = 0, the radius of the T = 0 
circle (Pyo? 38-5, Eq. 38-7) be¬ 
comes infinite, the geometric locus for 
T = 0 becomes a straight line coinciding 
with the axis of abscissae. Thus, for 

= 0, the Torque-Line as well as the 
power input line coincide with the axis 
of abscissae (Fig. 38-6). 

A comparison between Figs. 38-5 and 
38-6, which represent the geometric 
locus of the stator current of the synchronous machine for variable torque, 
and Figs. 21-3 and 21-5, which represent the geometric locus of the primary 
current of the stator of the induction machine for variable torque, shows the 
similarity of both current diagrams. In both cases the position of the center 
of the circle diagram depends upon the magnitude of the resistance of the 
stator winding. In both cases the center of the circle lies on the axis of 
abscissae and the Torque-Line coincides with the axis of abscissae if the 
resistance of the stator winding is neglected. However, there are differences 
between the two types of machines. The diameter of the circle of the induc¬ 
tion machine is determined by the parameters (r and z) of its stator and 
rotor winding and by the line voltage and does not vary when the line 
voltage is fixed. On the other hand, the diameter of the circle of the syn¬ 
chronous machine depends only upon the parameters of its stator winding 
and not upon the parameters of its rotor windings. This is due to the fact 
that at synchronous speed no emf’s are induced in the rotor windings. 
Furthermore, the diameter of the current circle of the synchronous machine 
can be varied, at fixed line voltage, by varying the field current, i.e., Ef, 

38-3. Influence of field current on overload capacity and power factor. 
V-curves of the synchronous motor. Synchronous capacitor. Fig. 38-7 
shows several circle diagrams for variable torque and constant field current 
with the armature resistance neglected. The larger diameter corresponds to 
the larger field current. Two statements with respect to the behavior of the 
synchronous motor can be made on the basis of Fig. 38-7. First, an increase 



Fig. 38-6. Circle diagram for variable 
torque and constant field current (r^ =0). 
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Fig. 38-7. Influence of excitation on over¬ 
load capacity and power factor (r^=0). 


of the field current increases the pull-out torque, i.e., the ratio of pull-out 
torque to load torque (the overload capacity) increases with increasing field 
current. (Note that when the armature resistance is not neglected there is a 
limit to the overload capacity, which does not follow from Fig. 38-7). 
Second, at a fixed load the power factor of the motor can be changed over a 
wide range by changing the field current. At a certain value of field current 
the power factor is unity; decreasing the field current below this value makes 
the power factor lagging, while an increase makes it leading. Since the field 
current influences the overload capacity, certain limits are set for the power 
factor. The field current of the synchronous motor is usually adjusted in 
such a manner that the motor operates at rated load either with cos 9 ? = 1 or 
with a leading power factor. 

Consider Fig. 38-5. For a given motor the location of the center M is fixed 
by the angle i.e., by the parameters of the armature winding and by the 
terminal voltage, since OM — VIz^. The current which corresponds to an 
arbitrary point L on the circle is 1^—OL. Then the distance LM must be 
equal to Efjz^. This can be seen by comparing Fig. 38-5 with Fig. 38-4. In 
the latter figure OC — F, CA and AO=Ef. Dividing the sides of the 

triangle OCA by z^ a triangle with the sides Vjz^, la, and Efjz^ results. Since, 
in Fig. 38-5, MO^Vjza and OL—Ia, the third side of the triangle MOL, 
namely LM, must be Efjz^. It follows.from this that when a point of the 
plane, for example point U in Fig. 38-2, is connected with the origin 0 and 
the center M, which is fixed for a given motor, the distance OU represents a 
current la and the distance UM the quantity Efjz^, both for the same field 
current; this is true because any point of the plane can be considered as 
belonging to a circle diagram for variable torque and constant field current. 
It should be noted (as previously stated in Art. 38-2) that the point M lies 
on the r = 0 circle and corresponds to Ef — 0, In cylindrical rotor machines 
the torque developed is zero when Ef = Q (see Eq. 36-5). 
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Fio, 38—8. 


F-curves of a synchronous 
motor. 


If the center M in Fig. 38-5 is fixed 
for a given motor, then the points on a 
constant-torque circle (Fig. 38-2) yield 
currents (OL\ OL" ...), and the 
distances from the center M to these 
points on the circle yield the corre¬ 
sponding emf’s {E/ = UM E/'=: 

U'M X Za) and so forth. In this way 
the correlation between the armature 
currents and the emf’s Ef corre¬ 
sponding to the currents la can be 
found for any constant-torque circle. 

Fig. 38-8 shows Ia=f(Ef) for three 
different constant values of T. These 
curves have the shape of a F and are 
called the V-curves of the synchronous 
motor. 

Each constant torque circle (Fig. 38-2) has a minimum current at which the 
constant torque is produced: this is the lower intersection point of the circle 
with the axis of ordinates. The minimum currents for the different constant 
torque circles are connected in Fig. 38-8 by a dotted line: this minimum- 
current line is also the unity power factor line as can be seen from Fig. 38-2. 

It has been explained previously that the magnitude of the pull-out torque 
depends upon the field current. For any constant torque T (Fig. 38-8) there 
is a field current at which this constant torque becomes equal to the pull-out 
torque: at this specific field current the stability limit is reached. The field 
currents (emf’s Ef) which determine the stability limits are also indicated in 
Fig. 38-8. At large values of torque T the stability limit approaches the 
unity power factor field current. A relatively small underexcitation in this 
case may cause the motor to fall out of step. It follows that the synchronous 
motor must be overexcited in the region of maximum output. 

If a synchronous motor is overexcited, it is forced to draw a leading current 
from the line (see Art. 32-1 and Fig. 38-7). The synchronous motor then 
performs the function of a static capacitor, i.e., it compensates for the lagging 
reactive currents necessary to sustain the fluxes in induction motors and 
transformers and thus reduces the amount of lagging current to be supplied 
by the generators; as a result the generators can be made smaller, since they 
do not have to supply the total amount of lagging current demanded by the 
load. Overexcited synchronous motors operating at no-load are called syn¬ 
chronous capacitors and are used to compensate for lagging reactive currents 
in large transmission lines. They are built only in large units. Characteristics 
of unity and 0.8-power factor synchronous motors are shown in Fig. 49-17. 
Examples for the use of a synchronous motor to improve the over-all power 
factor of a plant are given in Art. 49-7. 
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38-4. Starting of a synchronous motor. It was pointed out in the treat¬ 
ment of the induction motor (see Art. 17-1) that a uniform torque can be 
developed only when the mmf waves of both stator and rotor are stationary 
with respect to each other. This condition is satisfied for the synchronous 
motor when it runs at synchronous speed; only at this speed the stator mmf 
and the rotor mmf have the same speed ns = l20flp. 

Consider the synchronous motor at standstill. If, in order to start the 
motor, the stator is connected to the line, the stator mmf achieves synchron¬ 
ous speed immediately, while the rotor mmf is still at standstill. Therefore 
no starting torque is developed, and the motor will not come up to speed. 
The conditions are entirely different for the induction motor, because the 
rotor of this motor is not connected to a source of power but establishes its 
currents by induction from the stator. As has been explained (in Art. 17-2) 
the mmf waves of stator and rotor in this case are at standstill with respect 
to one another at any rotor speed, including standstill; therefore, the induc¬ 
tion motor is capable of developing a starting torque. 

In order to make it possible for a synchronous motor to start, it is supplied 
with a squirrel cage similar to that of the induction motor. For reasons which 
will become clear later (see Art. 40-4), the squirrel-cage winding is called the 
damper winding. The damper bars are placed in slots punched in the pole 
shoes (see Figs. 30-6 and 30-8); they are connected on both sides of the pole 
shoes by segments which are joined together to make a ring connection on 
each side of the poles. The cage is not complete, since there are no bars in the 
interpolar spaces. 

Just as in the squirrel-cage induction motor, the synchronous motor takes 
a relative large starting current from the lines. However, since the damper 
winding is to be used only for starting, and not for running as in the case of 
the induction motor, its resistance and leakage reactance can be freely 
adjusted to suit the required starting torque and starting current. 

The rotating flux cannot induce an emf in the field winding at synchronous 
speed, because at this speed the flux is stationary with respect to the poles. 
However, it is quite different during the starting period when the speed of 
the field structure is less than that of the rotating flux; in this case a high 
emf is induced in the field winding which has a large number of turns, and 
this induced emf may lead to a breakdown of the insulation, if the field 
winding is left open during starting. In order to protect the field winding it is 
closed through a resistor during the starting period. This resistor is removed 
from the field circuit, and the d-c excitation is applied when the rotor reaches 
its maximum induction motor speed; the motor then falls into synchronism, 
and runs as a synchronous motor. At synchronous speed the damper winding 
is ineffective. 

The resistance inserted in the field circuit during starting is about 5 to 15 
times the resistance of the field winding. Besides protecting this winding it 
also improves the starting performance of the motor at low slips. Typical 
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torque-speed and current characteristics of synchronous motors during 
starting are shown in Fig. 49-13. 

When it is necessary to reduce the starting current of a synchrbnous 
motor, the same means can be employed as for the induction motor: part¬ 
winding starting, an autotransformer, or a reactor in series with the stator 
winding, is quite effective (see Art. 23-1). 

PROBLEMS 

(Consider all machines unsaturated. Unit current = /hp.) 

1 . A 700-HP, 6-pole, 3-phase, 60-cycle, 4000-volt (star-connected) synchronous 
motor has the following data at full-load: 

Efficiency =93% 

Field current = 25.0 amp 

Total iron loss = 5.6 kw 

Friction and windage loss = 3.2 kw 
Stray load loss = 2.0 kw 

Further: 

0.012 p-u 
a:i=0.10 p-u 
aj^d^l.OS p-u 

The air-gap line is determined by: 

If = 13.5 amp E = 3080 volts (line-line) 

It can be assumed that the rotational iron losses are equal to 2.5 kw. Construct the 
circle diagram for rated field current and determine the stator current, power 
factor, and the ratio of pull-out torque to rated torque (developed values). 

2. Construct, for the motor of Problem 1, several circle diagrams for constant 
developed torque and draw the V-curves of the motor. 

3. Repeat Problem 1 for ^^==0. 

4. Repeat Problem 2 for r^ = 0. 

5. A 250-HP, 26-pole, 3-phase, 60-cycle, 2200-volt (star-connected) synchronous 
motor has the following data at full-load: 

Efficiency =91% 

Field current =36 amp 

Total iron loss = 5.0 kw 

Friction and windage loss = 0.7 kw 
Stray load loss = 0.9 kw 

Further: 

»'o=0.014 p-u 
a;{=0.14 p-u 
a^ad=0.74 p-u 

The air-gap line is determined by: 

If = 23.5 amp E = 2100 volts 

It can be assumed that the rotational iron losses are equal to 2.5 kw. 
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Construct the circle diagram for rated field current and determine the stator 
current, power factor, and ratio of pull-out to rated torque (developed values). 

6. Construct, for the motor of Problem 5, several circle diagrams for constant 
developed torque and draw the V-curves of the motor. 

7. ^peat Problem 5 for =0. 

8. Repeat Problem 6 for r,,=0. 

9. Repeat Problem 1 for If = 17 and 35 amp and draw the curve 

dev. rated 

10. Repeat Problem 5 for 1=25 and 43 amp and draw the curve 

-* dev. rated 




Chapter 39 


EFFECT OF THE EMF HARMONICS 


39-1. Resultant emf. It has been mentioned in Art. 14-3 that the flux dis¬ 
tribution curve of the salient pole synchronous machine is not sinusoidal. 
When resolved into a Fourier series, it consists of a fundamental and har¬ 
monics (Fig. 14-4). It was shown there that the emf induced in the armature 
by the fundamental wave is (Eq. 14-9). 

Ei = 4A4f^Nkapi^ x 10"® volt (39-1) 

The subscript 1 indicates the fundamental (first harmonic). Accordingly, the 
magnitude of the nth harmonic emf is 

E^4A4f^Nka^„(l^^ X 10"® volt (39-2) 

fn = because the number of poles of the nth harmonic is n times that of 
the fundamental (Fig. 14-4) and the frequency of the induced emf is pro¬ 
portional to the number of poles (Eq. 1-9). kan and kp^ are given by Eqs. 
24-11 and 24-12 with the order n introduced for the order v. 

is much smaller than Oj for two reasons: ( 1 ) the amplitudes of the 
harmonics are much smaller than the amplitude of the fundamental; ( 2 ) 
the pole pitch of the nth harmonic is only 1 /nth part of the pole pitch of the 
fundamental. 

In order to determine the effective value of the resultant emf, it is neces¬ 
sary to evaluate the square root of the average value of the instantaneous 
values squared taken over a period of the fundamental. 

(39-3) 

This results in the equation: 

E = JE^^aE^^ + E^Z . (39-3a) 

The effective value of the resultant emf therefore is equal to the square 
root of the sum of the squares of the effective values of the individual emfs. 

Consider as an example a case in which the 3rd and 5th harmonics are 
much larger than commonly found in machines: 

i7j = l JS73 = 0.1 ^5=0.1. 
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The resultant effective value is: 

= + 0.01 + 0.01 = 1 . 01 . 

The harmonics have a negligible influence on the effective emf of the machine 
and it is permissible to consider only the fundamental of the flux distribution 
curve: 

E = 4:.UfNkaj,i <E>i (39-4) 

Since it is tedious to determine the value of Oj, it is customary to use the 
total flux O in calculations; normally O differs only slightly from so that 

E = 4A4fNkaj,i O 10~® volts (39-5) 

or 

E = 4f^Nkapi ^ 19"® volts (39-6) 

in which, in order to increase the accuracy, the form factor of the field 
distribution curve is introduced in place of the form factor of the funda¬ 
mental 1.11 . /b is somewhat smaller than 1.11 and is usually known either 
from plotted or from experimentally determined field distribution curves. 

39-2. Effect of the 3rd harmonic. Under some circumstances the 3rd 
harmonic can lead to difficulties in 3-phase machines. The emf’s induced by 
the fundamental in the three phases of a 3-phase system are 

6 j = n/2 El sin (jjt, 

^ V2 El sin {cot - 120°), (39-7) 

e, = -J2 El sin {<ot - 240°). 

The beginnings of phases 2 and 3 are displaced 120 and 240 electrical degrees 
respectively from the beginning of phase 1. For the third harmonic these 
displacement angles are 3 x 120° and 3 x 240° since the pole pitch for the 
3rd harmonic is ^ of the pole pitch of the fundamental. Consequently, for 
the 3rd harmonic, 

gj = n/2 J ?3 sin 3a>^ 

^2 — n/2 E^ sin {3o)t - 360°) := n/2 Eq sin 3a>^, (39-8) 

^3 = J2 E^ sin (3wt - 720°) = J2 E^ sin Scjt. 

While the voltages induced in the 3 phases by the fundamental constitute a 
symmetrical 3-phase system, the voltages induced in these phases by the 
3rd harmonic are all in-phase and therefore do not constitute a 3-phase 
system of voltages. With respect to the three winding groups these emf’s of 
triple frequency are such that at each instant they are directed from the 

beginnings of all 3 phases to their ends or from the ends of all 3 phases to 

their beginnings. 
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The triple frequency emf’s will not appear at the terminals of a 3-phase 
star-connected machine since they cancel one another in each 2 phases. This 
is entirely different for the delta-connected machine where the end of one 
phase is connected to the beginning of the next phase. Here the triple 
frequency emf’s add up algebraically in the 3 phases, and the resultant emf 
is 3 times the emf of 1 phase. This produces a circulating current which flows 
through the series-connected phases. The circulating current is nearly inde¬ 
pendent of the load and under certain conditions can produce a considerable 
additional heating loss. For this reason the delta connection is avoided and 
the star connection of the winding groups is employed wherever possible. 

39-3. Time and space harmonics. In the foregoing, the flux distribu¬ 
tion curve produced by the field poles of a synchronous machine was con¬ 
sidered with its fundamental wave as well as the harmonics. The latter have 
a fixed position with respect to the fundamental and travel with the same 
speed as the fundamental. Therefore, they induce harmonic emf’s in the 
armature winding, the frequency of which is n times the frequency of the 
filndamental wave 

sin nojt. 

Harmonics of the emf curve or current curve are time harmonics in contrast 
to the harmonics of the mmf curve, considered in Art. 24-1, which are space 
harmonics. These latter harmonics are due to the arrangement of the winding 
and are produced by any single-phase or polyphase winding, even when the 
current which flows in the ac-winding is sinusoidal. 

It has been stated in the foregoing that the harmonics of the flux distribu¬ 
tion curve of the synchronous machine are fixed with respect to the funda¬ 
mental, and travel with the same speed as the fundamental. It has been 
shown in Art. 24-1 that the space harmonics produced by a polyphase 
winding have no fixed position with respect to the fundamental wave and 
that they travel with different speeds, some in the same direction as the 
fundamental, some opposite to the fundamental. 

Example 39-4. The flux distribution curve of a synchronous machine is repre¬ 
sented at no-load by 

= 100 sin - 77 - 14 sin 3 - TT - 20 sin 5 “ TT + 1 sin 7 - TT. 

T T T T 

Determine the emfs induced at no-load by the harmonics (as fractions of the 
fundamental). 

D 

Let <I>i = 100. Then, since ^ =0.14 and — = J, O 3 = = ^ x 14 =4.67. 

/>i Ti 

Accordingly 


O 5 =i X 20 =4, <I >7 =1 X 1 =0.143. 
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Further,/i = 60,/3 = 3 x 60 = 180 ,/b = 5 x 60 = 300 ,/7 = 7 x 60 = 420. The distribution 
factors are (see Eq. 24-11) 

+0.966, -f0.707, +0.259, -0.259, 

and the pitch factors (Eq. 24-12) 

A;Pi = + 0.966, = sin 3 x f x 90 = - 0.707, Ar^^ = sin 5 x ^ x 90 = + 0.259, 

= sin 7 X f X 90 = + 0.259. 


The ratios of the emf *s are 


^ fz ^dp:i 

/l ^dpl 


4.67 0.707 x0.707 

100^**^ 0.934 


= 0.075, 


% h kap, 4 0.259x0.259 

‘•‘I'/i'jtrfpi 100' 0.934 


0.01435, 


E, 


0.143 0.259 x 0.259 

100 0.934 


0.00072. 


PROBLEMS 

1. Determine for the machine of Example 1 the ratios of the emf’s at no-load 
for full-pitch winding. 

2. A 24-pole 60-cycle 3 -phase synchronous generator has the following data: 
voltage 2300 volts, g = 2.5 slots per pole per phase, 18 conductors per slot, connec¬ 
tion 3 parallel stars, k^^ =0.957, throw 80%. Determine the no-load flux per pole. 
What is the line voltage of the generator if the connection is changed to 2 parallel 
J? 

3. The armature of a 3 -phase 60-cycle alternator has 12 slots per pole. The 
winding is 2 -layer with 4 turns per coil, the pitch is |, and the flux per pole is 
1 . 2 x 10 ® maxwells, distributed according to the equation 

0.2Bi sin 5x, where x is expressed in electrical degrees. Determine: (a) eft’ective 
value of the fundamental voltage per phase per pair of poles; (b) effective value of 
the 5th harmonic voltage per phase per pair of poles; (c) resultant phase voltage 
per pair of poles.* 

4. The total flux per pole in a 3-phase 60-cycle alternator is 1.3 million maxwells, 
distributed according to the equation Bg, = Bi sin x - 0.3.Si sin 3a:, where x is 
expressed in elec. deg. The winding is 2-layer with 12 conductors per slot, the pitch 
being f, and there are 9 slots per pole. Determine: (a) flux per pole due to the 
fundamental; (b) flux per pole due to the 3rd harmonic; (c) voltage per pair of 
poles due to the fundamental, the 3rd harmonic, and the resultant. If the windings 
are Y-connected, what is the ratio of the line voltage to phase voltage?* 

5. The flux per pole in a 6 -pole 3-phase Y-connected alternator is 1.4 million 
maxwells. The machine has 90 slots, the coil pitch is 12 slots, the winding is 2-layer: 
with 4 conductors per slot. The equation for the flux distribution in the gap is 

sin X + O. 3 .B 1 sin 3a:, where x is expressed in elec. deg. Determine the voltage 

♦ a: = 0 IS at the middle of the interpolar space. 
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per phase and the line voltage due to the fundamental and to the 3rd harmonic in 
the flux.* 

6. A generator has 6 identical coil groups, displaced 30 electrical degrees apart, 
each circuit being rated at 220 volts and 100 amp. Determine the kva rating of the 
machine when all the coils are used to make (a) G-phase; (b) S-phase; (c) 2-phase; 
(d) single-phase. Determine the single-phase rating if only 4 coil groups are used. 

x =0 is at the middle of the interpolar space. 


Chapter 40 


HUNTING OF A SYNCHRONOUS MACHINE 


40-1. The synchronizing torque. Consider a synchronous motor under 
load with a voltage diagram for 0 as shown in Fig. 40-1. The pole struc¬ 
ture assumes a position such that the emf phasor 
Ef lags the terminal voltage V by an angle 8, the 
magnitude of which is fixed by the load. As is seen 
from Fig. 40-1, the simplest case, i.e., the un¬ 
saturated machine with cylindrical rotor, is being 
considered again. 

Now assume that the load on the motor shaft is 
suddenly dropped. Then the angle S must become 
zero, i.e., the pole structure has to move forward 
by the angle 8. This cannot happen suddenly be¬ 
cause of the mass of the rotor (flywheel effect of 
the rotor). Consequently, in spite of the loss of 
the load, the armature current will not become 
zero at once, and the torque produced by this cur¬ 
rent, which previously served to overcome the 
load torque, will now accelerate the pole structure. 
When the pole structure reaches the zero position (8 = 0), its kinetic energy 
will cause it to swing ahead of this position. The emf Ef now leads the terminal 
voltage F, and the machine operates as a generator. However, since gener¬ 
ator operation cannot continue due to the lack of a prime mover, the angle 
8 must again become zero, and the action repeats itself. The entire sequence 
of events can be observed on the ammeters and wattmeters. 

This kind of oscillation is similar to that of a flywheel (sometimes called a 
balance wheel) and a torsion spring. If the spring is under tension when the 
flywheel is at rest, and the flywheel is then released, the force of the spring 
seeks to bring it first to the zero position. However, since the wheel is acceler¬ 
ated by the force of the spring during the entire travel to the zero position, 
maximum velocity occurs at 8 = 0 and, therefore, the wheel swings beyond 
this zero position. The spring is now twisted in the opposite direction. The 
position of rest (end position) is again reached when the kinetic energy of the 
flywheel has been converted into the potential energy of the spring. The 
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Fig . 40-1. Phasor diagram 
of a synchronous motor 
with cylindrical rotor (r„ 
= 0). See footnote on p. 312. 
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action starts again and continues until the original energy stored in the 
spring is absorbed by the frictional losses of the system. 

The fact that the output of a synchronous machine depends upon the 
position of its pole structure, and that every change in the position of the 
poles (angle 8, Fig. 40-1) involves a corresponding change in the output, 
causes the synchronous machine to act as an oscillating system. The change 
in output (or torque), produced by twisting the pole structure through a unit 
angle, may be compared to the change in the force of the spring in the mech¬ 
anical system consisting of flywheel and spring, when the flywheel is twisted 
through a unit angle. 

The change in the torque per unit angle is called the synchronizing torque of 
the synchronous machine. Therefore, this is the torque with which the pole 
structure is restored to its mid-position when it is twisted ahead of or behind 
this position by a unit angle. 

The power of the rotating flux of an m-phase synchronous machine with 
cylindrical rotor is given by Eq. 36~5 (resistance neglected): 

^rot.f=^ sin 8 (40-1) 


The torque corresponding to this power is: 

(40-2) 

^d 

and consequently the synchronizing torque is: 

jrp rj pi !/■ 

Ts = -j^ = —— m —- cos 8 Ib-ft/rad (40-3) 

ab Ug 

Eq. 36-4 yields for the synchronizing torque of the salient-pole machine 


rr '^•04 

T,— -m 

n. 


'II 

. 


^d ^d^a 


COS 28 Ib-ft/rad (40-3a) 


In a manner similar to that of suddenly dropping the entire load on a 
synchronous motor, every sudden change in load of a synchronous motor or 
generator produces oscillations. The frequency of these oscillations depends 
solely upon the magnitude of the synchronizing torque and upon the magni¬ 
tude of the flywheel mass to be accelerated and decelerated. Since an applied 
force is absent, the system oscilUdes freely at its natural frequency. These are 
the same oscillations which the mechanical system, consisting of flywheel 
and spring, executes when the flywheel is twisted and the system is then 
allowed to oscillate freely. The directive force of the spring and the mass of 
the wheel are the factors which determine the frequency of oscillation. Here, 
as in the synchronous machine, damping has only a negligible influence on 
the frequency of oscillation. 
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Of greater importance than the natural oscillations are the forced oscilla¬ 
tions which appear in the synchronous machine when the prime mover torque 
of a generator is irregular, as in a gas engine, or when the load torque of a 
motor is irregular, as in a compressor. 

If, in the foregoing example of spring and flywheel, a force is applied 
which has the same period as that of flywheel and spring, then the amplitude 
of the oscillations becomes greater and greater; the amplitude would become 
infinitely great if no damping were present. The magnitude of the imparted 
torque is of no consequence whatever; the smallest torque suffices to produce 
violent oscillations. A similar condition appears, although the amplitude of 
the oscillations does not become as great, when the period of the applied 
force is not exactly the same as the natural frequency of the system but is 
very near to it. When an applied force is present, the frequency of oscilla¬ 
tions is independent of the natural frequency of the system and is equal to 
the frequency of the applied force (forced oscillations). The case where the 
frequency of the forced oscillations is equal or close to the natural frequency 
of the system (resonance) is always dangerous. 

It should be noted that a synchronizing torque appears only when the 
phasor of the terminal voltage V is fixed, as is the case of a generator operat¬ 
ing in parallel with other generators, or of a motor (Fig. 40-1). In a singly 
operated synchronous generator the phasor V follows the emf phasor Ef, and 
there is no synchronizing torque. Again, considering the system of flywheel 
and spring with damping, a singly operated generator lacks the spring 
equivalent or, comparing the synchronous machine with a XCi^-circuit, the 
singly operated generator behaves like a Z/J?-circuit, whereas the generator, 
operated in parallel with other generators, and the synchronous motor behave 
as an LCi?-circuit. 

40-2. The ratio of the amplitude of oscillation in parallel operation 
to the amplitude of oscillation of the single machine (the amplification 
factor). A singly operated generator follows forced oscillations just as an 
LJ?-circuit follows the magnitude and frequency of the impressed voltage. 
Comparing the LR and the LCiJ-circuits, for equal impressed terminal 
voltage and frequency, the frequency of the oscillations (of the current) will 
be the same in both circuits, but the magnitude of the oscillations (the 
amplitude of the current) will, in general, be different. The same applies to 
the singly operated generator and to the generator operated in parallel with 
other generators. Considering the torque of the prime mover as consisting 
of a constant term, which produces the average power of the generator, and 
a superimposed sinusoidally varying term, which produces power oscilla¬ 
tions, the generator operated in parallel with other generators will react 
differently, with respect to the oscillating torque, than the singly operated 
generator. The ratio of the amplitudes of oscillation for both cases will be 
considered in the following: 
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Let 

= instantaneous mechanical angular velocity of the machine; 

— mean mechanical angular velocity of the machine; 

= mean electrical angular velocity of the machine; 

J — moment of inertia of flywheel mass; 

= amplitude of the periodically varying part of the torque curve 
of the prime mover, having the angular velocity 

The equation representing the motion of a singly operated machine is then 

i.e., the oscillating term of the torque of the prime mover is used to accelerate 
the flywheel mass when it is positive, and decelerate the flywheel mass when 
it is negative, thus producing changes in the angular velocity of the rotating 
mass relative to the mean velocity. 

If the machine operates in parallel with other synchronous machines, the 
terminal voltage produced is common for all. If the machine in considera¬ 
tion is subjected to forced oscillations by the prime mover, the line voltage 
phasor V is no longer able to take part in the oscillations as in the case of the 
singly operated machine, but it must retain its position. As explained in the 
foregoing, the hunting pole structure will then give rise to variations in the 
magnitude of the angle 8, and consequently a synchronizing force appears. 
The synchronizing torque is equal to the change in the machine torque per 
unit angle. For a change in the angle from to 8, where 8^ corresponds to 
the mean position of the pole structure, the change in the machine torque is 
Ta(8 - 8^). The surplus (or deficiency) torque which the prime mover delivers 
is used now, on the one hand, for accelerating (or decelerating) the mass of 
the flywheel and, on the other hand, to balance the synchronizing torque. 

Accordingly, the equation of motion of the synchronous machine con¬ 
nected to a constant voltage line is: 

The solution of this latter equation is readily obtained by considering an 
oscillating circuit consisting of inductance and capacitance. The voltage 
equation of this circuit is 
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Differentiating this equation: 



+ -^ = E„,a> COS uit 


(40-7) 


On the other hand, by differentiating Eq. (40-5), 

~ —^ ~r -- + - w„.) = cos (vQ j) (40-8) 

Equations 40-7 and 40-8 are identical in all respects. The mutually corre¬ 
sponding terms are 

(w -a»„) ... i 


J_ 

p/2" 


. L 


(40-9) 


T 


1 




In the same manner, where the synchronizing force is zero and only mass is 
present, Eq. 40-4 corresponds to a circuit containing only inductance. 

The similarity of the differential equations offers a means of determining 
the magnitude of the oscillations of the synchronous machine from the 
L and LC-circuits. Damping has been discounted for the synchronous 
machine and, therefore, R must be assumed zero in the electric circuits. 

The amplitude of the current in a circuit containing only inductance is 
given by: 

j 

m,L i 
a}Jj 


In a circuit containing self-inductance and capacitance the amplitude of 
the current is: 

T _ ^rn 

The ratio of these currents is: 


_ 1 

“ ojL - (V^C) " 1 - [l/{27r)^L(7] 


(40-10) 


However, II(27ts/LC) is the natural frequency (/„) of oscillation of an LC- 
circuit. Consequently, the ratio of the maximum value of current in a circuit 
containing L and C to that in a circuit containing L alone is given by: 


^ !-(/„//)* 

The same equation must apply to the hunting of a synchronous machine. 
The factor ^ is called the amplification factor or the modulus of resonance. It 



HUNTING OF A SYNCHRONOUS MACHINE 


331 


gives the ratio of the amplitude of oscillation of a system containing mass and 
synchronizing force to that of a system in which only mass alone is present. 

40-3. The natural frequency of the synchronous machine. The 
danger of resonance. The natural frequency of oscillation of a synchronous 
machine obtained by comparing it to a circuit consisting of inductance and 
capacitance is (Eq. 40~9) 

The amplification factor ^ depends on the frequency / of the forced oscilla¬ 
tions of the prime mover, and on /„, the natural frequency of oscillation. { is 
the ratio of two amplitudes of oscillation, namely, that of a system with 
synchronizing force and mass to that of a system with mass alone. The 
amplitude of oscillation of the system containing mass alone has a constant 
finite magnitude which remains within fixed limits. The amplification factor ^ 
is, therefore, directly a measure of the magnitude of the oscillations which appear 
in parallel operation. 

Fig. 40-2 shows the relation between the amplification factor and the 
ratio (/n//) iu which the negative values of ^ obtained for /n>/ are drawn 
upward. 

Equation 40-10 and Fig. 40-2 shows 
that the amplification factor becomes 
greater as the natural frequency of the 
machine and the frequency of the forced 
oscillations of the prime mover (or of the 
load in the case of a motor) approach each 
other. If the natural frequency and the 
forced frequency are equal (resonance), the 
amplitude factor $ then becomes infinitely 
great. In order to avoid the danger of reson¬ 
ance, the naiural frequency of oscillation and 
the forced frequency of the prime mover (or 
load) must differ from each other. 

The values of 5 which lie between ^ — 

+ 3 and ^ = -2 (the cross-hatched region, 

Fig. 40-2) are to be avoided for satisfactory 
parallel operation. 

The adjustment of the appropriate ratio 
of fn to / is essentially accomplished by a 
suitable selection of the moment of inertia of the rotating mass (see Eq. 
40-12). The synchronizing torque can be changed only within small limits. 

40-4. Improvement of parallel operation by means of a damper 
winding. A reduction in the hunting can be achieved by a damper winding 
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which is placed in the pole shoes in the same manner as the starting winding 
of the synchronous motor (see Art. 38-4), with the individual poles often 
not connected together. When the machine hunts, the armature flux no 
longer remains stationary with respect to the pole structure, but a difference 
in velocity between these two exists. Because of this difference, currents 
flow in the bars of the damper winding, which serve to reduce the oscillations. 

The speed of the armature flux is constant When the rotor speed is 
below the operation of the damper winding is that of a motor and it 
accelerates the rotor. When rotor speed is above the operation of the 
damper winding is that of a generator and it decelerates the rotor. 

Under some circumstances an excessively strong damping effect can be 
disadvantageous. If the mechanical hunting is prevented by too strong a 
damping effect, the flywheel mass loses its property as a reservoir of energy 
necessary to compensate for the torque variations of the prime mover. These 
torque variations are consequently transmitted to the generator so that its 
output and current vary in the same manner as the torque of the prime 
mover. This is not desirable for two reasons : first, the other machines operat¬ 
ing in parallel must take over the compensating effect; second, the varying 
current gives rise to higher copper losses. 

If the pole shoes are solid, eddy currents are produced in them as a result 
of the relative motion between the armature field and the poles; these eddy 
currents act in a manner similar to a damper winding. On the other hand, in 
machines with laminated pole shoes the self-damping effect is slight and a 
dam])er winding has to be used. A certain amount of damping always is 
necessary, or otherwise the free oscillations which appear in the case of 
suddenly applied loads would continue undamped and thereby become of 
infinitely long duration. 

If very strong damping is present, the resonance curve C==/(/n//) flattens 
out as is indicated by the dotted curve of Fig. 40-2. 

From the above it becomes clear why the squirrel cage in the pole struc¬ 
ture of the synchronous machine is called a damper or amortisseur winding. 

It should be mentioned that when an induction motor is subjected to 
oscillations of its speed, i.e., to hunting, it also develops a synchronizing and 
damping torque. (See reference on A-C Machines at end of text.) 
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LOSSES IN SYNCHRONOUS MACHINES 
HEATING AND COOLING 


41-1. The losses in the synchronous machine. Similar to those 
in the induction motor, the losses in the synchronous machine are as 
follows: 

(a) Losses due to the main flux. For the same reasons as given for the in¬ 
duction motor (Art. 29-1), the hysteresis and eddy-current losses due to the 
main flux are larger than those calculated from Eq. 29-5 or from iron-loss 
curves (given at end of text). The increase may be as high as 40 to 60% for 
salient-pole machines, 30 to 40% for 4-pole machines with cylindrical rotor, 
and 15 to 25% for 2-pole machines with cylindrical rotor. 

The ripple due to the slot-openings of the stator causes high-frequency eddy 
currents in the pole surface. The losses produced by these eddy currents in per 
cent of the losses due to the main flux are approximately: 50 to 70% in 
salient-pole machines, 40 to 50% in 4-pole machines with cylindrical rotor, 
and 25 ta 50% in 2-pole machines with cylindrical rotor. 

Similar to the induction motor, the ripple produced by the slot openings 
of the stator causes currents not only in the iron but also in the damper 
winding of the salient-pole machine. The currents induced in the damper bars 
and their losses become considerable, if the slot pitch of the cage is much 
different from the stator slot pitch. A difference of up to 25% in the slot 
pitches keeps the losses at a low level. The losses are negligible when both 
slot pitches are equal to each other. Equal slot pitches can be made in salient- 
pole generators but not in motors, because this would produce locking 
torques which may prevent starting of the motor. 

(b) Losses due to the load current. The load current produces l^R losses in 
the stator winding and usually increases the I^R losses of the field winding 
due to armature reaction. The additional losses due to the load current are 
similar to those of the induction motor. 

The cross-flux in the slots produces skin-effect which may increase the 
copper loss considerably. Conductors stranded depthwise or special conduc¬ 
tors (Roebel bars) must be used in large machines, in order to reduce the 
skin-effect losses. An increase of 15 to 20% in the I^R losses due to skin-effect 
is reasonable. 
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TABLE 41~1. NO-LOAD LOSSES 


Salient-pole 

machines. 

Iron losses in 
the stator due 
to the main 
flux. 

Pole surface 
losses due to 
slot open¬ 
ings. 

Copper losses 
in the damper 
winding due to 
slot openings. 

Windage and 
bearing fric¬ 
tion losses. 

Cylindrical 

Iron losses in 

Rotor sur¬ 


Windage and 

rotor 

the stator due 

face losses 


bearing fric¬ 

machines. 

to the main j 

due to slot 


tion losses. 


flux. 

openings. 




The harmonic fluxes produced by the stator winding produce surface losses 
in the rotor, in the same way as the ripple due to the slot openings. In the 
salient-pole machine these losses appear on the pole surfaces; in the cylindrical 
rotor machine, on the surface of the solid rotor. Because of the relatively 
large gap of the synchronous machine, these losses are usually small, about 
0.05 to 0.15% of the output. 


TABLE 41-2. LOAD LOSSES 


Salient-pole 

machines. 

Pr losses in 
stator and ro¬ 
tor windings. 

Skin-effect 
losses in the 
stator winding. 

Pole surface 
losses due to 
harmonic 
fluxes. 

Losses in 
structural 
parts due to 
leakage fluxes. 

Cylindrical 

Pr losses in 

Skin-effect 

Rotor surface 

Losses in 

rotor 

stator and ro¬ 

losses in the 

losses due to 

structural 

machines 

tor windings. 

stator winding. 

harmonic 

fluxes. 

parts due to 
leakage fluxes. 


As in large induction motors, the leakage fluxes of the end-windings produce 
eddy-current losses in the structural parts (end plates, finger plates, bolts, 
etc.). The use of non-magnetic iron for the end plates and rotor retaining 
rings reduces these losses. 

(c) Friction and windage losses. With respect to the friction and windage 
losses, the same reasoning applies as for the d-c machine and induction 
motor. The windage losses are quite high in 2-pole generators with cylindrical 
rotor. The use of hydrogen instead of air as a cooling medium reduces the 
windage losses to about 10% of those which appear with air. 

(d) No-load and load losses ; stray load losses. The losses which appear at 
no-load and at load, respectively, are shown in Tables 41-1 and 41-2. The 
additional losses due to the load (items 2, 3, and 4 of Table 41-2) are called 
stray load losses. 
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(e) Example of loss distribution and efficiency. In the following tabulation 
is shown the loss distribution of a salient-pole generator. 

875 kva, 24 poles, 60 cycles, cos 93 = 0.80 
3 phase, 300 rpm, 2300 volts 


Stator winding PR . 13,500 

Rotor winding PR . 9,000 

Stray load loss. 4,000 

Iron loss (total). 12,000 

Bearing friction and windage loss. 2,500 


41,000 watts 

Output = 875 X 0.8 = 700 kw 
Efficiency 100 = 94.6% 

41-2. Heating and cooling of the synchronous machine. With respect 
to classes of insulation, limiting temperatures, heat conductivity, and heat 
transfer, the same considerations apply as in the induction motor. As in the 
d-c machine and induction motor, radial vents are used for cooling the stator 
of the salient-pole machine. Cylindrical rotor machines are usually long, and 
and the problem of air flow requires very special attention. Hydrogen is 
normally used as cooling medium in these machines. When forced through 
hollow conductors of rotor and stator, the heat transfer is increased enor¬ 
mously. Also, liquid cooling is used for the stators of cylindrical rotor 
machines. (For the computation of the temperature rises of copper and iron 
of air cooled machines, see Ref. All.) 

PROBLEMS 

1. A 500-kva, 4-pole, 3-phase, 60-cycle, cos 93 = 0.8 lagging, 120/208-volt, 
salient-pole generator has 72 slots, 2 conductors per slot, and each conductor con¬ 
sisting of 16 parallel strands. The bare dimensions of the strand are 0.081 in. 
X 0.162 in. The mean length of a turn is 80 in. At 208 volts the winding is connected 
4-parallel star. The field current at full-load is 27.2 amp, and the field resistance at 
75°C is 4.55 ohms. The friction and windage loss is 4.1 kw, the total iron losses 6.2 
kw and the stray load loss 1.5 kw. Determine the efficiency of this generator. 
Determine the current density of the stator winding. 

2. An 1875-kva, 6 -pole, 3-phase, 60-cycle, cos 99 = 0.8 lagging, 2400/4160-volt, 
salient-pole generator has 72 slots and 8 turns per coil. At 4160 volts the winding 
is connected 2-parallel star. The current density in the stator winding is 1835 amp 
per sq. in. The mean length of a turn is 90 in. and the winding is 2 -layer. The 
leakage reactance of the stator is 0.096 (in p-u, unit current = rated current). The 
no-load characteristic is given by: 

7/(amp)= 20 30 43 51 60 66 87 100 118 

Ef (volts) = 1600 2400 3200 3600 4000 4160 4600 4800 5000 
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The field current necessary to produce rated armature current with a short- 
circuited armature is 74 amp. The resistance of the field winding is 0.643 ohm. The 
friction and windage loss is 12.5 kw. The total iron loss is 17 kw; and the stray 
load loss, 9.6 kw. Determine the field current at full-load and the efficiency at full¬ 
load. 

3. Determine, for the generator of Problem 2, the field current and efficiency at 
I load, cos 97 = 0.8 lagging, assuming that the iron loss remains the same as at 
full-load and that the stray load loss changes with the square of the armature 
current. 

4. Determine, for the generator of Problem 2, the field current and efficiency at 
^ load, cos 9 >= 0.8 lagging, assuming that the iron loss remains the same as at 
full-load and that the stray load loss changes with the square of the armature 
current. 
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SMALL SYNCHRONOUS MOTORS 


Fractional-horsepower synchronous motors are built for a wider range of 
output and speed than fractional-horsepower induction motors. In miniature 
ratings (below 0.001 HP) they are used for clocks, timing devices, control 
apparatus, etc. 

There are two basic types of factional-horsepower synchronous motors 
which do not need d-c excitation and are self-starting. These are the rehictance 
type motor and the hysteresis type motor. 

42-1. The reluctance motor. The ASA defines the reluctance motor as 
follows: A reluctance motor is a synchronous motor similar in construction 
to an induction motor, in which the member carrying the secondary circuit 
has salient poles, without direct-current excitation. It starts as an induction 
motor but operates normally at synchronous speed. 

Fig. 42-1 shows the rotor punching of a ^-HP, 4-pole, 3-phase reluctance 
motor. Six teeth are removed at four places, yielding four salient poles. Since 
this motor starts as an induction motor, the rings connecting the rotor bars 
must be complete, i.e., they must go around the whole rotor. The teeth can 
be cut out only partially, and the free 
spaces filled with aluminum in die- 
cast aluminum rotors, as shown in 
Fig. 42-2. 

It has been shown in Art. 36-1 
that a salient-^o\e machine is able to 
produce torque and run at synchro¬ 
nous speed without field excitation. 

Use is made of this property in the Fig. 42-1. Rotor punching of a reluctance 
reluctance motor. Having started motor, 

as an induction motor and having 

reached its maximum speed as an induction motor, it pulls into step and runs 
as a synchronous motor by virtue of its saliency. 

As for the d-c excited synchronous motors, pulling-into-step is facilitated 
when the speed reached as an induction motor is as high as possible. This 
means that the rotor resistance must be made low. Furthermore, the motor 
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Fig. 42-2. Rotor of a reluctance motor (die-cast aluminum). 

pulls into step easier the lower the WR^ of the rotating mass (rotors-load) 
(Ref. FI). 

The stator of the reluctance motor can be polyphase or single phase. 
Therefore, there are: 

(a) polyphase reluctance motors, 

(b) split-phase type reluctance motors, and 

(c) capacitor-type reluctance motors. 

In the case of the split-phase type, the capacitor-start, and the two-value 
capacitator motors the usual switch is necessary to cut out the starting 
winding or to change the capacitance before the motor reaches synchronous 
speed. 


42-2. The hysteresis motor. The ASA defines the hysteresis motor as 
follows: A hysteresis motor is a synchronous motor without salient poles and 
without direct-current excitation, which starts by virtue of the hysteresis 
losses induced in the hardened steel secondary member by the revolving 
field of the primary, and operates at synchronous speed due to the retentivity 
of the secondary core. 

In order to explain the operation of the hysteresis motor the induction 
motor will be considered. During the starting of the latter motor, eddy-current 
and hysteresis losses appear in the rotor iron. Both kinds of losses are 
accompanied by torques. 

It is obvious that the eddy currents in the rotor iron are able to produce a 
torque with the machine fiux in the same way as the currents in the rotor bars 
do. Writing, for the eddy-current loss in the rotor (Eq. 29-4), 

Pe=CeUB^ = c,s%^B^ (42-1) 

and applying Eq. 19-8 for the torque, the driving torque which corresponds 
to the eddy currents in the rotor is 


Te- 


1.04c,s% ^B^ 
n, s 


7.04 


n. 




(42-2) 


This torque is proportional to the slip; it decreases with increasing rotor 
speed and becomes zero at synchronous speed. 

The hysteresis losses in the rotor iron can be written (Eq. 29-3), 


(42-3) 
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Again applying Eq. 19-8 the torque which corresponds to the hysteresis losses 
in the rotor is 

= (42-4) 

Ug 

This torque is constant and independent of the rotor speed. 

In order to get a physical conception of the torque called hysteresis 
torque, consider Figs. 42-3 to 42-5. It will be assumed that the rotor of the 
induction motor has no secondary winding so that the driving torque is due 



Fig. 42-3. Iron rotor without hys- Fig. 42-4. Hysteresis loop, 

teresis in a magnetic field. 

only to the eddy-current and hysteresis losses. If there are no hysteresis 
losses, the magnetization of the rotor is in phase with the stator mmf, as 
shown in Fig. 42-3: the magnetic axis AC of the rotor coincides with the 
axis BD of the stator mmf. Fig. 42-4 shows a hysteresis loop. Conforming to 
the meaning of the word hysteresis, the flux density B lags behind the 
magnetizing force when there are hysteresis losses. For example, starting at 
the point A of the loop and decreasing the magnetizing force to the value 
zero, the flux density will not be zero but equal to OC, If the motor con¬ 
sidered has hysteresis losses, this lag of the magnetization behind the 
magnetizing force due to hysteresis results in a lag of the magnetic axis of 
the rotor behind the axis of the stator mmf, as shown in Fig. 42-5. The angle 
of lag a which causes the hysteresis torque is independent of the frequency of 
the magnetization of the rotor it depends only upon the hysteresis 

loop of the material used for the rotor and remains the same at all rotor 
speeds. Hence the hysteresis torque is constant and independent of the rotor 
speed (Ref. F2). 
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Fig. 42-5. Iron rotor with hysteresis in a mag¬ 
netic field. 


It follows from the foregoing that the rotor iron must have high hysteresis 
losses, i.e,, a large hysteresis loop. The rotor construction of the hysteresis 

motor is schematically shown in Fig. 42-6. A ring 
of special magnetic material, such as cobalt or 
chrome steel, is mounted on an arbor of non¬ 
magnetic material such as aluminum. No squirrel 
cage is used. Starting is produced by the eddy- 
current and hysteresis torques. At synchronous 
speed, the eddy-current torque is zero, and the 
operation of the motor is accomplished exclusively 
by the hysteresis torque. At this speed the rotor 
develops magnetic poles similar to the d-c excited 
synchronous motor or reluctance motor. The 
strength of the poles is determined by the reten- 
tivity of the rotor-ring material {OC in Fig. 42-4). 
The stator of the hysteresis motor is usually single phase. There are: 

(a) polyphase hysteresis motors 

(b) capacitor type hysteresis motors 

(c) shaded pole hysteresis motors 

The hysteresis motor is the most quiet of small motors. (For other types of 
small synchronous motors see Ref. on A-C Machines at end of text.) 



Fig. 42-6. Rotor of a hys¬ 
teresis motor. 



Chapter 43 


THE SYNCHRONOUS CONVERTER • VOLTAGE AND 
CURRENT RELATIONS • COPPER LOSSES COM¬ 
PARED WITH THOSE OF THE D-C MACHINE 


43-1. Operation of the synchronous converter. The d-c machine is 
nothing more than an a-c machine with a special device, the commutator, 
which makes it possible to pick up (for generator operation) a fixed instan¬ 
taneous value of voltage from the winding. It follows, therefore, that the d-c 
armature winding must also be able to operate as an a-c winding. 

Since the beginning and end of each winding element must be connected 
to a commutator bar, the d-c armature winding must be a closed winding. It is 
represented schematically in Fig. 43-1 which shows a 2-pole machine with a 
closed winding wound on a ring. The end of each turn (end of each winding 
element) is connected to the beginning of the next following turn, and the 
connection point is connected to a commutator bar as in the actual d-c 
machine. Furthermore, for 3-phase operation, three equidistant points of the 
winding, i.e., three points (points a, 6, c) shifted 120 electrical degrees from 
one another, are connected to three slip rings. If such an armature is driven 
by a prime mover, it is able to supply d-c and a-c power simultaneously. The 
a-c power is 3-phase corresponding to the three slip rings. In multipole 
machines each two consecutive armature paths must be divided into three equal 
parts, in order to make the winding 3-phase; a/2 points of the winding are 
then connected to each slip ring, i.e., each phase of the 3-phase winding con¬ 
sists of a/2 parallel paths (a = number of d-c paths in the winding). 

If the winding in Fig. 43-1 is connected to two slip rings, single-phase a-c 
power will be obtained. The tap points must be displaced 180 electrical 
degrees in this case; thus in a 6-phase converter, as an example, the tap 
points must be displaced 60 electrical degrees, and so forth. In all cases, each 
phase consists of a/2 parallel paths. A 6-pole, 3-phase rotary converter is 
shown in Fig. 43-2. 

It has been pointed out that a machine with an armature, as shown in 
Fig. 43-1, is able to operate as an a-c generator-d-c generator (double¬ 
current generator). Also, it is capable of operation as an a-c motor-d-c 
generator or as an a-c generator-d-c motor. In the former case this machine 
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Fig. 43-1. Two-pole, 3-phfiise synchronous 
converter (schematic representation). 


type is called a synchronous converter ] in the latter case it is called an in¬ 
verted converter. The normal operation is that as a synchronous converter, 
i.e., the machine operates as an a-c motor-d-c generator. 

Since the poles of the converter are excited with d-c, its fundamental 
character must be the same as that of a synchronous machine. For a constant 
frequency / the speed is constant, independent of the load, and given by the 
familiar equation 



Apparently, the rotor must rotate against its rotating flux, in order that the 
latter be at standstill with respect to the mmf of the poles. It should be 
remembered that this is the condition for the existence of a uniform torque 
(see Art. 17~1). 

The synchronous converter operates as a synchronous motor on the a-c 
side and as a d-c generator on the d-c side. The direct current in the arma¬ 
ture, therefore, produces a torque which opposes the motion of the rotor, i.e.. 
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Fig. 43-2. 6-pole, S-phase synchronous converter: 150 kw, 275 volts, 1200 rpm. 


the driving torque produced by the alternating current. Just as in the syn¬ 
chronous motor (see Fig. 35-2), the alternating emf phasor falls behind the 
phasor which represents the line voltage, and the armature takes an active 
current from the line of sufficient magnitude to balance the opposing torque 
of the direct current and the rotational loss torque. This latter torque is 
comparatively small. Since the mmf of the direct current and the mmf of the 
active alternating current both have their amplitudes (axes) in the interpolar 
space (see Fig. 34-6), and correspond one to generator operation, the other to 
motor operation, they oppose and cancel each other, i.e., the synchronous 
converter hm no cross-flux. 

Just as in a synchronous motor, the alternating current and voltage of a 
synchronous converter are in phase for some one value of excitation. If the 
field current is increased above this value, the machine is overexcited and 
draws a leading current from the line because a leading current opposes the 
field mmf in a synchronous motor (see Arts. 32-1). If the field current is 
decreased, the machine is underexcited and draws a lagging current from the 
line because a lagging current supports the field mmf in a synchronous motor. 
For reasons discussed in the following, the excitation of the synchronous 
converter normally is adjusted so that the voltage and current are in-phase. 

Since the direct current of a synchronous converter is taken from the same 
winding to which the alternating current is supplied, a fixed ratio exists 
between the d-c and a-c voltages, as well as between the d-c and a-c currents. 
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43-2. Voltage and current ratios in the synchronous converter. In 

order to determine the ratio between the d-c and a-c voltages of a synchron¬ 
ous converter, it will first be assumed that the 
machine operates at no-load and is so excited 
that it draws no reactive current from the line. 
Therefore, there is no armature reaction and the 
main flux, produced only by the d-c field mmf, 
induces a fixed emf in the armature winding. 

The amplitude of the emf induced in the arma¬ 
ture winding is picked up at the brushes when 
the brushes are in the neutral axis. If a sinu¬ 
soidal flux distribution is assumed, the ratio of 
the effective value of the emf to the maximum 
value is 1/^2; therefore, in a single-phase con¬ 
verter, the ratio of the alternating emf (®ff‘ 
ective value) to the direct emf is l/\/2- 
a multi-phase converter, with the same armature winding operating at the 
same speed, the value of the d-c emf does not change, but the effective value 
of the a-c emf per phase (i^a-c) is than and equal to the chord 

subtending an angle of 27r/m radians in a circle having a diameter Ef^.^,ls/2 
(Fig. 43-3); m is the number of phases. Consequently, for an m-phase con¬ 
verter. 



Fig. 43-3. Determination 
of d-c and a-c voltage ratio 
for the polyphase converter. 


E 


■^d-c • 77 

= sin - 

s/2 w 


(43-2) 


This expression and those developed in the following also apply to the single¬ 
phase converter if m is taken as 2. 

The emf transformation ratio for single-, 3-, and 6-phase converters, 
therefore, is 

^A-cl^a-c 

Single-phase = 0.707 
3-phase = 0.612 
6-phase = 0.354 

At no-load the terminal voltages are practically equal to the emf’s induced 
in the winding. Therefore, at no-load the transformation ratio of the emf’s 
is the same as the ratio of the terminal voltages at the slip rings and at the 
brushes. Since the voltage drop in the armature winding of a converter is 
small, the emf ratio also applies approximately to the terminal voltages 
under load, so that 


Fa-c 1 . 77 

— sin ~ 

Fd-c J2 ^ 


(43-3) 
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The a-c voltage available from the supply lines does not usually correspond 
to the d-c voltage desired at the brushes. Therefore, the synchronous con¬ 
verter usually requires a transformer between the line and slip rings in order 
to transform the line voltage to the proper value. Figs. 10-10 to 10-12 
inclusive show three single-phase transformers with three different types of 
connections which may be used for 6-phase synchronous converters. 

The tapped armature winding of a synchronous converter behaves as a 
closed or mesh polyphase winding. The line voltage is equal to the phase 
voltage, and the slip-ring current is 2 sin (7r/m) times the phase current. 
If is the terminal direct current, /^.c the alternating current per phase, 
and the losses are disregarded, then the d-c power output is equal to the a-c 
power input: 

Vd.<I^-c cos (43-4) 


From this equation and Eq. 43-3 the ratio of phase current to d-c current 
becomes 


h.c_ ^2 1 

/(i.e m sin (ttIm) cos (p 

The ratio of slip-ring current to direct current, therefore, is: 


(43-5) 


7^ _ 2s/2 

m cos cp 


(43-6) 


Equations 43-5 and 43-6 assume no losses whatever in the converter; they 
yield for a value of cos cp — l the follow ing table of current ratios: 


Number of phases 

•^a-c/Ai-c 


1 

0.707 

1.414 

3 

0.545 

0.943 

6 

0.472 

0.472 


In a 3-phase converter the active component of the slip-ring current is 
approximately equal to the direct current, while in a 6-phase converter it is 
equal to about one-half the direct current. 


43-3. The copper losses in the synchronous converter. The super¬ 
position of direct current and alternating current in the armature conductors 
leads to peculiar results in the copper losses. 

Consider Fig. 43-1. Each phase covers 120 electrical degrees (in general 
27r/m electrical degrees). The position of phase I is assumed such that the 
mid-point 0 of the phase coincides with the mid-point of the interpolar 
space, i.e., with the brush axis. In this position the sum of the flux lines 
linking phase I is maximum, and the emf induced in this phase is, therefore, 
zero. It will be further assumed that induced emf and current are in phase; 
therefore the current is also zero in phase I. 



346 


A-C MACHINES 


Consider the winding element O, lying midway between the taps a-c. The 
alternating current in this element, as well as in the other winding elements 
within phase I, is zero. Since the mid-element 0 lies directly under the brush, 
the direct current is being commutated. Thus, for this element 0, the direct 
and alternating currents go through zero at the same instant. Fig. 43-4 
shows the relative positions of the d-c and a-c waves for this winding element 
as a function of time. The resultant current, which is the difference between 
the direct current and alternating current, is also shown in Fig. 43-4. 



Fic3. 43-4. Currents in the Fig. 43-5. Currents in the 

winding element midway be- winding element at the tap 

tween taps. point. 


Winding element a at the tap point, which is displaced 60° from the mid¬ 
element in the direction of rotation, carries, at the time when commutation 
takes place in mid-element 0, exactly the same alternating current as the 
mid-element but a different direct current, since commutation has taken 
place 60° earlier. The relative positions of the two current waves for the tap 
element a is shown in Fig. 43-5. The resultant current, which is again the 
difference between the direct and alternating currents, has an entirely 
different shape than that of the mid-element O. 

The copper losses in each winding element are determined by the resultant 
current in the element. Therefore, the copper losses are different in the 
individual coils. The losses are least in the winding element mid-way between 
tap points of a phase and greatest at the tap points. 

The axis of abscissa in Fig. 43-6 repre¬ 
sents- the series order of the winding 
elements of one phase of a 3-phase con¬ 
verter between tap points, and the axis 
of ordinates represents the copper losses in 
the individual elements produced by the 
resultant currents. The heating effect in a 
winding element at the tap point is 5.4 
Fig. 43-6. Copper losses in the in as great as the heating elTect in the 

dividual winding elements. mid-element. The mean value of the losses 
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for the entire phase, as found by planimeter measurement, is given by the 
distance from the axis of abscissa to the straight line a. The distance 

from the axis of abscissa to the straight line h represents the los^s that 
would be produced by the direct current alone. Consequently is the 
ratio of the copper losses of the machine operating as a 3-phase converter 
to the copper losses of the same machine operating as a d-c generator. This 
ratio is equal to 0.56. 

43-4. Comparison with the d-c machine. It is seen in Fig. 43-6 that the 
copper losses of a 3-phase converter are much less than those of a d-c machine 
of the same dimensions and rating. It is shown in the following that the 
6 -phase and 12 -phase converters are still more favourable with respect to 
losses than the 3-phase converter. 

Fig. 43-6 refers to cos (p = l operation. When the synchronous converter 
is overexcited or underexcited, it carries a reactive current which increases 
the copper losses. The following table shows the ratio (r) of the current losses 
in the sjmchronous converter to the corresponding losses in a d-c machine of 
the same dimensions and rating for various power factors on the a-c side. 


No, of phases 

1 

3 

6 

12 

cos 99 = 1.00 

(r) = 1.38 

0.56 

0.27 

0.21 

0.90 

1.85 

0.84 

0.48 

0.40 

0.80 

2.51 

1.23 

0.77 

0.67 

0.70 

3.46 

1.80 

1.19 

1.06 


The copper losses of a converter becomes less as the number of phases is 
increased. Furthermore, they are least when the excitation is adjusted to 
give unity power factor on the a-c side. 

Since the current losses are proportional to the square of the current, a 
synchronous converter, assuming equal armature copper losses as a basis, 
may deliver a direct current output JYJr times greater than the output of a 
d-c machine of the same dimensions. Therefore, the magnitude Jljr gives 
the ratio of the power output of a converter to that of a d-c machine of equal 
dimensions. This ratio is shown in the following table: 


No, of phases 

1 

3 

6 

12 

cos 9 ? = 1.00 

Vl/r = 0.85 

1.33 

1.93 

2.20 

0.90 

0.73 

1.09 

1.46 

1.58 

0.80 

0.63 

0.90 

1.14 

1.22 

0.70 

0.64 

0.74 

0.91 

0.97 


For any number of phases the converter output increases rapidly with an 
increasing value of cos (p. 

The 12-pha8e synchronous converter has little advantage over the 6-phase 
converter; it is quite long since it requires 12 slip rings. For this reason it is 
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customary to design converters 6-phase. In small converters, up to 250 kw, 
the saving in material and the increased efficiency produced by a larger 
number of phases is not so important, and 3-phase design is employed. 

PROBLEMS 

1. A 6-phase synchronous converter delivers 625 volts d-c to a traction system. 
Determine: (a) the diametrical voltage of the armature; (b) the voltage between 
adjacent slip rings; (c) and the voltage between alternate slip rings. 

2. If a converter delivers 350 kw at 625 volts d-c determine the approximate 
slip-ring current, assuming the a-c supply to be: (a) single-phase; (b) 3-phase ; 
(c) 6-phase. Assume an efficiency of 94.5% and unity power factor. 

3. A 250-kw, 230-volt, 3-phase, synchronous converter receives power from a 
13,200-volt, 3-phase, 60-cycle power system. The transformer bank supplying the 
converter is connected A-Y and has an efficiency of 98%. The full load efficiency 
of the converter is 93%. Determine for unity power factor : (a) d-c output current 
of converter; (b) slip-ring current; (c) voltage, current, and kva ratings of trans¬ 
former secondaries; (d) power input, current, and voltage of transformer primaries 
when the converter is delivering rated output. Neglect voltage drops in converter 
and transformers, and transformer magnetizing current. 

4. Repeat Problem 3 for the same machine operated 6-phase with the trans¬ 
former bank connected J -diametrical. 

5. Repeat Problem 3 for the same machine operated 6-phase with the trans¬ 
former bank connected J-double A. 

6. Repeat Problem 3 for a power factor of 0.90 leading. The converter efficiency 
is now 92% and the transformer efficiency 91.5%. 

7. If the machine of Problem 3 is operated 6-phase, 0.90 power factor leading, 
with a J~double A bank supplying the power, determine: (a) slip-ring current; 
(b) voltage, current, and kva ratings of transformer secondaries. Assume converter 
efficiency 92% and transformer efficiency 97.5%. 

8. A 2500-kw, 25-cycle, 500-rpm, 230-volt, 6-phase synchronous converter 
supplies a 3-wire d-c system. The transformer bank supplying the converter is 
J-double Y (neutrals connected) and receives power from a 27,000-volt, 3-phase 
system. The full-load converter efficiency is 95% and the full-load transformer 
efficiency 98.5%. For unity power factor determine: (a) d-c output current; (b) 
slip-ring current; (c) diametrical slip-ring voltage; (d) adjacent slip-ring voltage; 
(e) slip-ring to netural voltage; (f) transformer primary current; (g) line current 
from 27,000-volt system. 

9. Three identical single-phase transformers supply a 500-kw, 125-volt syn¬ 
chronous converter. The converter is 3-phase, 25-cycle, and receives power from a 
27,000-volt, 3-phase distribution system, with the transformer bank connected 
A-Y. If the converter operates at a power factor of 0.95 lagging and an efficiency 
of 0.94, determine the transformer voltage, current, and kva rating. If the trans¬ 
former reactance drop is 5% and the converter drops are neglected, determine the 
d-c output voltage at full-load, unity p.f. and also 0.90 p.f. leading. 

10. Three single-phase transformers connected Y-diametrical supply a 6-phase, 
200-kw, 625-volt railway synchronous converter from a 13,200-volt, 3-phase line. 
Determine: voltage, current, and kva ratings of the transformers when the con- 
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verier delivers full-load at 0.95 p.f. leading and an efficiency of 0.93. What is the 
ratio of transformation of the transformers? 

11. A 1000-kw, 230-volt, B-phase, 25-cycle synchronous converter supplies a 
3-wire d-c system. Power is received from a 13,200-volt, 3-phase system. Write 
specifications for three single-phase transformers you might order, assuming 
primaries connected in A ; (b) primaries connected in Y. Give the reasons for your 
selection and show connection diagram. 

12. Two single-phase transformers connected in open delta supply a 250-kw, 
230-volt, 3-phase synchronous converter from an 1100-volt, 3-phase line. Neglect¬ 
ing losses and assuming operation at unity p.f., what are the voltage, current, and 
kva ratings of the transformers necessary? At what p.f. do the transformers 
operate? 

13. A 250-kw, 230-volt, 6-phase synchronous converter receives power from an 
1100-volt, 3-phase line by means of two transformers connected in T-double T. 
Specify voltage, current, and kva ratings of the transformers necessary when 
operating at full-load, unity p.f. At what p.f. do the transformers operate? Neglect 
losses. Show diagram of connections. 

14. If the converter of Problem 13 receives power from a 1100-volt, 2-phase line, 
specify the complete transformer ratings, neglecting losses and assuming rated 
output at unity p.f. Show diagram of connections. 

15. Sketch the wave form of the current in a conductor located 15 electrical 
degrees from a tap point of a 3-phase synchronous converter for (a) unity p.f., (b) 
0.90 p.f. lagging. 

16. Repeat Problem 15 for a 6-phase synchronous converter. 

17. If the 250-kw, 230-volt, 3-phase converter of Problem 13 receives its power 
from the 1100-volt, 3-phase line by means of autotransformers, specify the trans¬ 
formers necessary. Give voltages, tap points, and show connection diagram. 

18. Specify the voltages of the autotransformers necessary to supply a 250-kw, 
230-volt, 6-phase synchronous converter from an 1100-volt, 3-phase, 3-wire supply 
system. Show connection diagram. 



Chapter 44 


COMMUTATION OF THE SYNCHRONOUS CONVER¬ 
TER • VOLTAGE REGULATION • STARTING • PARA- 

LEL OPERATION 


44-1. Commutation of the synchronous converter. As in a d-c gener¬ 
ator, the converter needs interpoles for the purpose of improving the commu¬ 
tation. However, there is a difference between the d-c machine and the 
converter: the latter has no cross-flux (flux in the neutral axis, see Art. 43-1). 
As a consequence, the mmf required on the interpoles of a converter is much 
less than that necessary for a d-c machine of the same rating: because of the 
absence of a cross-flux, the interpoles must produce mainly the counter-emf 
equal to the emf of self- and mutual-induction in the short-circuited winding 
element, plus the voltage drop in the brush contact surface. In the d-c 
machine the interpoles need an additional mmf to suppress the armature 
cross-flux, which mmf is equal to the entire armature mmf. 

The absence of a cross-flux in the synchronous converter is due to the fact 
that the mmf of the direct current and the mmf of the active component of 
the alternating current cancel each other (see Art. 43-1). Since there is no 
mmf in the quadrature axis, a compensating winding which reduces this 
mmf is unnecessary in the rotary converter. This inherent cancellation of the 
d-c cross flux is of advantage with respect to the interpoles. However, the 
absence of the compensating winding is a disadvantage under transient 
conditions, such as change of frequency, sudden short circuit on the a-c side, 
or suddenly applied d-c load. In these cases the armature flux is not com¬ 
pensated, and high coil voltages and ring fire may appear, leading to possible 
damage of the commutator, brushes, and brush holders. 

44-2. Voltage regulation of the converter. Since the ratio of direct and 
alternating voltages of a converter is fixed, any change in the direct voltage 
requires a change in the slip-ring voltage. If the field current of a converter is 
changed, only the reactive component of its current is materially changed; 
the effect of a change in the field current on the d-c voltage is insignificant. 
The reactive current may change the d-c voltage slightly by changing the 
voltage drop in the transformer to which the converter is connected; in 
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itself, this voltage drop is very small. DiflFerent means can be employed in 
order to adjust the slip-ring voltage: taps on the primary side of the trans¬ 
former; a synchronous generator booster which is connected in series with 
the converter; an induction regulator (see Art. 25-5) the secondary winding 
of which is connected in series with the converter. The generator booster and 
the induction regulator permit a continuous regulation of the d-c voltage, 
which cannot be obtained with taps on the transformer. Also, a choke coil on 
the a-c side of the converter, in connection with variation of the field current, 
permits voltage regulation on the d-c side. However, in this case the con¬ 
verter carries reactive current which increases the copper losses. 

44-3. Starting and parallel operation of converters. Starting of a con¬ 
verter can be accomplished on either the a-c or the d-c side. Since the converter 
behaves as a synchronous motor on the a-c side, it is not capable of starting 
by itself. It must be equipped, just as the synchronous motor, with a squirrel- 
cage winding (damper winding) to enable it to start as a squirrel-cage induc¬ 
tion motor. In order to keept the starting current low, a reduced voltage of 
about i to ^ the rated voltage is impressed across the slip rings during the 
starting period. For this reason the secondary of the main transformer is 
suitably tapped to give this reduced voltage. When the converter is brought 
up to near synchronous speed as an induction motor, it will pull into step as 
a reluctance motor because of the salient poles (see Art. 36-1), and full 
voltage can be applied after it has been excited with direct current. 

Just as in the conventional synchronous motor (Art. 38-4), care must be 
taken with the synchronous converter to see that the field winding is not 
punctured by high induced voltages at start. In order to avoid breakdown, the 
field winding is short-circuited across the armature at start or broken into 
several groups; in the latter case the correct connection must be made when 
the machine has reached synchronous speed. 

If a direct-current source is available, the converter can be started from the 
d-c side in the same manner as a shunt motor. After reaching its rated speed, 
it is then synchronized with the alternating-current supply. The converter is 
started from the d-c side wherever this is possible. Very large converters are 
also started by means of special starting motors. 

If several converters operate in parallel with each other, each converter 
normally has its own transformer. If several converters are supplied from a 
common transformer, then the armature windings of the machines are con¬ 
nected in parallel on both the a-c and the d-c sides. If, in this case, the brush- 
contact resistances of the machines are not equal, the direct current may 
enter the negative brushes of a machine and then, instead of leaving its 
positive brushes, follow a path through the armature, out the slip ring, over 
the bus-bars on the a-c side, and out the positive brushes of another machine. 
The brushes of this latter converter are then decidedly overloaded and 
sparking at the commutator results. 
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If a converter operates in parallel with d-c generators or with a bank of 
batteries, then any sudden additional load will be taken in the greater part 
by the converter because of its low voltage drop (in the armature winding 
and in the transformer). In order to obtain a uniform distribution of the load 
among all machines operating in parallel, and also the battery, under certain 
circumstances it is necessary to increase the voltage drop in the converter by 
using a small differentially connected series winding and a choke coil on the 
a-c side. 

The distribution of load among rotary converter operating in parallel 
can be varied by changing their d-c voltages, using the means described in 
Art. 44-2. 

As has been mentioned, a synchronous converter can also be used to 
transform from d-c to a-c (inverted converter). However, certain difficulties 
arise here which are not present when the synchronous converter transforms 
from a-c to d-c. The inverted converter operates either as a shunt or com- 
potind motor, and therefore its a-c frequency depends upon its d-c excita¬ 
tion. Consider the inverted converter loaded with an inductive load: an 
increase of the inductive current weakens the field of the converter (see 
Art. 32-1) and increases its speed and frequency. The increase of frequency 
increases the inductive reactance of the load and thus the lag angle of the 
current. This further reduces the field and increases the speed. The action is 
cumulative, and for this reason the inverted converter has to be provided 
with a speed-limiting device. Also, the normal rotary converter has to be 
provided with such a device when the possibility of inverted operation exists, 
as for example, in the case of a short circuit on the a-c line of a converter 
operating in parallel with a storage battery. 

44-4. Comparison with the motor-generator set. A motor-generator 
set can be used to convert alternating current to direct current or direct 
current to alternating current. The motor of the a-c to d-c set can be either an 
induction motor or a synchronous motor. The disadvantage of the motor- 
generator set in comparison with the synchronous converter is its low overall 
efficiency. In a motor-generator set the entire transformed energy is first 
transformed into mechanical energy by the motor, and then into electrical 
energy by the generator; in a converter the transformation is accomplished 
in the same armature, the winding of which carries only the difference of the 
two currents. Tl^e losses in the motor-generator set are, therefore, much 
larger than those in the synchronous converter. 

The motor-generator set and the rotary converter have both been super¬ 
seded by the mercury-arc rectifier and are now used only in special applica¬ 
tions, such as speed regulating sets. 



Chapter 45 


THE D-C ARMATURE IN AN ALTERNATING 
MAGNETIC FIELD 


In the d-c machine and in the synchronous converter the d-c armature 
rotates in a magnetic field that does not vary with time and that does not 
move. In contrast, in a-c commutator motors a d-c armature rotates in a 
magnetic field that either varies with time (single-phase commutator motor), 
or rotates (polyphase commutator motor). A series of new phenomena, there¬ 
fore, are introduced which do not appear in the case of a d-c armature rotating 
in a constant stationary magnetic field. The behavior of a d-c armature in an 
alternating field will be considered in this chapter. 

45 -1. The emf of rotation and the emf of transformation in the arma¬ 
ture winding. In the d-c machine the magnetic axis of the d-c armature 
is determined by the position of the brushes on the commutator (Fig. 45-1). 
The same holds true for the d-c armature in an alternating field. However, in 



Fig. 45~1. Position of the axis of the 
armature mmf in a d-c inachine. 
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each armature path of the d-c machine, the magnitude and direction of the 
currents are constant, and the resulting armature flux, therefore, is constant; 
in the single-phase commutator motor, on the other hand, the current in 
each armature path varies with time, since the brushes carry alternating 
current, and as a result, the armature flux also varies with time; the armature 
flux of a single^phase commutator motor is an alternating flux the axis of which 
is determined by the position of the brushes on the commutator. 

In the single-phase commutator motor the field (pole) winding is either a 
concentrated winding, similar to that in the d-c machine, or a distributed 
winding as in the single-phase induction machine; it produces an alternating 
flux. For the sake of simplicity the field winding is shown as a concentrated 
winding in all the figures that follow. 

(a) The emf of rotation in the armature winding. Fig. 45-2 represents 
schematically the field winding and the armature winding of a single-phase 
commutator motor. The brush axis is perpendicular to the axis of the pole- 
flux, and the armature rotates in the alternating flux produced by the field 
winding. The emf induced in the armature as a result oj rotation and appear¬ 
ing at the brushes is, as in the case of the d-c machine, proportional to the 
rprti of the armature. However, since the flux is alternating, it is not a direct 
emf but an alternating emf, and its frequency is independent of the rpm of the 
armature and always equal to the frequency of the field current (the frequency of 



Fig. 45-2. Emf of rotation in a d-c aima- Fig. 45-3. Transformer emf in a d-c 

ture winding due to an alternating flux, armature winding due to an alternating 

Brushes in the neutral. flux. 
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the line). This is eajsily understood from the following consideration: The 
flux of a d-c machine is unvarying with time and, as a result of rotation, a 
direct emf is induced in the armature the magnitude of which is proportional 
to the rpm of the armature. If the flux of a d-c machine were to pulsate, then 
an alternating emf would appear between the brushes on the commutator; 
the frequency of this emf would correspond to the frequency of the pulsations 
of the flux, but its mdgnitvde would be proportional to the speed of the 
armature and independent of the frequency of the flux pulsations. From the 
same consideration it follows that the emf produced by rotation in an alternating 
flux is in phase mth the flux : the emf is zero when the flux is zero and a 
maximum when the flux is a maximum. 

(b) The transformer emf in the armature winding. In addition to the emf of 
rotation a second emf is induced in the armature winding by transformer 
action with the main flux. Since the pole-flux linking the individual armature 
winding elements is an alternating flux, it induces emf’s in them just as the 
primary winding of a transformer induces emf *s in the turns of the secondary 
winding; these emf’s are entirely independent of the speed. In Fig. 45-3 the 
direction of the transformer emf’s is shown for a certain instant of time. The 
emf’s in the turns to the left of the axis of the field winding and the emf *s in 
the turns to the right of the axis of the field winding have opposite directions 
with respect to one another, exactly the same as do the emf’s of rotation with 
respect to the brush axis in Fig. 45-2. These transformer emf’s cannot pro¬ 
duce internal (circulating) currents in the armature winding, because, with 
respect to the closed circuit of the armature winding, 
the emf’s in both halves of the winding cancel one 
another. Furthermore the transformer emf’s are 
ineffective with respect to the brushes lying in the 
axis perpendicular to the field winding (brushes oa. 

Fig. 45-3), because they cancel one another within 
the upper half as well as within the lower half of 
the armature winding; therefore the transformer 
emf’s produce no current in the armature winding 
if these brushes (oa) are joined together. However, 
it is different if brushes are placed on the com¬ 
mutator along the field axis (brushes^, Fig. 45-3). 

Between these brushes the transformer emf’s add 
within both halves of the winding, and current 
would flow between these brushes if they were 
joined together. 

Thus, the emf of rotation and the transformer 
emf both have the same frequency. However, while 
the emf of rotation is in phase with the pole-flux producing it, and its 
magnitude depends upon the rpm of the armature, the transformer emf is 
displaced in phase 90° behind the flux producing it, as in every , trans- 


r cos a 
o 

g ^l/f sina 



Fig. 45-4. Emf of rota¬ 
tion and transformer emf in 
a d-c armature winding due 
to an alternating flux. 
Brushes not in the neutral. 
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former, and its magnitude is independent of the rpm of the armature. 

If the brushes are shifted so that the angle between the brush axis and the 
field axis, a, is ^90° (Fig. 45-4), then, as in the d-c machine, the emf of 
rotation is less than in the case when a = 90°; it is proportional to sin a. 
Furthermore, in this case a transformer emf appears between the brushes 
which is proportional to cos a. This can be seen without further discussion if 
the flux is divided into two components, one of which, O sin a, is perpen¬ 
dicular to the brush axis, and the other, O cos a, is parallel to the brush 
axis (Fig. 45-4). 

45-2. The torque of the single-phase commutator motor. The 
compensating winding. By means of Fig. 45-3 and the fundamental law 
of the force on a conductor in a magnetic field (see Art. l-2d), it is evident 
that the currents produced in the armature by the transformer emf’s and 
flowing through the brushes ff produce no torque in conjunction with the 
pole-flux: in the left half as well as in the right half of the armature the 
torque produced by the coils lying in the upper half of the armature oppose 
the torque produced by the coils lying in the lower half of the armature. It 
is quite different, however, with the currents produced by the rotational 
emf’s (Fig. 45-2): these currents and the pole-flux produce the useful torque. 
In the first case, where the armature currents are produced by transformer 
action, the axis of the armature flux coincides with the axis of the pole-flux. 
In the second case, where the armature currents are produced by rotation, 
the axis of the armature flux makes an angle of 90° with the axis of the 
pole-flux: the greatest torque appears if the brush axis (axis of the armature flux) 
and the field axis make an angle of 90° unth each other (as is usually the case in 
the d-c machine). 

The average value of the developed torque is according to Eq. 1-33 

—El cos 4> Ib-ft. -{45-1) 

n 

where E and I are the effective values of the emf induced in the armature 
by rotation and of the armature current, i/j is the angle between E and I, 
Eq. 45-1 applies also to the d-c machine, however, for the d-c machine E is 
the amplitude of the a-c emf (E^.^ = sl2E, see Art. 43-2, Fig. 43-3). 

If the brush axis makes an angle a (Fig. 45-4) with the main flux axis, then 
the value of Eq. 45-1 must be multiplied by sin a, since only the component 
O sin a of the flux is effective. Thus the general expression for the average 
value of the torque is 

7.04 

T — - EI cos ilf sin a Ib-ft. (45-2) 

n 

The torque of the single-phase commutator motor is not constant but varies 
between a maximum and a minimum value (see Art. l-2d). Disregarding the 
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factors cos 0 and sin a, the average value of the torque of the single-phase 
commutator motor is less, in the ratio of 1 :n/2, than the constant torque of a 
d-c machine with the same flux and the same armature copper losses as in 
the single-phase commutator motor. If the emf and current are not in phase 
or if the angle between the brush axis and the field (pole) axis is not equal 
to 90° 7 ^ 0, a # 90°), then, in comparison with the d-c machine, the torque 

is still further less. 

The compensating winding. The pole-flux induces transformer emf’s in 
the armature winding; yet, a transformer emf appears at the brushes only 
when the brushes are not placed on the perpendicular to the axis of the field, 
i.e., are not placed in the neutral axis. If the brushes are on a perpendicular 
to the field axis, the transformer emf between them is equal to zero, because 
the emf’s of the individual coils in each armature path mutually cancel one 
another. However, the pole-flux links not only the armature winding but also 
the field winding; it induces a voltage of self-induction in this winding, the 
frequency of which is equal to the frequency of the line, and a part of the 
terminal voltage must be consumed in order to overcome this voltage of self- 
induction. This component of the terminal voltage leads the field current by 
90°. 

The armature flux has the same effect on the armature winding as the field 
flux has on the field winding. As described, the armature flux is an alternating 
flux the axis of which coincides with the brush axis. Since the armature 
winding behaves magnetically as a solenoid, the axis of which coincides with 
the brush axis, the armature flux induces an emf of self-induction in the 
armature winding by transformer action, and a component of the terminal 
voltage again must be used to overcome this induced emf. 

The emf’s of self-induction in the field winding and in the armature wind¬ 
ing introduce a phase shift between the terminal voltage and the current and 
would make the phase displacement of the single-phase commutator motor 
extraordinarily large if special means were not employed in order to avoid 
this effect. As in the d-c machine, the armature flux does not contribute to 
the electromagnetic power (Eq. 1-33) and may be nullified here just as in the 
d-c machine; in consequence of this fact, the single-phase commutator motor is, 
as a rule, supplied with a compensating winding (see Art. 46-1). By means of 
this winding the armature flux is reduced to a small residue, the leakage 
fluxes, so that the emf of self-induction of the armature is small and equal 
to the emf induced in the armature winding by its leakage fluxes only. On 
the other hand, the voltage of self-induction in the field winding cannot be 
avoided, for this is produced by the main flux which creates the effective 
torque; this flux cannot be eliminated or reduced. In order to diminish the 
emf of self-induction in the field winding of a single-phase series motor, the 
number of turns of the field winding is made as small as possible. 

Similarly, as in the d-c machine, the compensating winding is made as a 
distributed winding and placed in slots in the stator. Its magnetic axis must 
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coincide with the axis of the armature winding, i.e., the brush axis. Since the 
armature flux is alternating, it is not necessary to connect the compensating 
winding in series with the armature winding so that it will carry the armature 
current, as in the case of a d-c machine. The compensating winding will sup¬ 
press the armature field if it is simply short-circuited on itself, for, with 
respect to the armature winding as the primary winding it acts as the short- 
circuited secondary of a transformer. 

45-3. The transformer emf of a short-circuited winding element and 
the commutating fluxes in the single-phase commutator motor. If 

commutation plays an essential role in the d-c machine and afiFects its 
performance, then this same problem enters to an even greater measure in the 
a-c commutator motor, because commutation takes place under much more 
unfavorable conditions than in the d-c machine: it is the transformer emf 
in the short-circuited winding element which makes the commutation worse 
in comparison to that of the d-c machine. It is evident from Fig. 45-2 that, 
during the time a winding element is short-circuited by the brush, the element 
lies in a plane that is perpendicular to the field (pole) axis, and in consequence 
of this it is linked by the pole-flux. Thus a transformer voltage results of the 
magnitude (see Eq. 3-11) 

ei = 4.44/iV^OlO’'® volt (45-3) 

where is the number of turns per winding element. The emf induced in 
the short-circuited winding element thereby is independent of whether the 
armature rotates or is at rest and appears at start as well as during the running 
of the machine. While in the d-c machine, with the brushes located in the 
neutral axis, the pole-flux has no effect on the short-circuited winding 
element, in this case the effect of the pole-flux is present constantly in the 
form of a transformer emf in the short-circuited element. 

The armature flux has no effect on the short-circuited winding element 
because it is canceled by the compensating winding. Besides the transformer 
emf the short-circuited element is influenced by the resistance of the 
short-circuit path and the emf of self-induction, which is the result of the 
change in the current during the movement of the coil from one armature 
path to another (see Fig. 45-1). Since the armature carries an alternating 
current, the reversal of current in the short-circuited element can take place 
at any instantaneous value of the current. The greatest emf of self-induction 
appears if commutation takes place at the maximum value of the current. 
If commutation takes place at the moment when the instantaneous value of 
the current is zero, then the emf of self-induction also is zero. Since maximum 
value of emf of self-induction occurs at the instant of maximum value of 
current, and zero value of emf of self-induction occurs at the instant of zero 
value of current, it follows that the emf of self-induction in the short-circuited 
winding element is in phase with the alternating current. 
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While the transformer emf in the short-circuited winding element depends 
upon the pole-flux and the line frequency, and lags 90° behind the pole-flux, 
the emf of self-induction in the short-circuited winding element depends 
upon the current and the speed of the armature and is in phase with the 
current. The fact that the two emf’s appearing in the short-circuited element 
of a single-phase commutator machine have different phase angles with 
respect to the current, and also depend upon different quantities, make 
improvement of commutation in the single-phase commutator machine 
rather difficult. 

The cancellation of the emf of self-induction in the short-circuited winding 
element can be accomplished by means of interpoles in the same manner as 
in the d-c machine, i.e., by the rotation of the short-circuited element in a 
commutating flux. The strength of the commutating flux must be proportional 
to the current since the emf of self-induction Cg is proportional to the current. 
It has been found that the emf induced by rotation in an alternating flux is 
in phase with the alternating flux. Therefore, the phase of the commutating 
flux must be opposite to that of the current; then the emf induced by 
rotation in this flux will be exactly opposite to e^. Fig. 45-5a shows the phasor 
diagram of the armature current I and the commutating flux O,, necessary 
to cancel the emf of self-induction 6*. The voltage e* is in phase with /, and 
the flux Otg produces, by rotation, a voltage in the short-circuited winding 
element which is equal and opposite to Cg. To produce the commutating 
flux <I),g, the armature current has to be employed just as in the d-c machine; 
thus, the commutating pole winding has to carry the armature current. 

It is quite different, however, with the transformer emf in the short- 
circuited winding element. In Fig. 45-5b O is the field flux and the trans¬ 
former emf induced in the short-circuited element, lagging 90° behind the 
field-flux. Cj cannot be canceled by the transformer effect of a commutating 
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Fig. 45-6. Emf’s in the short-circuited winding element €«id. 
the necessary commutating fluxes. 
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flux, for this flux would have to be displaced in phase 180° from the field 
flux, and this would weaken the main flux. If is to be canceled, this must 
be accomplished by rotation in a commutating flux and this commutating 
flux must be 90° ahead of the main flux, as shown in Fig. 45-5b. For the 
cancellation of the transformer emf in the short-circuited winding element 
a commutating flux of a different phase and also of a different magnitude 
is necessary than that required for the cancellation of the emf of self- 
induction because 6^ is porportional to the field-flux and to the line 
frequency while e, is proportional to the current and to the speed of the 
armature. The manner of producing both of these commutating fluxes is an 
important consideration in the design of single-phase commutator machines. 
Both emf’s in the short-circuited winding element, e, and e#, usually are 
displaced nearly 90° from each other so that the resultant induced emf in 
the short-circuited path of the single-phase commutator motor is approxi¬ 
mately equal to 

= (45-4) 

As will be shown, is completely canceled by the two commutating 
fluxes only for a fixed load. For other loads a certain residue remains. 
Experience shows that for good commutation, i.e., for satisfactory operation 
of the commutator, this remainder must not exceed 3 volts. This also sets a 
limit for e^. Since the magnitude of the transformer emf is independent of 
the armature speed and, on the other hand, since this voltage can be canceled 
only by rotation in a commutating field, it cannot be canceled at low speeds; 
consequently, at standstill the transformer emf produces its full effect. Thus, 
while starting, there is no means of avoiding the undesirable effect of the 
transformer emf in the short-circuited winding element, and it must be 
small (less than 3 volts), unless resistance is inserted between the winding 
elements and the commutator bars in order to reduce the current in the 
short-circuited path and the current density under the brush. 

From Eq. 45-3 it follows that e^ can be diminished if the line frequency and 
the field-flux are made small. This is the reason why, in the case of single¬ 
phase traction motors, a frequency of 25 cps (16| cps in Europe) is selected, 
and why in a-c commutator motors the pole-flux must be kept low in comparison 
to that of other machines. The low field flux causes a low voltage per winding 
element. In consequence of this, the commutator of the a-c commutator 
machine is designed only for low voltage (about 100 volts at 50 to 60 cps, 
300 volts at 25 cps, and 500 volts at 16f cps). Where the line voltage is higher 
than these values a transformer is necessary between the line and the 
armature. 

The limit of 3 volts for the residual voltage in the short-circuited coil is 
determined by the contact resistance between commutator bars and brushes. 
The greater this contact resistance, the smaller the current in the short- 
circuited path. Only hard brushes with a high contact resistance are used for 
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a-c commutator motors; for these brushes a residual voltage of 3 volts is 
permissible. 


PROBLEMS 

1. A 4-pole d-c armature rotates in a sinusoidally distributed alternating flux the 
maximum value of which is 1.6 x 10® maxwells. The armature speed is 1200 rpm. 
Determine the rotational emf: (a) when the brushes are in the neutral; (b) when 
the brushes are in the pole axis. The number of turns per path is 80. 

2. Determine, for the armature of Problem 1, the transformer emf induced 
between the brushes: (a) when the brushes are in the neutral; (b) when the brushes 
are in the pole axis. The frequency of the field current is 25 cycles. 

3. Determine, for the armature of Problem 1, the average torque produced if 
the winding is lap wound, the brushes are in the neutral, and the armature current 
is 20 amp. The phase angle between armature current and flux is 20°. 

4. Determine the ampere-conductors of the compensating winding for the 
armature of Problem 1 if the armature winding is lap wound and the armature 
current is 20 amp. 




Chapter 46 


THE SINGLE-PHASE SERIES COMMUTATOR 

MOTOR 


46-1. The voltage diagram of the single-phase series commutator 
motor. The diagram of connections of the single-phase series motor is shown 
in Fig. 46-1 : A is the armature, FW the field winding, CW the compensating 
winding, and IW the interpole winding. The brush axis is perpendicular to 
the field axis, and the axes of the compensating and interpole windings coin¬ 
cide with the brush axis. The connection of the armature, interpole, and 
compensating windings must be arranged in such a manner that the mmf’s 
of the compensating and the interpole windings act in opposition to the 
armature mmf (see Arts. 45-2 and 45-3). Since the brush axis is perpendicular 
to the field (pole) axis, only an emf of rotation (Er) is induced in the armature 
winding by the pole-fiux, between the brushes, but no transformer emf what¬ 
ever. The compensating winding nullifies the mmf of the armature winding. 
The field winding FW as well as the interpole winding IW is designed as a 
concentrated winding in a manner similar to the d-c machine. 

Kirchhoff’s mesh equation for the circuit of Fig. 46-1 is 

F-j/Sa;=/Sr + i, (46-1) 



Fig. 46-1. Schematic diagram of the 
connections of a single-phase series 
commutator motor. 



Fig. 46-2. Voltage 
diagram of the single¬ 
phase series commu¬ 
tator motor. 
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The meaning of 2a? and 2r is explained below. (Art. 45-1) is in phase with 
7(4)), as is /2r, and is placed together with 1 2r. 

The voltage diagram corresponding to the connections of Fig. 46-1 can be 
established easily. All four windings carry the same current 7. The pble-flux 
O is produced by, and is in phase with, the current 7 (Fig. 46-2). Accordingly, 
the emf of rotation in the armature winding is in phase with 7. If 2r 
represents the sum of the resistances of the four windings and 2a; the sum 
of the leakage reactances of armature and compensating winding plus the 
reactances of the field and interpole winding, then, according to KirchhofF^s 
mesh equation, the impressed voltage V is equal to the geometric sum of the 
voltage drops 72r and 72a; and the emf of rotation in the armature winding 
Er» The iron losses in the stator are considered as an I^R loss and are in¬ 
cluded in 72r. On the other hand, the iron losses of the rotor are for the 
greatest part of a mechanical nature similar to the windage and friction 
losses (see Art. 29-lb) and are considered as a mechanical power loss. The 
reactance of the field winding constitutes the greatest part of the sum 2a;. 
In Fig. 46-2 the emf of rotation E^, which is in phase with 4> and 7, is drawn 
for three different speeds. At constant current 7 this emf of rotation Er is a 
measure of the developed mechanical power of the rotor (see Art. l-2d): as 
such, it behaves as a dissipative resistance and is in phase with 72r. The 
mechanical power delivered at the shaft is less than the product E^I by the 
amount of the rotational iron losses in the rotor plus the windage and friction 
losses. 

As Fig. 46-2 shows, the phase displacement angle 9 ? of the single-phase 
series motor decreases with decreasing 7 2a;; further, it decreases considerably 
with increasing rpm, because with increasing rpm E^ increases in com¬ 
parison to 72a:. For high speeds the power factor approaches a value 
cos 99 = 0 . 95 . 

Analogous to the circle diagram of the induction motor, a circle diagram 
for the current (at constant voltage) can also be derived for the single-phase 
commutator motor. However, this circle diagram is not of great value because 
the single-phase series motor, in contrast to the induction motor which 
operates over the normal working region with an almost constant fiux, it has 
a varying fiux, i.e., a varying saturation of the path of the main fiux and, 
therefore, a varying field winding reactance; this factor cannot be taken into 
consideration in the circle diagram. 

46-2. Commutation of the single-phase series commutator motor. 

The phasor diagram of fluxes and emf’s for the short-circuited winding 
element is obtained by superposition of Figs. 45-5a and 45-5b where it has 
to be noted that O is in phase with 7. Fig. 46-3 shows this diagram. The 
resulting emf in the short-circuited element lags the current by a fixed 
angle. The generation of the oppositely directed emf - is to be accomplished 
by means of the resulting commutating flux O,, and the task of the interpole 
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winding is to furnish this flux. The interpoles cannot be excited by the 

armature current directly, for the resulting 
interpole flux O, and the armature current I 
are not in phase. The interpole winding must 
be excited by a current which lags the arma¬ 
ture current I by the same angle by which 
lags /. This will occur if a resistance R 
is connected in parallel with the interpole 
winding as Fig. 46-4 shows. If F, is the volt¬ 
age common to the interpole winding and the 
resistance R (Fig. 46-5), then the current /,, 
which flows in the interpole winding, lags 
behind F* by about 90°, because the resistance 
of this winding is small in relation to its react¬ 
ance ; on the other hand, the current which 
flows in the resistance R, is in phase with F,. 
Since the geometric sum of and Ir must be 



Fig. 46-3. Phaser diagram of 
the emf’s in the short-circuited 
winding element and of the 
commutating fluxes. 


equal to the armature current /, the interpole current is caused, by the 
parallel resistance J?, to lag behind the armature current, and it can there¬ 
fore produce the necessary resulting commutating flux It should be 



Fig. 46-4. Resistance in parallel with the inter¬ 
pole winding for producing the commutating 
fluxes according to Fig. 46-3. 


Fig. 46-5. Current dia¬ 
gram for interpole wind¬ 
ing and resistance of 
Fig. 46-4. 


remembered (see Art. 45-3) that the arrangement for improving the com¬ 
mutation shown in Fig. 46-4 is effective only within a certain range of motor 
speed; it is not effective at low speeds. 
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46-3. Torque and characteristic curves of the single-phase series 
commutator motor. Since the flux in the single-phase series motor is 
in phase with the armature current, and the brush axis makes an angle of 
90® with the field axis, the torque, in accordance with Eq. 45-2, is ■ 

T^—EJ Ib-ft. (46-2) 

n 

The magnitude of the armature rotational emf can be determined from 
Eq. 14-9, if it is remembered that it is proportional to the frequency of 
rotation of the armature, though its actual frequency is equal to the line 
frequency (Art. 45-la). Thus 

Er = ^A4:(pnll20)N x 10“® (46-3) 

N is the number of turns per circuit (between two brushes). If Z is the total 
number of conductors of the armature 

(46-.) 

For the d-c armature winding ka = 2l7r: when the number of slots in the coil 
group (q) is large, the distribution factor can be defined as the ratio of chord 
to arc (see Fig. 14-1). For the d-c armature winding this ratio is equal to the 
ratio of diameter to the length of half a circle = 2/77 (Fig. 45-1). The d-c 
armature windings are almost full-pitch, so that ip = l (Eq. 14-8). 

Inserting Eqs. 46-3 and 46-4 and also ^^ = 2/77 and kp = l into Eq. 46-2, 
the equation for the torque can be written as 

T = 0.083(p/a)Z(D/ x IQ-® Ib-ft. (46-5) 

Speed control in the single-phase series motor is accomplished by voltage 
control. For a given torque (given armature current) the counter-emf {Ej. 
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-►Torque 

Fig. 46-6. Speed-torque characteristics and torque-current 
characteristic of the single-phase series motor. 
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in Fig. 46-2) increases as the voltage increases and, therefore, the speed 
increases with increasing voltage. For the purpose of speed control the trans¬ 
former secondary is tapped, and the speed control is accomplished econ¬ 
omically. 

The relation between torque and current, as well as that between torque 
and speed for various voltages, is shown in Fig. 46-6. Rated values of torque, 
speed, etc., are taken as 100%. The general trend of the current as well as of 
the speed curve is the same as that in a d-c series motor. The greater the 
voltage, the greater will be the speed for the same torque. The line current 
for a given torque is independent of the magnitude of the voltage. In order 
to develop rated torque at start, 45 to 50% of the rated voltage is necessary. 
For satisfactory commutation the speed range of the single-phase series 
motor is between 20 and 150% of rated speed. 

46-4. The universal motor. The A.S.A. definition of a universal motor is 
as follows: 

A universal motor is a series-wound or a compensated series-wound motor 
which may be operated either on direct current or single-phase alternating 
current at approximately the same speed and output. These conditions must 
be met when the direct-current and alternating-current voltages are approxi¬ 
mately the same and the frequency of the alternating current is not greater 
than 60 cps. 

As can be seen from this definition, there are two types of universal 
motors: the non-compensated and the compensated. The non-compensated 
motor has salient poles just as the d-c machine; the compensated motor has 
slotted stator punchings, such as the traction motor described in Art. 46-1. 

The universal motor is a fractional-horsepower motor and is usually 
designed for speeds of 3500 rpm or less, but also up to 10,000 or 15,000 rpm. 
The no-load speed may be as high as 20,000 rpm. The non-compensated 
motor is less expensive than the compensated motor, but its operating 
characteristics are not as good as those of the compensated motor. 

PROBLEMS 

1. The sum of the resistances of the field winding, compensating winding, arma¬ 
ture winding, and interpole winding of a 25-cycle, single-phase series motor is 1.5 
ohms. The sum of the reactances of these windings is 4.5 ohms. At a current of 5 
amp the flux per pole is 475 x 10® maxwells. Determine the speed of the motor, if 
the number of poles is 4, the number of turns per path is 60, and the terminal 
voltage is 120 volts. 

2. Determine the terminal voltage necessary to reduce the speed of the motor of 
Problem 1: (a) by 20%; (b) by 30%. Torque remains the same as in Problem 1. 

3. Determine the terminal voltage necessary to increase the speed of the motor 
of Problem 1; (a) by 20%; (b) by 30%. Torque remains the same as in Problem 1. 

4. Determine the torque of the motor of Problem 1 if the winding is lap wound. 
The brushes are in the neutral. 
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5. A 2-pole, 25-cycle, single-phase series motor has a total field resistance of 
0.80 ohm and each pole has 150 turns. A field current of 10.0 amp produces a 
voltage across the field of 50 volts. Determine the reactance of the field in ohms 
and the pole flux. Neglect leakage. 

6 . The armature of the 25-cycle motor in Problem 5 is wound with winding 
elements having 8 turns. What is the maximum flux permitted to link a winding 
element if the maximum rms transformer voltage between commutator bars is 
limited to 3 volts. 

7. If the power input to the machine of Problem 1 is 500 watts when cos 93 =0.85 
and the terminal voltage is 71 volts, determine the emf of rotation. 


Chapter 47 


THE REPULSION MOTOR 


47-1. The voltage diagram of the repulsion motor. The circuit of the 
repulsion motor is shown in Fig. 47-1. The stator winding (field winding FW 

and compensating winding CW in series) is con¬ 
nected to the line and is completely detached 
electrically from the armature winding; the arma¬ 
ture is short-circuited on itself by the brushes. 
Since the commutator is not included in the 
circuit containing the stator winding, the latter 
may be designed for any voltage desired. 

The compensating winding CW and the arma¬ 
ture constitute a transformer; by this means 
the load current which is necessary to produce 
the torque is transferred by induction from the 
lines to the armature. The compensating winding, 
therefore, can be designated as the stator torque 
winding. The torque is produced by the arma¬ 
ture current and main flux ; the brush axis is 
perpendicular to the field (pole) axis, exactly as in the series motor. The 
cross-fiux in the load (horizontal) axis cannot produce torque with the 
armature currents, because its axis coincides with the brush axis, i.e., because 
with respect to this fiux the current distribution in the armature is such that 
the torques of the individual coils mutually cancel themselves (see Art. 
45-2). 

At start the repulsion motor behaves exactly as the series motor. At start, 
in both motors, the voltage impressed across the terminals is consumed 
essentially by the field winding, because of its high reactance. At start the 
compensating winding and the armature winding require only a small part 
of the total voltage, namely, the short-circuit voltage of their leakage 
reactances and resistances, since the fiuxes produced by these windings cancel 
each other. The armature current is displaced practically 180° behind the 
pole-flux, which is produced by a current of the same phase as the current 
in the torque winding (winding CW); therefore, the conditions for developing 
a high starting torque are just as favorable as in the series motor. 
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Fig. 47-1. Schematic con¬ 
nection diagram of the repul¬ 
sion motor. 
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When running, an emf is induced in the armature by the pole-flux as well 
as by the cross-flux. The pole-flux produces an emf of rotation Ej. in the 
armature which is in phase with this flux and the field current, and conse¬ 
quently with the current in the torque winding (winding CW), sinqe these 
currents are always equal. The armature current, produced by transformer 
action with the torque winding, is displaced in phase nearly 180° from the 
field current, so that the emf of rotation and the current transferred by 
transformer action are likewise displaced in phase nearly 180° from one 
another. The emf of rotation E^ consequently acts on the transformer con¬ 
sisting of the torque winding (winding CW) and the armature as the counter- 
voltage of an ohmic resistance ; when running, the transformer appears non- 
inductively loaded, and the terminal voltage at the primary of the trans¬ 
former, i.e., at the torque winding, must rise by an amount corresponding to 
the emf Er\ therefore, when running a voltage, in phase with the current, 
appears at the terminals of the torque winding CW, in addition to the short- 
circuit voltage which appears at standstill. Since this voltage at the torque 
winding can be produced by transformer action only, its appearance is 
possible if a cross-flux (<I)^) is developed in the torque axis which is displaced in 
'phase 90° relative to this voltage. Thus two fluxes, the pole-flux and the 
cross-flux, are to be considered. Kirchhoff’s equations of stator and rotor 
circuits are 

\\ + + x,)=J,(r, + r,) (47-1) 

+ = (47-2) 

Fig. 47-2 shows the voltage diagram of the repulsion motor. The stator 
current and the pole-flux Q> are drawn upward along the vertical. The 
armature emf of rotation E.r is in phase with O. The geometric sum of E^ 
and the emf E^t induced in the armature by the transformer action of the 
cross-flux (I>^ must be equal to the resistance and reactance voltage drops in 
the armature winding /gfg and I The cross-flux is produced in the 
torque winding by a magnetizing current Consequently, the stator current 
1 1 is equal to the geometric sum of and I^. The stator voltage V must 
be large enough to overcome the transformer emf of the compensating 
winding E^f and besides provide for the resistance and reactance voltage 
drops of the field and compensating windings Ii(rf + rc) and Ii(Xf+Xc). 

The armature field is canceled in the repulsion motor in the same manner 
as in the series motor (Fig. 46-1). It is necessary to distinguish between the 
armature flux and the cross-flux for the armature flux is in phase with the 
current /g while the cross-flux is displaced in phase about 90° from the 
current /g. X 2 consists of only the leakage reactance of the armature winding. 
Correspondingly Xf. consists of only the leakage reactance of the compensating 
winding; on the other hand, Xf includes the complete self-inductance of the 
field winding, as in the series motor. 

As was mentioned previously, the cross-flux w hich takes no part in the 
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Fkj. 47-2. Flux and voltage diagram of 
the repiilsion motor. 


production of torque, is absolutely essential for the transfer of power from 
the stator to the rotor. The pole-flux O and the cross-flux are displaced 
exactly 90° from each other in space phase and almost 90° in time phase. 
This results in a rotating flux. The speed of this rotating flux is 

120 / 

p 

if/, as in the discussions preceding, is the line frequency. Thus the repulsion 
motor at standstill has an alternating flux and develops a rotating flux during 
running. 


47-2. Commutation of the repulsion motor. The repulsion motor has 
no interpoles for improvement of commutation. At standstill the transformer 
emf appears in the short-circuited winding element, just as in the single¬ 
phase series motor, and the current of the short-circuit path is limited by the 
contact resistance between brush and commutator bars. The fact that the 
repulsion motor develops a rotating flux while running is of importance for 
its commutation during running: it is evident that, when the short-circuited 
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winding element has the same speed as the rotating flux, no voltage is 
induced in it by the rotating flux. Thus, at synchronous speed of the rotor, no 
transformer emf appears in the short-circuited winding element. The influ¬ 
ence of the transformer emf on commutation is largest at standi^till; it 
decreases as the motor speed increases; it becomes zero at the synchronous 
speed of the motor, and increases again as the speed becomes larger than the 
synchronous speed. Consequently, the repulsion motor is best operated near 
synchronous speed, 

47-3. Characteristic curves of the repulsion motor. Since the ratio of 
the field current to the armature current is fixed as a result of the series 
connection of the field and torque windings, the repulsion motor has the 
characteristic of a series motor. 

Fig. 47-3 shows the field and compensating windings of Fig. 47-1 com¬ 
bined into a single winding. The connections of Figs. 47-1 and 47-3 are 
entirely equivalent to one another. This becomes evident 
if the stator winding of Fig. 47-3 is assumed divided into 
two parts, one of which has its axis in the direction of 
the brush axis and the other perpendicular to the brush 
axis. Fig. 47-3 represents the actual coil arrangement 
of the repulsion motor. By means of a brush displacement 
the stator winding can be distributed in any manner 
selected into a field and a compensating winding; in this 
manner the speed and the torque of the motor can be varied, 
since a variation of the number of field turns gives 
rise to a variation in the flux (O) which produces the 
torque. 

The two extreme brush positions are found when the 
brush axis is perpendicular to the axis of the stator 
winding (a = 0'’), and when the brush axis coincides with the axis of the 
stator winding (a:=90°). In the first case (a=:0°) the armature current and 
torque of the motor are zero: this position is the zero position of the brushes. 
In the second case (a = 90°) the motor behaves as a short-circuited trans¬ 
former; this position is the short-circuit position of the brushes. Here, in 
spite of the very large current in both windings, the torque is zero because 
the torque-producing pole-flux is missing. Because of the large currents which 
can damage the windings, the motor should not be connected to the line with 
the brushes in this position. 

At start the brushes are placed first at the zero position and then moved in 
one direction or the other. The direction of rotaticm of the rotor may be deter¬ 
mined by the following considerations: if a short-circuited and movable 
coil is placed in the alternating field produced by a fixed coil, the movable 
coil seeks to adjust itself with the shortest travel so that the flux passing through 
it becomes a minimum; its axis attempts to take a position perpendicular to 



Fig. 47- 3. Actual 
wind i ng arrange - 
rnent of the repul¬ 
sion motor. 
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the axis of the field. Accordingly, the armature shown in Fig. 47-3, which may 
be taken as a short-circuited solenoid with the same axis as the brush axis, 
will try, by rotation, to bring its axis (the brush axis) to the right (clockwise) 
and along the horizontal. Since the brushes are immovable and the armature 
itself can move under the brushes, the armature itself will turn to the right 
(clockwise) and continue to rotate because the current distribution in the 
armature remains unchanged due to the fixed position of the brushes. In 
Fig. 47-3 the brushes are displaced by an angle a from the zero position in a 
counter-clockwise direction and the resulting rotation of the armature is 
clockwise. If the brushes are shifted from the zero position in a clockwise 
direction, the armature rotates counterclockwise; i.e., the direction of rotation 
of the armature is always opposite to the displacement of the brushes from the 
zero position. In order to reverse the direction of rotation of a repulsion 
motor it is necessary only to place its brushes in an opposite position with 
respect to the zero position. 

Fig. 47-4 shows the starting torque of the repulsion motor as a function of 
the brush positiqn, a. The maximum torque is obtained at a brush shift of 
about 75*^ to 80*^. Starting is accomplished by shifting the brushes far enough 
from the zero position and against the desired direction of rotation until the 
magnitude of the motor torque exceeds the opposing torque of the load; the 
motor then runs and carries the load. 



0 30 60 90” 



Fig. 47-4. Starting torque Fig. 47-5. Speed-torque characteristic 

of the repulsion motor as a and torque-current characterist ic of the 

function of the brush angle. repulsion motor, for a fixed brush position. 


At rated load the brush shift depends upon the construction of the motor 
and is 67° to 77°. The relation between torque, speed, stator current and 
power factor at the brush position for rated output is shown in Fig. 47-5 
As in Fig. 46-6 all quantities are given as a percentage of their value at rated 
load. The speed-torque characteristic of the repulsion motor follows the 
same general trend as that of the series motor. Fig. 47-6 shows the relation 
between torque and speed for various brush positions, a. This figure is 
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Ficj. 47-0. Speed-torque character¬ 

istics of the repulsion motor for various 
brush positions. 


similar to Fig. 46-6 which shows the speed of the series motor as a function 
of the torque for various voltages. The various voltages in Fig. 46-6 (speed 
control by variation of voltage) correspond to the various brush positions in 
Fig. 47-6 (speed*control by change in the field). 


Chapter 48 


THE 3-PHASE SHUNT COMMUTATOR MOTOR 
(THE SCHRAGE MOTOR) 


Since the 3-phase shunt motor is the most widely used of the polyphase 
commutator motors, it will be the only one considered in this discussion. 

48-1. Connection diagram and speed control of the 3-phase shunt 
commutator motor. As was explained in Art. 23-3c, the speed of an 
induction motor can be regulated by means of a voltage impressed on its 
secondary winding which has the same direction and frequency as the emf 
induced in this winding by the rotating flux. If the voltage impressed upon 
the secondary winding is in phase with the induced emf, the speed of the 
rotor will rise, for a smaller induced emf, and consequently a smaller slip is 
necessary to produce the secondary current required for the opposing torque. 
On the other hand, if the voltage impressed on the secondary winding is dis¬ 
placed 180° in phase from the induced emf, the speed of the rotor will fall, 
for a greater secondary emf, and consequently a greater slip is necessary to 
produce the secondary current required for the opposing torque. By a suit¬ 
able selection of the phase and magnitude of the impressed voltage, it is 
possible, therefore, to regulate the speed of an induction motor below as well 
as above synchronous speed. 

The voltage impressed upon the secondary winding, for the purpose of 
regulating the speed, must have the same frequency as the emf induced in 
this winding by the rotating flux, i.e., the slip frequency, and it must change 
its frequency according to the load. In the treatment of the induction motor, 
it has been mentioned already that such a voltage of variable frequency can 
be generated by means of a polyphase commutator machine. The 3-phase 
shunt motor described in the following is a combination of a polyphase 
rotor-fed induction motor and a polyphase commutator machine in one 
armature and one stator. 

Fig. 48-1 shows the connection diagram of the 3-phase shunt motor. Its 
rotor has two windings, one of which is connected to slip rings and the other 
to a commutator; its stator has only one winding. The line is connected to 
the slip rings UVW. Neither the commutator winding of the rotor nor the 
stator winding is connected to the line. The three separate phase windings of 
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Ficj. 48 1. Schematic connection diagram of the 3-phase shunt motor 

(Schrage motor). 

the stator are not connected to each other but are open; each of these phase 
windings is connected to two brushes which may be moved in opposite directions 
on the commutator. Accordingly, the 2-pole machine has 6 sets of brushes. 

Relative to the rotor the speed of the rotating flux produced by the rotor 
(primary) winding is always the same, n, = 120/i/p. The relative velocity of 
the rotating flux in relation to space (stator) depends upon the speed of the 
rotor. As in the case of every rotor-fed induction motor, the direction of 
rotation of the rotor is always opposite to that of its rotating flux, for both 
motor and generator operation; the speed of the rotating flux relative to the 
stator is at standstill and zero at synchronous speed. Consequently, the 
frequency of the emf’s induced in the stator windings by the rotating flux is 
slip frequency, and rotor and stator mmf waves are at standstill with respect 
to one another at any rotor speed, i.e., the necessary condition for the 
development of a uniform torque is satisfied. 

The frequency of the voltage at the commutator brushes can be determined 
from the following consideration. In a d-c machine the magnetic field is at 
standstill and the frequency of the current at the brushes is zero and inde¬ 
pendent of the armature speed (n). If the brushes of a d-c machine were made 
to rotate with a certain speed n\ an a-c instead of a d-c voltage would be 
measured at the brushes and the frequency of this a-c voltage would be 
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determined by the speed of the brushes n* but not by the armature speed w. 
Vice versa, if the magnetic flux (poles) of a d-c machine were made to rotate 
with a speed n' relative to the space, again an a>c voltage would be measured 
at the brushes and the frequency of this voltage would be determined solely 
by the speed of the magnetic flux relatively to space, n\ In the 3-phase shunt 
motor connected according to Fig. 48-1, the magnetic flux rotates with the 
speed (n^-n)—sn^ with respect to space. Therefore the frequency of the 
voltage at the brushes is s/j, i.e., the same as in the stator winding, and brushes 
and stator winding can be connected together. 

The magnitude of the voltage impressed on the stator winding (the brush 
voltage) is changed in the rotor-fed shunt motor by changing the spacing 
between the brushes of each brush pair, i.e., the distances u'x', v'y', and 
w'z' (Fig. 48-1). The commutator voltage increases with the distance between 
the brushes. The greatest voltage is delivered by the commutator when the 
distance between the two brushes of the brush pairs is 180 electrical degrees. 
If both brushes of the brush pairs are on the same commutator bar, the 
voltage impressed on the stator winding is zero, each of the three stator 
windings is short-circuited, and the machine behaves as an ordinary induc¬ 
tion motor. 

The speed control is continuous, and the maximum range of control is 
determined by the maximum voltage available at the commutator brushes. 
With respect to commutation this voltage is made about one half of the 
voltage induced in the open stator winding at standstill: this will produce a 

speed range of from J to about IJ times 
synchronous speed, i.e., a speed regulation 
in the ratio 1:3 is achieved. 

If a constant brush voltage is impressed 
on the stator winding, the speed character¬ 
istic is displaced more or less upward or 
downward according to the magnitude and 
phase of this voltage. Fig. 48-2 shows 
three speed-torque characteristics assum¬ 
ing that the regulation at no-load is in the 
ratio of about 1:3. The upper and lower 
curves show the same trend as the middle 
curve for which the brush voltage is equal 
to zero and which is, therefore, identical 
with the speed characteristic of the ordin¬ 
ary induction motor. The slip increases 
and therefore the speed decreases with in¬ 
creasing torque. By inserting resistance in 
the stator circuit it is also possible to extend the range of regulation further 
downward, just as in the induction motor. The appearance of a 3-phase 
shunt commutator motor is shown in Fig. 48-3. 
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Fig. 48-2. Speed-torque charac¬ 
teristics for a speed ratio of 1:3 at 
no load. 
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Ftg. 48 3. Three-phase shunt motor (Schrage motor). 


48-2. Power-factor correction of the 3-phase shunt motor. Power- 
factor correction can be attained in the induction motor by impressing a 
voltage on the secondary winding which leads the emf induced in it by the 
rotating flux by 90°. When speed regulation alone is desired, the axis of each 
brush pair must coincide with the axis of the proper stator phase. The change 
in spacing between the brushes, in order to vary the speed, is accomplished 
by arranging the jiairs of brushes in separate brush yokes which may be dis¬ 
placed from each other in opposite directions. In order to obtain power-factor 
correction the axis of a brush pair must 
be displaced from the axis of the corres¬ 
ponding stator phase by a fixed angle. cos^ 

Assuming a regulation at no-load of 0.8 

about 1 • 3, as shown in Fig. 48-2, the i.o 

relation between the power factor and the 
torque of the 3-phase shunt motor is 
given in Fig. 48-4. The power factor curve 
for rinormai is exactly the same as that of 
the ordinary induction motor: in this case 
the brush voltage is zero. The curve for 
the higher speed, produces a leading 
power factor at the larger values of torques 3 _ 

in consequence of the power-factor cor- p^a^e shunt motor as a function of 
rection. For the curve at the low speed, torque. 

^miip no-load power factor must be 

unity or leading in order that the power factor at larger torques does not 
become too low. 

48-3. Commutation of the 3-phase shunt motor. Since the rotating 
flux of the 3-phase shunt motor with power supply through the slip rings has 
a constant speed (w,) with respect to the armature, the emf induced by it in 
the short-circuited winding element is constant and independent of the 
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speed. The emf of self-induction in the short-circuited winding element 
depends upon the range of speed regulation. At synchronous speed this emf 
is zero, for at this speed the brushes of each brush pair are placed on the 
same commutator bar, and commutation of current does not take place. It 
is low for a small range of speed variation. No special means are available to 
improve the commutation of a 3-phase shunt motor (such as the interpoles 
of a d-c motor or of an a-c single-phase series motor). Therefore, the emf of 
the short-circuited winding must be kept small, and hard brushes with a 
high contact resistance must be used. 

PROBLEMS 

1. The adjustable-speed, 3-phase, slip-ring fed, shunt motor (Schrage motor) is 
designed to increase the speed at no-load by 40% and to decrease the speed at 
no-load by 55%. What should be the maximum brush voltage impressed upon the 
stator winding in percent of the voltage of the open stator winding at standstill? 
Assume that the line frequency is 60 cycles. What is the frequency of the brush 
voltage at 140% and 45% of the no-load speed. 

2. At constant torque for the motor considered in Problem 1, approximately 
what will be the power of the commutator winding in percent of the motor power 
input at 40% higher speed and at 55% lower speed. 

3. The secondary frequency of the induction motor is greater than the line 
frequency only when its rotor runs against the rotating flux. Is it possible to pro¬ 
duce a stator frequency in the Schrage motor larger than the line frequency, with 
the rotor running in the same direction as the rotating flux? If so, what should be 
the brush voltage, in percent of the voltage at the stator-winding terminals at 
standstill, in order that the secondary frequency be 130 cycles? The line frequency 
is 60 cycles. 



Chapter 49 


MOTOR APPLICATION • STARTING SPEED CON¬ 
TROL • PROTECTION 


The problem of motor application consists essentially in finding first the 
requirements of the load, such as horsepower, variation of speed, torque, start¬ 
ing torque, acceleration characteristics, the duty cycle, and the surrounding 
or operating conditions. In order to specify the motor to fit these require¬ 
ments, the character of the power supply must be known, as well as the 
operating characteristics of the various motors which are available. If the 
motor and its control have been properly chosen and applied it will be able 
to start the load from rest, and accelerate it to full speed without injury to 
the motor or the load and without putting an undue strain on the power lines. 
The load will be carried satisfactorily through whatever duty cycle is re¬ 
quired, and the capacity of the motor will be adequate for such momentary 
overloads as may be required by the load without shutting down the motor or 
overheating it. Many installations are served satisfactorily by general- 
purpose motors, which are readily available and standardized according to 
generally accepted standards set up by NEMA (National Electrical Manu¬ 
facturers Association). The discussion to follow considers only the general 
fundamentals of motor application. (See references for additional inf.) 

49—1. Characteristics of Loads. An important characteristic of motor 
loads is the relation of torque to speed. Many industrial loads are essentially 
constant speed, that is, a variation in speed of 5 to 15% is of not particular 
importance. Such loads are constant-speed conveyors, pumps, fans, blowers, 
wood-working machines, metal-working machines, motor generator sets, line 
shafting, compressors, power-plant auxiliaries, grinders, concrete mixers, 
laundry machinery, looms in textile mills. Since these loads are essentially 
constant-speed loads, the increase in load is brought about by increased torque 
requirements, such as are produced by adding load to a motor-generator set, 
adding material to a conveyor, etc. In this type of load, the output therefore 
is proportional to the load torque. Any constant-speed motor such as d-c 
shunt, induction or synchronous with suitable starting torque and pull-out 
torque may be applied to these loads. 

On the other hand many loads require that the speed be adjustable over a 
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wide range for various conditions of operation, but that the speed regulation 
still be within 10 to 15%. Such loads are fans, blowers, machine tools, some 
types of printing presses, some textile machinery, paper machines. Adjust¬ 
able speed loads are of three general types, (1) in which the torque is essen¬ 
tially constant at all speeds, (2) in which the output requirements are practi¬ 
cally constant at all speeds, and (3) those in which the torque is inherently 
variable. Typical of (1) are conveyors (when variable speed is needed) and 
automatic machine tools; in this type of load the output varies directly with 
the speed and the motor is called a constant-torque adjustable-speed motor. 
The best type of control for these devices, i.e., the one requiring the smallest 
motor, is the d-c shunt motor with an adjustable armature voltage supply. 
This is not always practical, so a d-c shunt motor designed for adjustable 
speed by field control may be used for such loads. The wound-rotor induction 
motor with a resistor in the rotor circuit may be used provided the speed range 
is not too great, or a brush-shifting commutator motor may be used. Type (2) 
loads include most machine tools, where the speed is reduced as the size of 
cut is increased. A d-c shunt motor designed for adjustable speed by field 
control is well suited for this type of load, although where the range of speed 
is not more than 1:2 the wound-rotor motor may be used. Type (3) loads 
include fans, blowers, and centrifugal pumps. In these loads the torque 
increases with about the square of the speed, so that the power output re¬ 
quired varies as the cube of the speed. Loads of this type usually require low 
starting torque. Where practically constant speed is required, the single 
phase or polyphase, squirrel-cage induction is indicated. A d-c motor with 
field control is best suited for wide speed ranges. 

The starting torque required by the load is an important factor in determin¬ 
ing the type of motor. Loads such as fans, blowers, centrifugal pumps, un¬ 
loaded compressors, machine tools, etc., usually require a low starting torque, 
i.e., one considerably less than full-load torque, perhaps 30 to 50%. Other 
loads, such as loaded compressors, pumps, ball mills used for grinding ore, 
and conveyors, start under load. In addition to the load there may be con¬ 
siderable standing friction to be overcome, where the machinery has been 
standing idle for some time. This type of load requires high starting torque to 
break away from standstill, and the starting torque required may be as high 
as 300% for some loads. Certain loads, such as band saws, centrifugal com¬ 
pressors, wood chippers, and others, have high inertia. While these machines 
may be started unloaded, the high inertia may require long starting periods 
and consequent heating of the motor, unless adequate torque is provided for 
quick acceleration. If high inertia as well as high load torque is encountered, 
the starting requirement is especially difficult. 

Another important factor in motor application, is the surrounding con¬ 
ditions under which the motor must operate. If the ambient temperature is 
high, special motor insulation may be required, or in any case a larger size 
than for normal ambient temperature (40° C); or perhaps special ventilating 
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Fig. 49-1. Out-away view of a splash-proof ball-bearing squirrol-cage 
induction motor showing baffle and general construction. 


^ — JL 



Fig. 49 2. Totally enclosed 7 1/2-hp fan-cooled induction motor. 

methods may be required. The new type of plastic insulation (silicon) 
evidently will make possible operating under higher temperatures. If the 
surrounding air contains dust, corrosive or explosive gases, salt air, excessive 
moisture, the motor will require special enclosures to protect the windings 
and any sliding contacts such as a commutator or slip rings. Motor enclosures 
are available as splash-proof, drip-proof, dust-proof, explosion proof, etc, 
(see Definitions, Art. 49-17), to take care of these conditions. Fig. 49-1 
shows the features of splash-proof construction applied to an induction 
motor, and Fig. 49-2 shows a totally enclosed fan-cooled induction motor. 
Fig. 49-3 shows the application of a totally enclosed fan-cooled motor in a 
grain elevator. 
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The manner of connecting the load to 
the motor also must be considered. A 
belt or chain connection requires that 
the bearings of the motor be adequate 
to stand the strain caused by the belt 
or chain. Direct connection through 
couplings or by gear does not put as 
much strain on motor bearings as the 
belt or chain connection, and the former 
methods are used when possible. The 
V-belt drive (Fig. 49-3) usually is pre¬ 
ferred over the flat belt for short shaft 


centers. 


-49-2. Motor Types, Sizes, and 

Fig. 49-3. Totally enclosed fan-cooled CostS. The frame size of a motor de- 
10-hp induction motor driving a con- pends basically upon such factors as 
veyor in a grain elevator. , , . . /i . i_ 

® horsepowery speed, temperature (both am¬ 

bient and the allowable rise), the duty cycle of operation, and type of motor 
enclosure. The horsepower rating required for a driven machine usually can 
be obtained from the manufacturer. In some cases, such as hoists, pumps, 
fans, etc., the horsepower can be calculated with considerable accuracy, 



General Purpose D.C. Motor-1160 rpm 
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0 20 40 60 80 100 120 140 160 180 200 
Output in Horse Power 

Fio. 49-4. Relation of weight to horsepower and speed for general purpose squirrel 
cage induction motors and general purpose d-c shunt and compound motors. 
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Output in Horse Power 

Fig. 49-5. Relation of price to horsepower and speed for general purpose squirrel-cage 
induction motors and general purpose d-c shunt motors. 
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while in other cases an actual load test may be required. The cost of a motor 
depends basically upon the horsepower, speed, type of enclosure, and type of 
bearings. Generally speaking, higher-speed motors are lighter in weight and 
less expensive than lower-speed motors. 

Very high-speed motors have high 
costs due to the special mechanical feat¬ 
ures necessary at the high speeds. Fig. 

49-4 shows the relation of horsepower, 
weight, and speed for d-c motors and 
polyphase induction motors, while Fig. 

49-5 shows typical relation of cost per 
horsepower to speed and horsepower. 

The list prices are representative of a 
competitive line of NEMA standardized 
motors. The increase in weight and 
cost with reduction in speed for induction motors is clearly shown. The lower 
cost of the squirrel-cage motor in comparison with the d-c motor is observed 
in Fig. 49-5. A further advantage of the squirrel-cage motor is its simplicity 




Fio. 49-6a. Single reduction gear 
motor, 3-hp, 160-rpm induction motor. 
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Fig. 49-6b. Double-reduction gear motor. 

and low maintenance cost. The implication of these curves is that other 
things being equal the higher-speed motor should be chosen. In many cases it 
is possible and desirable to get lower speeds, when required, by gears or 
pulleys. In case of speeds below 700 rpm at low output, a gear motor (Fig. 
49-6a or 49-6b) usually will be lighter in weight and less expensive than a 
regular low-speed motor. Fig. 49-7 shows a gear-motor application. 


t- 


Fig. 49-7. Application of a gear motor to an agitator. 
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Torque 


Fig. 49-8. Typical torque-speed curves of motors. 


49-3. Applications of Various Types of Motors. Fig. 49-8 shows the 
typical speed-torque curves of the various types of industrial motors on the 
basis of the same full-load speed. Table 49-1 shows the general characteristics 
and typical applications of a-c motors. Standard ratings for polyphase and 
single-phase induction motors are given in Tables 49-4 and 49-6 inch The 
synchronous-motor is the only one having absolutely constant speed, while the 
general-purpose (NEMA class A or B) polyphase induction motor and tho 
constant-speed d-c shunt motor have nearly constant speed, the speed regulation 
usually being less than 10%. 



Fig: 49-9. ' Torque-speed curves of induction motors, NEMA classidcation. 
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Curves in Fig. 49-9 show the range of characteristics obtained in polyphase 
induction motors. There are six NEMA classified motors (see Art. 49~4). 
The variation in characteristics is obtained by the design of the rotor slots 
and the relation of the reactance to resistance. (See Art. 19-1.) 

49-4. NEMA Classifications of Induction Motors. 

NEMA Class A — General Purpose Squirrel-Cage Induction Motor, This 
is the most widely used of all industrial power motors. As Table 49-1 and 
Fig. 49-9 show, the starting torque varies with the number of poles, but is 
between 115 and 150% for high-speed motors when started at full voltage. 
In order to meet power company restriction on starting current, it may be 
started at reduced voltage, if the starting-torque requirements can be met. 
The starting current at full voltage will be between 500 and 1000%, depend¬ 
ing upon size and speed rating. This motor has a very high pull-out torque 
and therefore will operate through high-peak loads, but if they are sustained, 
overheating results. The characteristics of this motor are obtained by a 
low-resistance squirrel-cage rotor, with medium or deep slots, semi- or com¬ 
pletely closed at the top. Wherever possible this motor is used because of its 
low first cost, low maintenance, high efficiency and power factor, and low 
slip. It is practically the equivalent of the d-c shunt motor in operating 
characteristics. Fig. 49-10 shows an 800-hp 3600-rpm induction motor 
directly connected to a centrifugal pump. 



Fig. 49-10. Application of a squirrel-cage induction motor, 800 hp, 3600 rpm, driving 

a centrifugal boiler-feed pump. 
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CHARACTERISTICS AND APPLICATIONS OF POLYPHASE 60-CYCLE A-C MOTORS 
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Typical Applications 

1 

Constant-speed loads where 
excessive starting torque is 
not needed and where high 
starting current is tolerated. 
Fans, blowers, centrifugal 
pumps, most machine tools, 
woodworking tools, line 
shafting. Lowest in cost. 
May require reduced volt¬ 
age starter. Not to be sub¬ 
jected to sustained over¬ 
loads, because of heating. 
Has high pull-out torque. 

Same as Class A — advan¬ 
tage over Class A is lower 
starting current, but power 
factor slightly less. 

Constant-speed loads re¬ 
quiring fairly high starting 
torque and lower starting 
current. '^'Conveyors, com¬ 
pressors, crushers, agitators, 
reciprocating pumps. Maxi¬ 
mum torque at standstill. 

Efficiency 

(%) 

High, 

87-89 

87-89 

82-84 

Power 

Factor 

(%) 

•High, 

87-89 

A little 

lower 

than 

Class A 

Less than 
Class A 

Slip 

(%) 

Low, 

3-5 

3-5 

3-7 

Starting 

Current 

(%)♦ 

500-1000 

About 500— 
550, less 
than aver¬ 
age of Class 
A 

About same 
as Class B 

PuU-Out 

Torque 

(%)* 

Up to 250 
but not less 
than 200 

About the 

same as 

Class A but 
may be less 

Usufdly a 
little less 
than Class 
A but not 
less than 

200 

Starting Torque 
(%)* 

ll—II— 

1 1 1 M M 1 1 

00 

O 

Same as above or 
larger. 

200 

to 

250 

Hp 

Range 

0.5 

to 

200 

0.5 

to 

200 

1 

to 

200 

Typo 

Clcissifica- 

tion 

General- 

purpose, 

normal 

torque and 

starting 

current 

NEMA 

Class A 

General- 
purpose, 
normal 
torque 
low start¬ 
ing current, 
NEMA 

Class B 

High 
torque, 
low start¬ 
ing current, 
NEMA 

Class C 
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Figures are given in per cent of rated full-load values. 





Table 49-1 — (Continued) 
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NEMA Class B — Normal-Starting-Torque, Low-Starting-Current Motor. 
The designated characteristics of this motor are obtained by putting the 
rotor bars in deeper slots and usually by having a double rotor winding, the 
high-resistance bars for starting being at the top near the gap. (See Fig. 
22-4:.) This construction produces a motor having about the same or slightly 
larger starting torque as Class A, with about 75% of the starting current of 
Class A, about the same slip, but slightly lower pull-out torque, and some¬ 
what lower power factor (see Table 49-1). It is used where line starting is 
desired and when the higher starting current of Class A limits its use. The 
cost of this motor is but slightly greater than that of Class A motors. 

NEMA Class C — High-Starting Torque, Low-Starting-Current Motor. 
This motor also has a double-cage rotor, and has a slightly lower starting 
current than Class B, but the starting torque is much higher, up to 240%, 
and the pull-out torque is less than Class A (see Art. 19-1). In Class A and 
Class B motors the pull-out torque exceeds the starting torque, while the 
Class C motor produces its maximum torque at starting (see Fig. 49-9). This 
may be important in accelerating a load, and this motor is especially useful 
in handling a load with excessive starting friction, such as conveyors and 
compressors in cold weather. The overload capacity is less than Class A. 
This motor, started at reduced voltage, often may be used instead of a 
wound-rotor type, in order to reduce starting-current demands and produce 
smooth acceleration. The efficiency is lower and the slip higher than in 
Class A motors. 

NEMA Class D — High-Slip Motor. These motors often are subdivided 
by manufacturers into high-slip intermittent rating and medium-slip con¬ 
tinuous rating. Curve D, Fig. 49-9, is for medium-slip, the full-load slip 
being about 7 to 11%. The medium-slip motor is applied to punch presses, 
shears, etc., having flywheels to give energy to the load during the working 
stroke. This motor has the highest starting torque of all polyphase motors, 
and the greatest accelerating ability. The greater the area between the speed- 
torque curves of the motor and of the load, the greater the average accelerating 
torque. The use of a fairly high slip, in connection with the inertia of the 
flywheel, makes this motor especially useful in such loads as a punch press 
where the slowing down during the working stroke enables the stored energy 
in the flywheel to be released to the load, and the motor to restore it quickly to 
the flywheel when the working stroke is completed. This smooths out the 
peaks in power demanded from the power lines, whereas if a Class A motor 
were used the power peaks in the lines would be much larger. These charac¬ 
teristics are obtained in the design of rotor by using high-resistance bars. 
This results in higher slip and lower efficiency. The flux densities usually are 
higher, and the power factor lower than in the motors previously mentioned. 
The motors having high instead of medium slip, are applied to cranes and 
hoists, and sometimes to elevators, where the starting torque required 
usually is about 250%. The full-load slip is between 12 and 16%, and these 
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motors, as previously mentioned, usually are used on intermittent loads, and 
are rated on the intermittent basis. 

NEMA Class E and Class F — High-Speed Motors, These motors usually 
are high-speed motors used for direct connection to fans and centrifugal 
pumps where low starting torque is satisfactory. They have low slip and 
high efficiency. The same results can be obtained by using a Class A motor 
at reduced voltage starting, so that these classes are not applied widely. 

49-5. Wound-Rotor Induction Motor Application. The use of wound- 
rotor motors is much less than it was before the NEMA Classes C, D, E, and 
F were developed to produce the necessary high starting torque and low 
starting current. The wound-rotor motor with secondary rheostat does pro¬ 
vide the most efficient starting conditions, namely, highest starting torque 
and lowest starting current, when properly applied. It also offers the possi¬ 
bility of speed control, although at reduced speeds the efficiency is affected 
adversely. At 50% speed the efficiency is about half its value with the rotor 
shorted. Its use for speed variation is limited to about 50% reduction, due to 
poor speed regulation and low efficiency. The main applications are where a 
high starting torque^ low starting current, and smooth acceleration are required, 
especially when some speed regulation may be desired. In any case the 
rheostat in the rotor must be designed carefully for the type of duty required. 

Two general types of application may be considered: (1) constant speed, 
and (2) varying speed. The constant-speed application simply uses the 
characteristics of the wound rotor to produce the desired starting conditions 
of high and controlled torque at low current. Only a few starting steps are 
required, and the control may be manual or automatic as suggested in 
Art. 49-10. Typical of these applications are conveyors, crushers, ice machines, 
air compressors, steel-mill machinery, locomotives. In the varying-speed 
applications are included hoists, cranes, elevators, shovels, coal and ore 
unloaders, fans, blowers. 

The starting and operation of the wound-rotor motor is studied easily with 
the use of Fig. 49-11 (see Art. 23-2). Shown in this figure are also typical 
speed-torque characteristics of (A) loaded centrifugal pumps, (B) fan or 
blower, (C) conveyor (typical of large friction loads). The primary current 
also is shown. Assuming the motor is to operate the load (C) and a starting 
torque of 150% is chosen, this requires about 150% starting current, shown 
at point X, The motor starts at point (a) and accelerates along curve 50. The 
current and the torque drop, as the motor accelerates along curve 50. At 
100% torque the current will be 100%. If the first step of starting resistor 
is now cut out, to shift the operation to curve 40, the current and torque 
will rise to about 150% and the motor accelerates again to point d, at which 
time more resistance is cut out. Acceleration thus proceeds as resistance is 
cut out, and with the rotor shorted the operating point is N, Note that, in 
shifting from curve 10 to shorted rotor, there is a high current peak, up to 
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Fio. 49-11. Torque-speed characteristics of a wound-rotor induction motor. 
A, B, C are characteristics of loads. 


240%. This could be reduced by a different resistor design if necessary. The 
starter shown here would have 4 sections in the resistor, or 5 points on the 
control. On the other hand, if the motor were started at 250% torque, curve 
20, only 3 points are needed, and the starting-current peak would be limited 
to 350% at the first moment of starting. 

If this motor were used as a variable-speed motor for operating the fan 
(B) and started on 100% torque (curve 100), the motor would speed up to 
point K, about 55% speed, and run here. If it were then shifted to curve 40, 
the speed would rise to about 75%. 

It is to be noted that for a given torque the current always is the same, but 
the speed will depend upon the value of rotor resistance. Also, the wound-rotor 
motor is never started with rotor shorted, as the starting torque is very low 
and the starting current high (latter, shown at point 8 to be about 450%), 
while starting torque is only 75%. The acceleration of the load always de¬ 
mands a motor torque in excess of the load requirements. The weight of the 
wound-rotor motor will be from 120 to 150% of that of the squirrel-cage 
motor of the same rating, and the cost considerably higher. 

In applying induction motors it is important not to over-motor, i.e., to use 
a motor too large for the purpose, as both power factor and efficiency drop 
off rapidly below 60% load (see Figs. 22-9 and 22-10). Momentary overloads 
usually are taken care of by the inherent overload capacity of the motor. 
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It also is to be noted that the higher-speed motors have higher power factor, 
better starting characteristics, and usually higher efficiency, and are lower in 
first cost, as shown in Fig. 49-5. 

I 

49-6. Polyphase Induction Motors as Multi-Speed Motors. Some in¬ 
dustrial applications require that the load be operated at more than one 
constant speed, among such applications being machine tools, pumps, 
blowers, elevators, dough mixers, laundry machinery, etc. Such loads usually 
are classified in the same way as for variable-speed loads (see Art. 49-1), 
namely, as either (1) constant-torque, (2) constant horsepower, (3) variable- 
torque loads. The type of motor will depend upon the use within these 
classifications. Typical of constant-torque loads are air compressors, recipro¬ 
cating pumps, mixers, conveyors, stokers, printing presses, ironing machines. 
To drive such a load the motor must develop the same torque at each speed. 
Its output therefore varies directly with the speed. The number of speeds 
depends upon the load requirements, but may be 2, 3, or 4 speeds. The 
speeds are obtained in polyphase motors by arranging a special 2-speed 
winding or 2 such windings on the stator and by suitable switching of the coil 
groups. Thus a 60-cycle motor could have synchronous speeds of 1800, 1200, 
900, 600. 

Typical of constant horsepower loads are lathes, millers, and other machine 
tools, and some woodworking tools. In this type of application the torque 
varies inversely with the speed, so the output remains constant. 



Fig. 49-12. Four-speed induction motor, 126 hp, driving an induced draft fan. 
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Typical of multi-speed, variable torque application are fans and blowers. 
Here the torque varies about as the square of the speed. Multi-speed motors 
are well adapted to such drives, where several constant speeds of operation 
are needed, according to the load demands of the fan. The operation of 
multi-speed motors is more efficient than that of a wound-rotor motor with a 
resistor in the rotor circuit. Fig. 49-12 shows a 4-speed, 125-hp motor driving 
an induced-draft fan in a steam-power plant. 

49-7. Synchronous Motor Characteristics and Application. Syn¬ 
chronous motors offer the following important advantages over induction 
motors: (1) Speed is constant. (2) Power factor is controlled readily by the 
field excitation and it may be made leading in order to correct for other 
lagging loads. (3) Efficiencies usually are from 1 to 2% higher than Class A 
induction motors. (4) Initial cost is lower for the low-speed ratings, i.e., for 
500 rpm, or less, and in large output ratings, i.e., for 500 hp, and above. On 
the other hand, there are certain disadvantages of the synchronous motor; 
(1) It is not economical in smaller sizes, usually not being applied below 
50 hp, and even here the cost is considerably greater than for induction 
motors. (2) It requires a separate source of direct current for excitation. 
(3) The starting characteristics usually are not quite as favorable as those of 
induction motors of Class C or Class D, although they are nearly the same as 
those of Class A motors for speeds of 900 rpm, or lower. (4) The inertia of the 
load affects the pull-in characteristics when starting. (5) It does not lend 
itself to speed control as readily as the wound-rotor motor. (6) Starting and 
control devices usually are more expensive, especially for automatic control. 

From the standpoint of the design and operating characteristics, synchron¬ 
ous motors usually are divided into two general classes, (1) high-speed, 
above 514 rpm, and (2) low-speed, below 514 rpm. These classes cover motors 
for general purposes, and there might be, in addition, a class for special 
purposes, namely for high-starting torque, or low-starting-current motors. 
Within these groups motors are classified also as unity-power-factor or 
0.8-power-factor motors as well as lower-power-factor motors in some cases. 
Motors designed for unity power factor have a somewhat smaller field struc¬ 
ture, are less expensive, require less field exciting power, are more efficient, 
although they have somewhat poorer starting, pull-out, and pull-in torque. 
The 0.8-power-factor motors are designed to operate with leading current, to 
correct for other lagging-power-factor loads on the system, and thus improve 
the efficiency, the voltage regulation, and the capacity of the power system. 
These motors require greater exciting current and are somewhat larger in 
size than the unity-power-factor motors. Table 49-2 shows the relative 
torque characteristics for the various classifications as specified by NEMA. 
Fig. 49-13 shows characteristics during the starting period at full voltage for 
low- and high-speed unity-power-factor synchronous motors. 

The synchronous motor always is supplied with a starting (damper) 
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Speed Torque Curves-for Starting Period of 
if—High Speed-Unity Power Factor Synchronous Motor 
Jj —Low ** ** 

Fig. 49-13. Typical torque-speed and current curves of synchronous 
motors during starting period. 

winding to start the motor as an induction motor (see Art. 38-4). While 
coming up to speed the characteristics are similar to those of an induction 
motor, and are shown in Fig. 49-13. During starting the d-c field winding 
usually is closed through a resistor. (See Fig. 49-29.) However, at the proper 
time, the d-c field current must be applied and the motor must synchronize 
or pull into step, and then operate as a synchronous motor. The pull-in 
torque is the torque developed by the motor operating as an induction motor 
at the speed from which it will pull into synchronism, when rated field cur¬ 
rent is applied. The slip at which it will pull in against the load torque depends 
upon the inertia of the load, the applied voltage, and the field excitation. 
(See Chap. 61.) It varies inversely with the square root of the inertia. For 
this reason NEMA has defined normal WR^ (moment of inertia in lb. ft.*) 
of loads (see NEMA Section MG 10 of Motor and Generator Standards). 
Special care must be given to the starting ability of synchronous motors 
when applying them. Table 49-2 gives the pull-in torque for normal The 
pull-in torque varies with the square of the terminal voltage, and so usually 
full voltage is applied before supplying the d-c current to the field winding. 
The pull-in torques shown in Table 49-2 are those which will be developed 
at a slip of about 6%. If the WR^ is greater than normal, the slip from which 
the motor is able to pull into step will be less than 5%. In this case the motor 
damper winding would be designed to bring the motor up to a higher speed 
than 95%, before d-c field is applied. Some high-speed fans are typical of this 
difl&culty. 

The synchronous pull-out torque is very important in synchronous-motor 
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Table 49-2 

STARTING, PULL-IN, AND PULL-OUT TORQUES, AND STARTING CURRENTS 
OF NEMA STANDARD SYNCHRONOUS MOTORS 


Tyi>e 

Rpm 

Starting 

Torque 

Pull-In 

Torque 

Pull-Out 

Torque 

Starting Current 
Full-voltage 

General-purpose motors 

Unity pf 

1800 

110 

no 

150 

550 750 

(Up to 200 hp) 

514-1200 

no 

no 

175 

550 750 

0.8 pf 

1800 

125 

125 

200 

500-700 

(Up to 150 hp) 

514-1200 

125 

125 

250 

500-700 

Large high-speed motors 

Unity pf 

250 to 500 hp 

514-1800 

no 

no 

150 

550-700 

600 hp and above 

514-1800 

85 

85 

150 

550 700 

0.8 pf 

200 to 500 hp 

514-1800 

125 

125 

200 

500-700 

600 hp and above 

514-1800 

100 

100 

200 

500-700 

Low-speed motors 

Unity pf 

less than 514 

40 

30 

140 

300-500 

0.8 pf 

514 

40 

30 

200 

250 400 


Torques and currents are expressed in percent of rated full-load values. 
Pull-in torque is based on NEMA standards for normal WR^ of the load. 


operation, especially when the motor is subject to high-peak loads. This 
torque must be high for loads such as crushers, ball and rod mills, banbury 
mixers (used in rubber mills). Pull-out torque varies directly with the 
terminal voltage and directly with the field excitation. Therefore, 0.8- 
power-factor motors have higher pull-out and pull-in torques than 1.0- 
power-factor motors. 

The exciting direct current is usually obtained from a direct-connected 
exciter in the high-speed machines. Fig. 49-14, which shows a 50-hp 900-rpm 
motor driving a compressor, is a typical application. The low-speed motors 
usually have a separate motor-generator set to supply the direct current. In 
a plant using several synchronous motors, at least two such motor-generator 
sets would be used. Fig. 49-15, showing a 225-hp 277-rpm motor driving a 
compressor, is a typical low-speed application. 

Typical of the low-speed applications are reciprocating compressors, line 
shafts, centrifugal and screw pumps, rubber mills, Jordans (used in paper 
mills to separate the fibers of paper pulp), electroplating generators. Fig. 
49-16 shows 350 hp 400-rpm synchronous motors, driving Jordans. These 
usually are started unloaded and hence the low starting torque of these 
motors is satirfactory. Typical of high-speed applications are d-c generators, 
fans, blowers, belt-driven compressors, line shafts, centrifugal pumps. 

In many cases the ability of the synchronous motor to operate at leading 
power factor is made use of to improve the over-all power factor of a plant, 
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i 


Fig. 49-14. S 5 mchronous motor, 50 HP, 900 rpm, with directly coupled 
exciter, driving a compressor. 


,r 



Fig. 49-15. Typical low-speed synchronous motor application: 
225-HP, 227-rpm motor, driving compressors. 



Fig. 49-16. Synchronous motors, 350 HP, 400 rpm, driving paper-mill Jordans. 
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Fig. 49-17. Characteristics of unity and 0.8-power-factor synchronous motors. 


in order to give better power system operation. Synchronous motors ordin¬ 
arily are rated at unity power factor or 0.8 leading power factor at full-load. 
The 0.8-power-factor motor is larger in size than the unity-power-factor 
motor. The characteristic curves for these two types of motors are shown in 
Fig. 49-17. The increase in power factor with increase in load is to be noted, 
and also the decrease in leading kvar with increase in load, the decrease 
being much less for the 0.8-power-factor motor. It is to be observed in com¬ 
paring the current curves for the two motors, that 100% current at 100% 
load for the 0.8-power-factor motor is actually 125% of the current in the 
1 .0-power-factor motor. Illustrative of the use of a synchronous motor to 
improve power factor are the following problems. 


1. A plant operates with an average load of 1200 kw at 0.65 power factor lagging. 
If a 500-hp 0 . 8 -power-factor synchronous motor is added, what will be the over-all 
power factor when the motor operates at full-load? Assume efficiency = 94.5%; 
motor input = (500 X0.746)/0.945 = 394 kw; 394/0.8=493 kva; 394x0.75=296 
kvar; 1200x1.168 = 1400 kvar of original lagging load; total kw = 1200 + 394 = 
1594; total kvar = 1400 - 296 = 1104; tan cp = 1104/1594 =0.697; cos 99 =0.82. 

2. If the synchronous motor operates at \ load with excitation unchanged, what 
will be the plant power factor? From Fig. 49-17 it is seen that the motor kva = 
493 X 0.85 = 418, kvar = 493 x 0.73 =360, power factor = 0.51, so kw = 418 x0.51 = 
214; total kw = 1200 -f- 214 = 1414; total kvar = 1400 - 360 = 1040; tan 9 ? = 1040/1414 
= 0.734, cos 9 ? =0.806, or practically the same as before. 

3. How much additional kw can be carried by a synchronous motor added to the 
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original plant, so as to raise the plant power factor to 0.95 but not to exceed the 
original kva of the feeders? What would be the power factor of the synchronous 
motor and about what would be its hp rating? Original load 1200 kw, 1200/0.65 = 
1845 kva (this is the original feeder capacity), 1200 x 1.168 = 1400 kvar. At 0.95 pf, 
1845 X 0.95 = 1750 kw; motor kw = 1750 - 1200 = 550. Resulting kvar = 1845 x 0.312 
= 575; leading kvar = 1400 - 575 = 825 for motor. Hp input of motor = 650/0.746 = 
736. Thus a synchronous motor rated 700 hp would be suitable, operating at 
about 0.65 pf at full-load. 

49-8, Fractional-Horsepower Motors. Fractional-horsepower motors 
have a wider application than any other class of motors. The important uses 
are in domestic appliances such as refrigerators, oil burners, vacuum cleaners, 
office and commercial appliances, small air-compressors, fans, blowers, 
machine tools, woodworking tools. These services usually require constant 
speed, although some may require adjustable speed control. For the former, 
the single-phase motors are almost universally applied, due to the wide 
availability of a-c power. When speed control over a wide range is required, 
the d-c shunt motor is applied; where only a-c power is available it is neces¬ 
sary to use a converter of some sort, and several very satisfactory electronic 
converters or rectifiers are available which make possible a wide range of 
speed control. Table 49-3 shows the general types, characteristics and 
applications of the various fractional-horsepower motors, and Table 49-4 
shows the standard ratings. 


49-9. DEFINITIONS 

1. Duty. 

a. Continuous Duty. A requirement of service that demands operation at a 
substantially constant load for an indefinitely long time. (MG50-50.) 

b. Intermittent Duty. A requirement of service that demands operation for 
alternate periods of either (1) load and no-load; (2) load and rest; (3) load, no-load, 
and rest. (MG50-51.) 

c. Periodic Duty. A type of intermittent duty in which the load conditions are 
regularly recurrent. (MG50-52.) 

d. Varying Duty. A requirement of service that demands operation at loads and 
for periods of time both of which may be subject to wide variation. (MG60-63.) 

2. Motors. 

a. OeneraUPurpose Motor. (1) A general-purpose motor is any motor of 200 hp 
or less and 450 rpm or more, having a continuous rating, and designed, listed, or 
offered in standard ratings for use without restriction to a particular application. 
(NEMA number MG50-110.) (2) A general-purpose synchronous motor is any motor 
rated 200 hp or less at 1.0 power factor, or 150 hp or less at 0.8 power factor, and 
speeds higher than 450 rpm, having a continuous time rating, and designed listed, or 
offered in standard ratings for use without restriction to a particular application. 
(See MG4-11 for the basis of rating general-purpose motors.) 
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Table 49-4 

HOBSEPOWEB AND SPEED BATINGS OF FBACTIONAL HOBSEPOWEB 
SINQLE-FHASB HOTOBS 



,-60 Cycle-. 

/-25 Cycle-> 

Brake 

Syn¬ 

Approx. 

Syn- Approx. 

Hp 

chronous 

Full Load 

chronous Full Load 

Bating 

Rpm 

Rpm 

Rpm Rpm 


1 

3600 

3450 

. . . 

. . . 

1 

3600 

3450 




1800 

1725 

1500 

1425 


3600 

3450 




1800 

1725 

1500 

1425 


1200 

1140 



1 

8 

3600 

3450 




1800 

1725 

1500 

1425 


1200 

1140 




900 

860 



1 

4 

3600 

3450 




1800 

1725 

1500 

1425 


1200 

1140 




900 

860 



6 

3600 

3450 




1800 

1725 

1500 

1425 


1200 

1140 




900 

860 



1 

8 

3600 

3450 




1800 

1725 

1500 

1425 


1200 

1140 




900 

860 




3600 

3450 




1800 

1725 

1600 

1425 


1200 

1140 




900 

8 CP 



^0 

3600 

3450 




1800 

1725 

1600 

1426 


1200 

1140 




900 

860 




(NEMA MG8-87) 
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Table 49-5 

HORSEPOWER AND SYNCHRONOUS SPEED RATINGS FOR GENERAL PURPOSE 
POLYPHASE INDUCTION MOTORS 

Standard horsepower and speed ratings for open and semi-closed continuous- 
duty constant speed motors shall be as given in this table. 


Cycles 

60 

60 

60 

60 

60 

60 

60 

25 

25 

25 

Hp 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 

Rpm 










750 

... 

4 

.... 

.... 

1200 



. . . 


.... 

750 

. . . 

1 

.... 

1800 

1200 

. . . 


• . . 


*1500 

750 

*. . 

H 

*3600 

1800 

1200 

. . . 


... 


*1500 

750 

. . . 

2 

*3600 

1800 

1200 

900 




*1500 

750 


3 

*3600 

1800 

1200 

900 




*1500 

750 


5 

*3600 

1800 

1200 

900 


. . . 


*1500 

750 

•. . 

n 

*3600 

1800 

1200 

900 


. . . 


*1500 

750 

• . t 

10 

*3600 

1800 

1200 

900 


600 


*1500 

750 

500 

16 

*3600 

1800 

1200 

900 


600 


*1500 

750 

500 

20 

*3600 

1800 

1200 

900 


600 


*1500 

750 

500 

25 


1800 

1200 

900 


600 


*1500 

750 

500 

30 


1800 

1200 

900 


600 


*1500 

750 

500 

40 


1800 

1200 

900 


600 


*1500 

750 

500 

50 



1200 

900 


600 



750 

500 

60 



1200 

900 


600 


.... 

750 

500 

75 



1200 

900 


600 



750 

500 

100 




900 


600 

450 


750 

500 

126 




900 

720 

600 

450 


750 

500 

150 


.... 


. . . 

720 

600 

450 


750 

500 

200 





720 

600 


.... 


500 


* NOTE—The 3600 and 1500 rpm ratings apply to squirrel-cage motors only. 
(NEMA MG9~512) 
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Table 49-6 

HORSEPOWER AND SPEED RATINGS OF OPEN AND SEMI-ENCLOSED CONTINUOUS-DUTY 
CONSTANT-SPEED INTEGRAL-HORSEPOWER SINGLE-PHASE INDUCTION MOTORS 


-60 Cycles-v ,— 25 Cycles —^ 

Hp Rpm Hp Rpm 


i 

1200 



1 

1800—1200 

1 

1500 

H 

1800—1200 

4 

1500 

2 

1800—1200 

2 

1500—750 

3 

1800—1200 

3 

1500—750 

5 

1800—1200—900 

5 

1500—750 

n 

1800—1200—900 

n 

1500—750 

10 

1800—1200—900 

10 

1500—750 

15 

1800—1200—900 

15 

1500—750 

20 

1800—1200—900 

20 

1500—750 

25 

1800—1200—900 




The speeds given are synchronous speeds. 

(NEMA MG9-314) 

b. Special-Purpose Motor. An industrial power motor specifically designated and 
listed for a particular power application where the load requirements and duty cycle 
definitely are known. (MG50~112.) 

c. Universal Motor. A series-wound or a compensated series-wound motor which 
may be operated either on direct current or single-phase alternating current at 
approximately the same speed and output. These conditions must be met when the 
d-c and a-c voltages are approximately the same and the frequency of the alternat¬ 
ing current is not greater than 60 cps. (MG50-118.) 

d. Squirrel-Cage Induction Motor. A motor in which the secondary circuit 
consists of a squirrel-cage winding suitably disposed in slots in the secondary core. 
(MG50-119.) Squirrel-cage induction motors may be in one of the following classes: 

(1) Class A—^Normal-Torque Normal-Starting-Current Squirrel-Cage Motor. An 
induction motor with normal starting torque and low slip at the rated load. May 
have sufficiently high starting current to require in most cases a compensator or 
resistance starter for motors above hp. 

(2) Class B—Normal-Torque Low-Starting-Current Squirrel-Cage Motor. An in¬ 
duction motor which develops normal starting torque at relatively low starting 
current and can be started at full voltage. The low starting current is obtained by 
design of motor to include inherently high reactance. The slip at rated load is 
relatively low. 

(3) Class C—High-Torque Low-Starting-Current Squirrel-Cage Motor. An in¬ 
duction motor which develops relatively high starting torque at relatively low 
starting current and can be started at full voltage. The low starting current is 
obtained by design of motor to include inherently high reactance. The slip at rated 
load is relatively low. 
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(4) Class D—High-Slip Squirrel-Cage Motor. An induction motor in which 

starting current is limited by relatively high slip at rated load. Motors of this class 
used in elevator service are quiet in operation and have relatively low starting 
current. ' 

(5) Class E—Low-Starting-Torque Normal-Starting-Current Squirrel-Cage 
Motor. An induction motor with low starting torque and low slip at the rated load. 
May have sufficiently high starting current to require in most cases a compensator 
or resistance starter for motors above 7| hp. 

(6) Class F—Low-Starting-Torque Low-Starting Current Squirrel-Cage Motor. 
An induction motor which develops low starting torque at relatively low starting 
current and can be started at full voltage. The low starting current is obtained by 
design of motors to include inherently high reactance. The slip at rated load is 
relatively low. 

e. Shunt-Wound Motor, A d-c motor in which the field circuit and armature 
circuit are connected in parallel. (MG5Q-122.) 

f. Compound-Wound Motor. A d-c motor which has two separate field windings— 
one, usually the predominating field, connected in parallel with the armature cir¬ 
cuit, and the other connected in series with the armature circuit. (MG50-124.) 

g. General-Purpose Compound-Wound Motor. A d-c motor employing both 
shunt and series windings and giving a speed regulation between no-load and full- 
load greater than is permissible for standard shunt-wound machines. (MG50-125.) 

h. Constant-Speed Motor. A motor the speed of which at normal operation is 
constant or practically constant. For example, a 83 mchronous motor, an induction 
motor with small slip, or an ordinary d-c shunt-wound motor. (MG50-141.) 

i. Varying-Speed Motor. A motor the speed of which varies with the load, 
ordinarily decreasing when the load increases, such as a series motor, or an induc¬ 
tion motor with large slip. (MG50-142.) 

j. Adjustable-Speed Motor. A motor the speed of which can be varied gradually 
over a considerable range, but when once adjusted remains practically unaffected 
by the load, such as a shunt motor with field-resistance control designed for a 
considerable range of speed adjustment. (MG50-143.) 

k. Adjustable Varying-Speed Motor. A motor the speed of which can be adjusted 
gradually, but when once adjusted for a given load will vary in considerable degree 
with change in load, such as compound-wound d-c motor adjusted by field control 
or a slip-ring induction motor with rheostatic speed control. (MG50-144.) 

1 MuUi-Speed Motor. A motor which can be operated at any one of two or more 
definite speeds, each being practically independent of the load. For example, a d-c 
motor with two armature windings, or an induction motor with windings capable 
of various pole groupings. (MG50-145.) 

3. Rated Load. 

Rated load means horsepower output for motors, kilowatt output for d-c 
generators, and kilovolt-ampere output for a-c generators. (MG50-64.) 

4. Rated Speed. 

The rated speed of an a-c general-purpose motor is defined as the full-load speed 
stamped on the name plate. (MG50*-140.) 
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5. Rating. 

Designated operating limit of a machine, based on definite conditions. (MG50- 

62 .) 

6. Service Factor—General-Purpose Motors. 

A service factor of a general-purpose motor is a multiplier which, applied to the 
normal horsepower rating, indicates a permissible loading which may be carried 
under the conditions specified for the service factor. (MG50-63.) 

7. Temperature. 

Ambient Temperature. Temperature of the air or water which, coming into con¬ 
tact with the heated parts of a machine, carries off their heat. (MG50-60.) 

Note: Ambient temperature is commonly known as room temperature in 
connection with air-cooled apparatus not provided with artificial ventilation. 

8. Time Ratings and Duration of Tests. 

a. Many machines are operated on a cycle of duty which repeats itself with more 
or less regularity. The heating of machines operating under such conditions is 
equivalent to a continuous run for a certain specified time. The standard duration 
of load tests, or time ratings, for machines operating on such duty cycles is as 
follows : 

5 min, to and including 30 hp 
15 min, to and including 50 hp 
30 min, to and including 60 hp 

b. Of the foregoing ratings, the first four are commonly known as short-time 
ratings. In every case the short-time load test shall commence only when the 
windings and other parts of the machine are within 5°C of the room temperature 
at the time of starting the test. (MG50-65.) 

9. Torque. 

a. Full-Load Torque. The torque necessary to produce rated horsepower of a 
motor at full-load speed. In pounds at 1 foot radius it is equal to the horsepower 
times 5250 divided by the full-load speed. (MG50-66.) 

b. Locked-Rotor or Static Torque — A-C Motor. The minimum torque which a 
motor will develop at rest for all angular positions of the rotor, with rated voltage 
applied at rated frequency. (MG50-67.) 

c. Pull-Up Torque — A-C Motor. The minimum torque developed by a motor 
during the period of acceleration from rest to full-speed with rated voltage at rated 
frequency. (MG50-68.) 

d. Breakdoivn Torque — A-C Motor. The maximum torque which a motor will 
develop with rated voltage applied at rated frequency, without an abrupt drop in 
speed. (MG50-69.) 

49-10. Starting Induction Motors. Many a-c motors may be started at 
full voltage, provided the power line is adequate to supply the large starting 
current, and provided the load will not be damaged by excessive torques. 
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However, when squirrel-cage motors require reduced voltage, either a 
resistance or reactance starter or autotransformer type starter may be used. 
Line starters simply apply full voltage, but over-current protection psually 
is incorporated within them. 

(a) Line Starters, Practically all squirrel-cage induction motors now are 
designed so that they may be started with full voltage, as far as the motor is 
concerned. For 3-phase motors up to 3-hp 120 volts, 5 hp-220 volts, and 
hp-440 volts, a manual starter may be used, if the starter can be mounted 
where it is convenient for operation, and when the motor is started or stopped 


O.L. Heater 



Fig. 49-18. Schematic wiring diagram of a 3>phase manual hne starter. 



Fio. 49-19. Manual full-voltage starting 
switch with thermal protection. 
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infrequently (less than 3 to 5 times an hour). The con¬ 
nections for such a starter are shown in Fig. 49-18, and 
the general appearance of a typical starter in Fig. 49-19. 
The overload protection is provided by the bimetallic 
element (Fig. 49-19a) which trips the toggle switch on 
sustained overload. 

The general trend is definitely towards the use of 
magnetic starters. In these starters the main switching 
is done through magnetically operated contactors. Push¬ 
button and other relatively small pilot control devices 
then are used to operate the contactor coils. Fig. 49-20 
shows a schematic diagram for a 3-x)hase magnetic non¬ 
reversing line starter available up to 750 hp. Momen¬ 
tarily pressing the start button energizes the main contactor coil M ; this 
closes the main contacts M. The control contacts Ma also close, shunting the 



Trip Lever 

Fig. 49-19a. Bi¬ 
metallic thermal 
element for start¬ 
ing switch. 



Fig. 49-20. Schematic wiring diagram of a 3-phase magnetic 
non-reversing line starter. 



Fig. 49-20a. Magnetic line 
starter with clapper-type magnet. 
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start button and maintaining current through . The bimetallic overload 
device opens the circuit through (§) upon sustained overload. Fig. 49-20a 
shows the construction of such a magnetic starter. The arc at the main con¬ 
tacts is quenched by De-Ion arc quenchers, or by magnetic blow-out coils. 

When it is necessary to provide for operating the motor in either direction 
of rotation a reversing starter is necessary. The construction is generally 
similar to the non-reversing type though somewhat more involved, requiring 
two sets of contactors, one for forward and one for reverse. Fig. 49-21 shows 
a schematic wiring diagram for a 3-phase reversing/magnetic starter, with 
overload and low-voltage protection. The coil (Fig. 49-21) is the oper¬ 
ating coil for forward contactor FWD, and @ for the reverse contactor 
REV. The heaters OL in the line operate on sustained overload to open 



Fig. 49-21. Schematic wiring diagram for the 3-phase 
reversing magnetic line-starter. 

contacts OL in the operating coil circuit. Pressing FWD button provides 
coil (F) with current, causing it to close the line contacts FWD, as well as 
control contacts Fa which shunt the FWD button contacts and maintain 
current in upon release of FWD button. Pressing REV button first 
opens coil and then the forward contactor FWD. Pressing button REV 
to its limit energizes coil (S), closing reverse contactor REV, and reversing 
the phase sequence of the voltage applied to the motor terminals. 

(b) Reduced Voltage Starters. When it is necessary to provide reduced 
voltage to limit the starting current and torque, this may be accomplished 
by using an autotransformer (also called starting compensator or autostarter) 



410 


A-C MACHINES 


or by inserting resistance or reactance in series with the lines to the motor. 
Each type of starter has certain advantages and limitations. With the auto¬ 
transformer both the line current and starting torque are reduced as the square 
of the voltage at the motor terminals^ while with the resistance and reactance 
in series with the motor, the line current is reduced in direct proportion to 
the voltage and the torque as the square of the voltage at the motor ter¬ 
minals. 

With the autotransformer type the voltage at the motor usually is reduced 
to 80%^ or 65%, or 50% of line voltage by means of a single tap. When the 
motor has ceased to accelerate further, full voltage is applied. This switching 
is done manually or automatically by magnetic contactors. Fig. 49-22 shows 
the schematic diagram for a manual non-reversing autostarter, and Fig. 
49-23 shows the appearance of such a starter. To start the motor the handle 
is pulled forward to Start position. This closes all contacts marked 8, and 
opens all contacts /?, as shown in Fig. 49-22. In this condition the open-J or 
V-connected autotransformer is connected to the line, and the motor is 
connected to tapped points on the transformer to give reduced voltage. After 
the motor has ceased to accelerate further, the handle is pushed back to the 
Run position. This first opens the starting contacts 8 and then closes the 
running contacts R to apply full volta ge to t he motor. The arm is held in the 
running position by the magnetic coil CUV ) . If line voltage fails, or becomes 
too low, the coil CUV^ releases the arm, which returns to the Off position. 
Sustained overload in either of the heaters OL opens the contacts OL to 
release the arm which returns to Off, Autotransformer starters are available 
also in the magnetic type, with push-button control. 



Fig. 49-22. Schematic connection diagram of a 3-phase 
autostarter for squirrel-cage motor. 
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Fig. 49-23. Autostarter for squirrel-cage motors. 

Where the characteristics of reduced voltage by series resistors or reactors 
is desired, this may be accomplished conveniently with the drum-type 
controller, or by the magnetic type. Fig. 49-24 shows a resistance starter 
with automatic control, operated by magnetic contactors, and Fig. 49-25 
shows the schematic connection diagram. Pressing the start button energizes 
coil , closing the line contactor M, and setting in operation the timing 
mechanism, which after the definite predetermined time closes the contacts 
T, energizing the coil which closes the accelerating contactor A and the 
contacts Ma. The starting resistor now is shorted and the motor receives full 
line voltage. Where the characteristics of a series reactor are desired, the 
same arrangement may be used as for the resistance starter. See Chap. 23 for 
part winding starting and Y-start, J-Run connections. 

(c) Controllers for Wound-Rotor Motors, Where low starting current or 
slow acceleration is desired, or where the speed-control possibilities of the 
wound rotor are needed, a controller to provide adjustable rotor resistance 
is required. For motors up to 20 or 25 hp this is obtained readily in a face¬ 
plate controller with a resistor connected in Y and arranged with taps. For 
motors of 1000 h.p. and larger, the resistor element is usually a liquid rheo¬ 
stat. The arm is manually operated and remains in any position when speed 
control is used, or is spring-returned to Off when starting duty is required. 
Fig. 49-26 shows the schematic wiring diagram for such a controller, incor¬ 
porated with a line starter such as described in Art. 49-la. This gives overload 
and low-voltage protection and provides that the motor always shall be 




412 


A-C MACHINES 



Fig. 49-26. Schematic connection diagram of an automatic resistor 
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Fig. 49-26. Schematic connection diagram of a S-phase wound- 
rotor controller for starting and speed control. 



Fig, 49-27. Manual, faceplate-type controller for wound-rotor motor. 

started with the maximum resistance in the rotor. Fig. 49-27 shows the 
general appearance of such a starter. In Fig. 49-26 the arm a represents the 
three arms of the starter, sliding over the contacts on the resistors, and 6 
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represents a sliding contact for control purposes. This can be seen in Fig. 
49-27 contacts. These parts for the control are insulated from the arm. As 
shown in Fig. 49-26 the controller is Off, as the circuit through main contactor 
coil is open, and contacts M are open. Moving the arm of the controller 
clockwise, the sliding contacts a and 6, shown in Fig. 49-26, move to the left, 
and on the first contact a circuit through is established and the main 
contactor closes. Control contacts Ma also close, so that as b moves further to 
the left the circuit through is maintained. Should the line voltage fail, M 
will open and the arm must be returned to Off before the motor can be started. 
This assures that the rotor alv^s shall start with all resistance in. An over¬ 
load also will de-energize coil @ and shut down the motor. If the controller 
is designed for starting duty only, then the auxiliary control contacts are 
arranged so that the circuit through Ma is not complete through slider b 
until it reaches the end position, when all resistance is shorted out. If 
desired, the automatic features of the controller do not have to be used. 

The functions carried out by the face-plate controller may be done by a 
drum type. For motors between 25 and 500 hp, where manual control is 
suitable, a drum type is used. Starting duty may be obtained also by means 
of a definite time magnetic starter. 

(d) Starters for Fractional Horsepower and Small-Horsepower Motors, 
These motors practically always are started at/wZ/ voltage, by an '"across the 
line starter'^ or switch, which usually has thermal overload protection incorpor¬ 
ated within the switch mechanism. The switch may be either manual or 
magnetic with push-button control. There are many types of each. Fig. 
49-28 shows a single-pole snap switch for starting and protecting a single¬ 
phase motor. It is of the solder-film type. The heater coil through which the 

motor current flows is shown in the upper 
right. It surrounds a shaft over which is 
mounted a hollow sleeve and in which the 
shaft may rotate. It normally is prevented 
from rotating by a thin solder film between it 
and the shaft. Prolonged overload current 
through the heater melts the solder and re¬ 
leases the shaft to rotate. A spring then rotates 
the shaft and another spring opens the con¬ 
tacts to shut down the motor. Upon cooling, 
the mechanism may be reset by operating 
the switch handle. It then is ready to operate 
again. Other types of thermal switches (Fig. 
49-19) use a bimetallic strip, arranged to snap 
open a set of contacts when the heater current 
is excessive. Heaters are chosen according to 
the current rating of the motor, and the same 
size switch may be used for various size motors. 



Fig. 49-28. Starting switch, 
with thermal protection, for 
small single-phase motors. 
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The same type of switch is available also for 3-phase motors up to 3 hp-115 
volts, 5 hp-230 volts, and 7^ hp-440 volts. Of course magnetic starters with 
push-button control are used also where required on fractional- and small- 
horsepower motors. 

49-11. Starting Synchronous Motors. (See also Art. 38~4 and Chap. 61.) 
Practically all s 3 nichronous motors are 3-phase and have a starting winding. 
The starting winding acts like a squirrel-cage winding, and provides torque 
to start the motor. The motor may be started at reduced voltage if the current 
demands of full voltage are too great, or if the required starting torque is 
low, as is the case with certain types of load. Reduced voltage usually is 
obtained by autotransformer or reactor. In cases where large current inrush 
is allowable, and where the load requires large torque, full-voltage starting is 
used. 

The motor of course would not reach synchronism as an induction motor. 
However, when the slip is small, d-c excitation may be applied and the motor 
will pull into synchronism. Before the direct current is put on, the asynchron¬ 
ous torque of the damper winding balances the load torque. As soon as the d-c 
excitation is applied, a synchronous torque appears which tends to decrease 
or increase the slip, depending upon the position of the field poles with respect 
to the armature mmf wave. There is a most favorable position of the field 
poles at which the pulling-into-step occurs with a minimum direct current 
and minimum disturbance in the a-c line. Several methods are used to apply 
the direct current automatically at the most favorable position of the field 
poles. Only one of them will be discussed. 

During the starting period, a high voltage is induced in the d-c field 
winding. To prevent damage by this voltage, the field usually is shorted 
through a discharge resistor. This also helps the production of pull-in torque 
(see Art. 38-4). In order to connect the field at the proper time a synchron¬ 
izing relay is used. This relay operates so as to apply d-c excitation at the best 
instant of time within the slip cycle of the motor. Fig. 49-29 shows a schema¬ 
tic connection diagram for such a starter, with the synchronizing relay. At 
the proper time in the slip-cycle the synchronizing relay energizes the 
coil (MF) which in turn opens the normally closed field contacts and 

closes the normally open field contacts \\MF, thus energizing the d-c field. 
In one type of synchronizer the timing relay is sensitive to the varpng 
frequency of the voltage induced in the field winding. When this frequency is 
sufficiently small, the d-c excitation is applied. The operation during starting 
as an induction motor is controlled by the conventional starter, either at full 
or reduced voltage. The overload heaters open the main coil in case of 
overload. In case of voltage failure the coil is de-energized and main 
contacts M open and shut down the motor. 

The damper winding relay is an a-c relay, sensitive only to alternating 
current induced in the d-c field winding at nonsynchronous speeds. If this 
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D.C. 



MF 



D.C . Excitatioj^ 
Source 


Fig. 49-29. Schematic wiring diagram for full-voltage starter 
and automatic synchronizer for synchronous motors. 


alternating current continues too long it will open coil @ and shut down 
the motor, thereby preventing overheating caused by current flowing in the 
damper winding due to nonsynchronous operation. 


49-12, Factors governing the Type of Controller or Starter To Be 
Used—Manual or Magnetic. In deciding between manual and magnetic 
controls, some of the factors to consider are as follows: Manual controls are 
available generally only in the smaller sizes, namely, for full-voltage direct 
current or alternating current only up to or 2 hp, for d-c and a-c resistance 
starters up to 50 hp, for autotransformer starters from 5 to 50 hp. ,For 
infrequent operation (less than 5 to 7 operations an hour) the manual type is 
satisfactory; for more frequent operation, especially under heavy loads, the 
magnetic type usually is chosen as it is able to stand up better under more 
severe operation. Repairs usually are made more easily on the magnetic type. 
The manual type must be mounted near the operator for convenience of 
operation, but space may not be available; then the magnetic type is used, 
because it may be mounted in a less convenient place where space is avail¬ 
able, and push-button control may be used. The magnetic type is entirely 
automatic after pressing the control button, and hence careless operation of 
the controller with its possible attendant damage to machinery does not 
result. If control must be remote, such as by a limit switch, float switch, 
pressure switch, etc., there is no choice except the magnetic type. The manual 
control usually is less expensive in first cost, but may be more expensive to 
maintain especially under severe service, and there is a definite trend favor¬ 
ing magnetic control. 

A further advantage of the magnetic control is that there may be several 
control points, suitably interlocked and with indicating pilot lamps. Push¬ 
button stations may be installed at several points. Push buttons are either 
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of the momentary-contact type or of the maintained-contact tjrpe. The 
former ordinarily is used, as it provides undervoltage protection in connec¬ 
tion with a set of control contacts on the main contactor, which are in 
parallel with the momentary-contact start button, and normally ai;e open, 
but they close when the main contactor closes, thus maintaining current in 
the magnetic contactor coil when the start button is released. (To illustrate 
this point see any of the figures showing the magnetic controller.) Float 
switches, pressure switches, temperature relays, and other types of controls 
may be used in connection with magnetic controls, to start and stop the 
motor. Sometimes the mechanical motion of some part of the driven machine 
must be limited, as in a material-testing machine, a hoist, a planer, etc., in 
which case the contacts of a limit switch are placed in series with the stop 
button to shut down the motor. 

In choosing between full-voltage, autotransformer, resistance, or reactance 
starting for polyphase induction motors, the following factors must be con¬ 
sidered. Full-voltage starting is the least expensive and most simple in 
application. It is used when the starting current is not too severe on the 
power line, or when the sudden application of large torque will not damage 
the load. Direct-connected loads such as fans, blowers, etc., usually may be 
started with full voltage without difficulty. Whether or not full-voltage 
starting is permissible depends upon the ratio of starting kva to available 
line-kva and is usually decided upon by the utilities. 

The starting torque of polyphase induction motors varies with the square of the 
current, i.e., with the square of the applied voltage. In the autotransformer 
starter the motor current at starting varies directly with the voltage at the 
motor terminal voltage. Thus an autotransformer starter designed to reduce 
the motor terminal voltage to 80% of line voltage will produce a motor 
torque of 64% and require a line current of 64% of that which would be 
taken at full voltage (Fig. 49-30). The comparison between full voltage 
autotransformers at 80% voltage and resistor at 65% standstill voltage is 
shown in Fig. 49-31, for a squirrel-cage motor starting a loaded centrifugal 
pump. Full voltage requires an initial current of 600%, but the 
accelerating time is small. The initial line current for the autotransformer 
starter varies as the square of the tap voltage. In autotransformer starting 
there is a short off time when changing from tap voltage to line voltage, 
which produces a higher peak at change-over than in resistor starting at the 
same starting voltage, and results in greater line disturbance. Resistor 
starting at the same starting voltage at the motor terminals as autotrans¬ 
former starting takes about the same accelerating time, but the initial 
starting currents taken from the line are greater for resistor starting. For 
65% starting voltage the percent currents are 42% for autotransformer and 
65% for resistor, while the respective starting torques are each 42%. If the 
line currents are to be made equal the 80% tap is used, or 65% starting 
voltage with resistor is used. In this case acceleration time is shorter for the 




Fig. 49-30. Starting current va. time for a 
squirrel-cage motor driving a loaded centri¬ 
fugal pump. Starting with full voltage and 
with autotransformer. 


Fig. 49-31. Comparison of starting 
characteristics for a squirrel-cage motor 
driving a loaded centrifugal pump: full- 
voltage starting, autotransformer starting, 
and resistance starting. 


autotransformer starting, due to greater torque. Generally the autotrans¬ 
former type is more efficient, while the resistor type gives smoother accelera¬ 
tion. Reactor acceleration likewise is very smooth. When very low startingt 
current with high starting torque is required, with smooth acceleration, a 
wound rotor with a secondary rheostat is used. 

49-13. Motor Protection. Electric machines generally are not self- 
protecting, i.e., overloads, overvoltage, overspeed, etc., may damage the 
machines, unless externally applied protective devices are used. The various 
types of protection for motors are undervoltage, overvoltage, overload, phase 
failure, phase reversal. See definitions Art. 49-14. 

Undervoltage may cause a motor to carry excessive current, or to run at 
low speed. If the voltage fails altogether, and is restored with the machine 
still connected to the line, it may damage the equipment or injure the opera¬ 
tor. On some installations such as fans, pumps, etc., it might do no damage. 
Undervoltage protection generally is desired in industrial motor applications 
and is incorporated in the starting device, by a coil which releases the main 
line contacts upon low voltage or voltage failure, and these contacts remain 
open until the operator starts the motor again. All automatic starters in¬ 
herently have undervoltage protection. Fig. 49-20 illustrates how under¬ 
voltage protection is provided. If the line voltage fails the coil will become 

de-energized and the main contacts M open. The motor will not start again 
until the start button is closed. 

The most common type of protection required is for overload. The general 
effect of overload is excessive heating of the motor insulation, greatly lessening 
its life, or in the case of very excessive overloads quickly burning out the 
insulation, causing a short, with its attendant severe damage. 
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Fig. 49-32. Effect of winding temperature on the life of class A insulation. 


The effects on insulation life caused by continuous operation at different 
temperatures are illustrated in Fig. 49-32, which shows the relation between 
expected life in percent and the temperature of the winding. The general 
effect of overload is manifest in overheating, but due to the heat capacity of 
the machine, it takes time for the temperature of the windings to rise, the 
time depending upon the degree of overload (Fig. 49-33), the ambient 
temperature, the previous load history, and the heat capacity of the machine. 
The effect of load on the time required for a motor to reach normal limiting 
temperature for Class A motor insulation is shown in Fig. 49-33. An overload 



Fig. 49-33. Characteristics of thermal protection for motors. Ambient 40° C. 
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Fig. 49-34. Thermal overload relay. 

device to protect such a motor should have its delay characteristic coordin¬ 
ated with the heating time of the motor. With rotor locked the average poly¬ 
phase induction motor takes a current of about 600%, which according to 
Fig. 49-33 would cause the safe limiting temperature to be reached in about 
15 seconds. The overload device should open the line in less than 15 seconds 
on 600% load current and in less than 5 minutes on 200% load. If the over¬ 
load protective device operates too quickly the motor will be shut down 
unnecessarily. Thermal overload devices, using a heater coil surrounding a 
bimetallic strip, or solder film device, or an induction type thermal relay may 
be designed to duplicate closely the thermal properties of the motor. Fig. 
49-33 shows the tripping time and reset time (time for element to cool before 
it can be reset) for a typical thermal device, showing how closely it can be 
coordinated with the heating curve of the motor. Fig. 49-34 shows the 
construction of a typical bimetallic type of overload relay for use with a 
magnetic contactor. The main motor current flows through the spiral heater 
coil surrounding a vertical bimetallic strip. The control contacts shown in the 
rear center of Fig. 49-34 normally are closed. Overload currents cause the 
heating of the bimetallic strip, and it moves to the left, releasing the hori¬ 
zontal arm just beneath the reset and in turn opening the control contacts in 
the rear. This opens the main contactor coil and shuts down the motor. When 
the strip has cooled, the device is reset by pulling down on the reset string. In 
some cases where the ambient temperatures at the starter are likely to be 
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very different than at the motor, the thermal elements are placed directly 
on the motor or windings. In small motors using manual starters, the thermal 
device operates on the main switch directly as shown in Fig. 49-28. 

The fundamental purpose of the motor-running overload device is to 
protect the motor from overheating. The contactors on the starters usually 
are not designed to open on short circuits, as this would cause currents to 
flow in excess of the interrupting capacity of the contactor or switch. There¬ 
fore a protective device effective for short circuits is required, unless the 
starter is specifically designed for this duty also. Fig. 49-35, taken from the 
National Electrical Code 1956, shows the scheme of connection required by 
the National Board of the Fire Underwriters, for protecting the feeder, branch 
circuit, and motor. In many installations the disconnect switch, the motor¬ 
running overcurrent device and the motor controller (Fig. 49-35) are made as 
a unit and mounted in the same case. Fuses commonly are used in the feeder 
and motor branch circuit for overcurrent protection because when they are 
applied correctly they will operate to open a short circuit satisfactorily. The 
fuses usually are integral with the disconnect switch. Certain types of mag¬ 
netic circuit breakers also are used, though Feeder and Branch Circuits 

they are more expensive and generally are Feeder overcurrent 
used only on large power motors. The F«d.r condocfr. 

overcurrent protection for the feeder is |-— sectioimi. - 

chosen according to the following rule of fr\ Motor Branch Circuit 

NEC-1956 (National Electrical Code). / 

Section 4362 reads: ‘‘A feeder which / „ 

/ / / DiBcoiinectina Means 

supplies motors shall be provided with Motor / <? section 44 oi to 4410 

^ ^ 1 . \ 1 11 I Branch-circuit ^ ■ * ] ^ 

overcurrent protection which shall not be conductors r—^ Motor-running Over- 

^ Section 4312 \\ current Device 

greater than the largest rating or setting section 4321 to 4331 

of the branch-circuit protective device, for \[ |swdon 4 MMo«^ 

any motor of the group (see NEC Tables ^ 

20, 26, 27) plus the sum of the full-load _fl| 

currents of the other motors of the group.” Q ^ 

For the rating or setting of the overcurrent 

device for the motor branch circuit see ^condary circuit for 

NEC Table 20 and refer to Section 4342 

of the NEC. For the running or overload circuitcondurtors^CLJcontroller 
protection of the motor see NEC, Sections secondary Roaiator 

4321-4331, NEC Table 20. (In general the - 

size of wire for a motor branch circuit is j* 

not to be less than 125% of the motor protective devices in motor 

full-load current.) In general, continuous- feeder and branch circuits, 

duty motors of more than 1 hp shall have 

running overcurrent protection of not greater than 125% of full-load current. 
In some cases it may be 140%. The rating of the motor-running overcurrent 
protective device shall not be greater than 150% of full-load current. 
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Fig. 49-35. Connection diagram 
for protective devices in motor 
feeder and branch circuits. 




422 


A-C MACHINES 


Certain modifications from these requirements are applicable for fractional- 
horsepower motors, and the NEC always should be consulted before applying 
protective devices, or laying out feeder and branch circuits for motors. 

49-14. DEFINITIONS 

1. Undervoltage Protection, The effect of a device operative on the reduction or 
failure of voltage to cause and maintain the interruption of power to the main 
circuit. (NEMA IC50-230.) 

2. Undervoltage Release, The effect of a device operative on the reduction or 
failure of voltage to cause the interruption of power to the main circuit but not to 
prevent the re-establishment of the main circuit on return of voltage. (IC50-232.) 

3. Phase-Failure Protection. The effect of a device operative upon the failure of 
power in one wire of a polyphase circuit, to cause and maintain the interruption 
of power in all the wires of the circuit. (IC50-234.) 

4. Phase-Reversal Protection. The effect of a device operative on the reversal of 
the phase-rotation in a polyphase circuit, to cause and maintain the interruption 
of power in all the wires of the circuit. (IC50-236.) 

5. Overload Protection. The effect of a device operative on excessive current, but 
not necessarily on short-circuit, to cause and maintain the interruption of current 
fiow to the device governed. 

Note : By operating overload is meant a current not in excess of 4 times the 
rated current for a-c motors, nor in excess of 4 times the rated current for d-c 
motors. (IC50-238.) 

6. Resistor. A device used primarily because it possesses the property of electrical 
resistance. A resistor as used in electric circuits for purposes of operation, pro¬ 
tection or control, commonly consists of an aggregation of units. (1C50-248.) 

7. Constant Torque Resistor. A resistor for use in the armature or rotor circuit of 
a motor in which the current remains practically constant throughout the entire 
speed range. (IC50-254.) 

8. Fan Duty Resistor. A resistor for use in the armature or rotor circuit of a 
motor in which the current is approximately proportional to the speed of the 
motor. (IC50-256.) 

9. Relay. A device that is operative by a variation in the conditions of one 
electric circuit to effect the operation of other devices in the same or another 
electric circuit. 

Note : Where relays operate in response to changes in more than one condition, 
all functions should be mentioned. (1050-275.) 

10. Notching. A qualifying term indicating that a predetermined number of 
separate impulses are required to complete operation. (IC50-300.) 

11. Inverse Time. A qualifying term indicating that there is purposely intro¬ 
duced a delayed action, which delay decreases as the operating force increases. 
(IC50-302.) 
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12. Definite Time, A qualifying term indicating that there is purposely intro* 
duced a delay in action, which delay remains substantially constant regardless of 
the magnitude of the quantity that causes the action. (1050-304.) 

13. Insiardaneoua, A qualifying term indicating that no delay is purposely 
introduced in the action of the device. (IC50-306.) 

14. Magnetic Contactor. A contactor actuated by electromagnetic means. (IC50- 
322.) 

15. Electric Controller. A device, or group of devices, which serves to govern, in 
some predetermined manner, the electric power delivered to the apparatus to 
which it is connected. (IC50-324.) 

16. Manval Controller. A controller operated by hand. (IC50-332.) 

17. Drum Controller. A controller which utilizes a drum switch as the main 
switching element. 

Note: A drum controller usually consists of a drum switch and a resistor. 
(IC50-334.) 

18. Starter. A controller designed for accelerating a motor to normal speed in 
one direction of rotation. 

Note: A device designed for starting a motor in either direction of rotation 
includes the additional function of reversing and should be designated a controller. 

Note: By basic functions is usually meant acceleration, retardation, line closing, 
reversing, etc. (IC50-336.) 

19. Automatic. Automatic means self-acting, operating by its own mechanism 
when actuated by some impersonal influence, as, for example, a change in current 
strength; not manual, without personal intervention. Remote control that requires 
personal intervention is not automatic, but manual. (IC50-338.) 

20. Automatic Starter. A starter designed to control automatically the accelera¬ 
tion of a motor during the acceleration period. (1C50-340.) 

21. Autotransformer Starter. A starter having an auto transformer to furnish a 
reduced voltage for starting. The device includes the necessary switching mech¬ 
anism and frequently is called a compensator or autostarter. (IC50-342.) 

22. Control Cutout Switch. A switch that isolates the control circuit of a motor 
controller. (IC50-344.) 

23. Magnet Brake. A friction brake controlled by electromagnetic means. 
(IC50-350.) 

24. Sealing Gap. The distance between the armature and center of the core of a 
magnetic contactor when the contacts first touch each other. (IC50-352.) 

25. Sealing Voltage (or Current). The voltage (or current) necessary to seat the 
armature of a magnetic contactor from the position at which the contacts first 
touch each other. (IC50-354.) 

26. Pick-Up Voltage (or Current). The voltage (or current) at which a magnetic 
contactor starts to close. (IC50-356.) 
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27. Drop-Out VoUage {or Current). The voltage (or current) at which a magnetic 
contactor will release to its de-energized position. (IC50-358.) 

28. Normally Open and Normally Closed. The terms normally open and normally 
dosed when applied to a magnet-operated switching device, such as a contactor or 
relay, or to the contacts thereof, signify the position taken when the operating 
magnet is de-energized. These terms apply only to non-latching types of devices. 
(IC50-360.) 

29. Jogging. Jogging or inching is the quickly repeated closure of the circuit to 
start a motor from rest for the purpose of accomplishing small movements of the 
driven machine. (IC50-374.) 
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Chapter 50 


DETERMINATION OF THE NO-LOAD MMF 


50-1. The Five Parts of the Magnetic Circuit. In the induction motor, 
turbine generator, and a-c commutator motor, the magnetic path traverses 
the stator core, the stator teeth twice, the air gap twice, the rotor teeth 
twice, and the rotor core. In the salient pole synchronous machine, two poles 
and the rotor yoke appear in place of the two rotor teeth and the rotor core. 

The emf to be induced in the armature winding is given for the induction 
motor and the polyphase a-c commutator motor by the terminal voltage and 
the small voltage drop in the primary winding. For the other machine types 
where the armature reaction has to be taken into account, the no-load 
characteristic must be computed, i.e., computations must be made for 
several values of the induced emf. If the magnitude of the induced emf is 
given, the flux is also given. Magnitude is determined by the equation (see 
Art. 39-1) 

E = 4f^fNkaj,^lO~^ volt (50-1) 

The mmf curve of an induction motor is sinusoidal (since only the funda¬ 
mental of the mmf curve is considered here). However, its flux distribution 
curve is flattened, because of the saturation of the iron. It is found that there 
is a pronounced 3rd harmonic. The other harmonics are small. These satura¬ 
tion harmonics have little influence on the starting performance or the pull¬ 
out torque, since at these conditions of operation the main flux is reduced. 
At rated load the fundamental of the flux distribution curve is also of main 
importance. Therefore, for the induction motor/jg^ 1.11. 

In the salient-pole machine, is a function of the ratio bjr (bj, is the pole 
arc). Approximately 

ftjTrrO.SO 0.55 0.60 0.65 0.7 0.75 

/j5=rl.l8 1.168 1.15 1.128 1.104 1.074 

These values of fj^ were obtained by evaluating a large number of actual 
flux distribution curves. For each individual case, the value of //j can be 
obtained from a flux map. 

A certain mmf is necessary to drive the flux through the machine structure. 
The magnitude of this mmf is determined by the basic law, Eq. 1-23; this is 
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the circuital law of the magnetic field. If this law is applied in the form of 
Eqs. 1-26 and 1-27, it is seen that the sum 

<D ^~" ^=:0.47riy/ (50-2) 


has to be extended over five terms for which the permeability fx, the length 
of the magnetic path I, and the cross-section A are each different. Thus, for 
the non-salient pole machines, Eq. 50-2 can be written in the form 


<D f. ^ 0 ^nNI 


(50-3) 


where the subscript 1 refers to the stator and subscript 2 to the rotor, g is 
the length of a single air-gap. For the salient-pole machines, the last two 
terms are 21Jijlj,Aj, and lylfXyAy, 

It follows from Eqs. 1-25 and 50-3 that 




Li -f 2 


OSS.^ ^ 5 ^ ’ " ^ " 


0.47r/x^i 

or Hcilci 4- 4- ^ 


(50-4) 

(50-5) 


H is the ampere-turns per unit length. Eq. 50-5 states that, in order to find 
the total ampere-turns NI necessary to force the flux through the structure, 
the ampere-turns of each of the five components are to be determined 
separately and then added up. 

Eqs. 50-3 to 50-5 describe how to determine the five component ampere- 
turns. First divide the flux O by each of the five cross-sections, i.e., determine 
the five values of B to be used in Eq. 50-4. Then determine from the satura¬ 
tion curves of the iron used for stator and rotor, the values of H ^BjOAnfi 
which correspond to the values of B given by Eq. 50-4. Finally, multiply the 
values of H found from the saturation curves by their path lengths I and add 
the five components. This yields the mmf of one complete magnetic circuit. 
A 2-pole machine has only one magnetic circuit, and the NI ampere-turns 
are placed half on each pole. A multipole machine has pl2 magnetic circuits, 
and the total number of necessary ampere-turns is p/2 times the ampere- 
turns necessary for one circuit. 

The term 2(BglOA7r)g ~2H which represents the ampere-turns necessary 
to drive the flux O through two air g^ps is the largest of the five terms. Its 
magnitude is 70 to 85 per cent of the total ampere-turns NI. 


50-2. The Air-gap mmf. The cross-section of the air gap is 

Ag=bele (50-6) 

bg is the width of a rectangle the height of which is the maximum value of the 
flux distribution curve (Fig. 50-1) and the area of which is the area under the 
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flux distribution curve, is the effective 
core length the magnitude of which is 
determined in the following. 

For a sinusoidal flux distribution, 

(2/ 77)t. Since only the fundamental of the 
flux distribution curve is of importance 
for the induction motor, for this machine 

fe, = (2/77)T. 

For the salient-pole machine, approximately, 

6p/t = 0.50 0.55 0.60 0.65 0.70 0.75 

5, = 0.58 0.625 0.665 0.705 0.745 0.785 xt 

These values of bg were obtained in the same manner as the values of f^. 
For each individual case, the value of bg can be obtained from a flux map. 



Fig. 50 1. Flux distribution curve 
of a salient-pole machine. 



Fig. 50-2. Explanation of the effective core length. 


The effective core length Ig is smaller than the core length L and larger 
than the iron length L - njb^, (Fig. 50-2). is the number of radial vents and 
b^ the width of a vent, njb^ is approximately 15 per cent of the core length L. 
The effective core length takes into consideration the lines of force which 
enter the armature laterally and through the air vents. Ig is best determined 
by the method of conformal mapping or from flux maps. They show (Ref. 
All) that the loss of L per vent {V) is 




f>vlg 

5 + KI9 


K 


(50-7) 


If T* is the width of one stack of laminations plus one vent 




L + h^ 
n* + l 


(50-8) 
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then the effective width of this stack is - V and the ratio 


-Tv _ T^(5y-f-fc^) 

r^-V T^(5g-6„) 


(50-9) 


is the factor by which the length of a stack is to be divided in order to obtain 
its effective length. Therefore, the effective core length 



(50-10) 


Fig. 50-2 refers to a machine in which only one part has radial vents, as is the 
case in the salient-pole synchronous machine. When both machine parts have 
radial vents, as is the case in the induction motor, then k,, has to be computed 
for both parts and 


le 



(50-11) 


Fig. 50-3 shows the vent factor as a function of b^/g with as para¬ 
meter. 

When the radial vents of both machine parts are opposite to each other, 
the total vent factor kit — J^vi x ^^2 can be determined from flux maps in the 
same manner as the factor k^ is determined when only one machine part has 
radial vents (Ref, All). This yields 



Fig. 60-3. Vent factor k\. and ('arter factor kp. 
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— ■ 


r^(bg -f 25^) 


and 


T,(5gr + 26,)~26,2’ - 

With bf, and 1^ determined Ay is given by Eq. 60-6 and 

:a 

The mmf for the two air-gaps is then (Eq. 50-4) 




B,g^\3B,g 


(6(X-lla) 


(60-12) 


However, this equation yields a correct value for the gap-mmf only when the 
armature has no slots. When the armature is slotted, the air-gap appears 
increased at the spots opposite the slots. This increase of the air-gap can be 
expressed by a factor the derivation of which is the same as for the vent 
factor k^ (Ref. Al 1). In this factor the slot pitch is substituted for the vent 
pitch Tv and the slot-opening by substituted for the vent width b^, thus 


_T.(5gr + feo) 

'r,{5g + bo)-b„^ 


(60-13) 


and the effective air-gap isg xk^. If both machine parts are slotted, the factor 
kf must be calculated for both parts separately and the effective air-gap is 
g xkciX kf. 2 . The factor ky is called the Carter factor because it was derived 
first (analytically) by C. W. Carter. It is shown in Fig. 50-4 as function of 
bolg with by/Tg as parameter. 

Taking into account the slot-openings, the mmf for the two air-gaps be¬ 
comes 

My = lSBygky 

In this equation By is expressed in Gauss and gr in cm. If Bg is expressed in 
lines per square inch and g in inches 

My=0,%ZBygk, (50-14) 


50-3. The Teeth Mmf. With the value of By from Eq. 50-12 the tooth 
density can be determined as 

where r^g is the slot pitch at the air gap, 6, the tooth width, l = L- njb^ the 
axial length of the armature iron, including the insulation between the 
laminations, and the stacking factor which takes into account the insula¬ 
tion between laminations. i;, = 0.92 for waterglass or lacquer insulation; 
/jf = 0.96 for oxide-film insulation. The numerator of Eq. 50-15, TgglgBg, is 
the fiux which enters the armature through a slot pitch. In induction motors, 
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saturation in the teeth will cause a redistribution of the flux resulting in a 
decrease in the peak tooth density. Therefore, the value of given by Eq. 
50-15 must be multiplied by 0.8. 

The length of the magnetic path in the two teeth is where is the 
height of the tooth. 

Eq. 50-15 assumes that the flux entering the armature through a slot 
pitch passes only through the iron (through the tooth). This is the case when 
Bt is equal to or smaller than about 118,000 lines/in.^ When B^ is larger than 
this value, a part of the flux r^gl^Bg takes a path through the slot, i.e., paral¬ 
lel to the tooth iron. With respect to the flux T^gl^By, tooth and slot are 
magnetically in parallel. In the case of low saturation, the reluctance of the 
tooth is small in comparison to that of the slot so that practically no lines of 
force go through the slot. On the other hand, if the tooth is saturated, its 
permeability will be low, the reluctance will be comparatively large, and a 
part of the lines of force will go through the slot. In this latter case, Eq. 
50-15 would yield too high a value for the tooth density. 

For high tooth saturation, the value of Bt yielded by Eq. 50-15 will be 
called the fictitious tooth density B/. The actual tooth density B^ is determined 
as follows: 

The flux through a slot pitch is 

Tj,Bg^<^' (50-16) 

For high tooth saturation, it divides into two parts: 

a)'=:<D,-fO, (50-17) 

The flux 0/ goes through the tooth and the flux O, through the slot. The ratio 
of the cross section of the slot, .4,,, to the cross section of the tooth, 4,, is 

Dividing Eq. 50-17 by 4^, 

O' O, O 
A, 

or B/ = Bt-¥ BJCi 

Thus the actual tooth density is 

Bt = Bt - Bjct 

Bt , the fictitious tooth density, is given by Eq. 50-15. Introducing 

Bt - B; - OAnktH (50-20) 

Since H is the same along the slot as along the tooth, H and Bt in Eq. 50-20 
are related to each other by the magnetization curve of the tooth iron. 

The axis of abscissa of the magnetization curve is usually given in ampere- 


(50-18) 


(50-19) 
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turns per unit length (at = ^). Furthermore, B and at are drawn to different 
scales. If Sat is the number of ampere-turns per cm per unit length in the 
axis of at and the number of lines per cm® per unit length in the axis of B, 
then 

= xnt (50-21) 

If, further, the magnetization curve is given in the units 

5/in.®=/(at=:^T/in.) 

and is the number of ampere turns per inch per unit length in the axis of 
at and the number of lines per in.® per unit length in the axis of B, then 

Bt^Bt' - 0.4^A;j X 2.54 x at = iS/ - 3.19*,^ x at (50-22) 

In order to determine the actual tooth 
density B^, draw the quantity 

as a function of at below the magnetization 
curve £=/(at), as shown in Fig. 50-4. This 
is a straight line. If the fictitious tooth 
density J5/ (Eq. 50-15) is equal to DA and 
from A a line is drawn parallel to the line 

3.19A:,(>S«//&V)xat, 

the distance BC is equal to the actual 
tooth density Bi and the distance OC is the 
corresponding value of Ht = at. 

The tooth mmf is then 

Mt = 2h^Ht (50-23) 

Fig. 50-5 shows the corresponding values of the ficitious tooth density, the 
actual tooth density, and the field intensity H — at for USS Electrical Steel, 
Gauge 26. 

When the width of the tooth at its top is different from that at its base, 
the tooth density varies along the tooth. In this case, it is often satisfactory 
to compute with the tooth density at measured from base of the tooth; 
i.e., for bt in Eq. 50-15 and for r, and 6, in Eq. 50-18 the values at this place are 
to be used. A more accurate value for than the -computation yields is 
obtained by applying Simpson's rule. Here the values of tooth density and 
corresponding Ht are calculated for top, middle, and base of the tooth by 
substituting the value of bt in Eq. 50-15 and the values r, and bt in Eq. 
50-18 for each of these places. The tooth mmf is then 

_ 2^ <,top 



Fig. 50-4. Determination of the 
actual tooth density from the fic¬ 
titious tooth density. 


(50-24) 
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Fi(i. 50-5. Actual tooth density and field intensity H (at) vs, 
fictitious tooth density for USS Electrical Steel, gage 26. 


50-4. The Core Mmf. The flux density in that core cross-section which 
divides the magnetic path into two symmetrical parts is equal to 


O 


(50-25) 


where is the height of the core behind the teeth. In other core cross- 
sections the flux density is smaller than this value of The mmf of the 
air-gap and teeth is computed for the line of force which passes the center- 
line of the pole. Computing the core-mmf with the value of Be given by 
Eq. 50-25 for the same line of force, which is the longest one, would yield a 
too large value for the core mmf because this value of B^ is a maximum value. 
Figures 50-6 and 50-7 show the factor (0^) by which the core mmf must be 
multiplied when Eq. 50-25 is used for computation of the core mmf. (Ref. 
A7). Fig. 50-6 refers to 2-pole machines, Fig. 50-7 to machines with the 
number of poles >4. For four poles, an average value of Figures 50-6 and 
50-7 can be taken. The length of the path in the core is to be taken as 


for stator cores and 


, 7r{D + 2k,) 

P 

(50-26) 

^ _7t(D - 2h,) 

P 

(50-27) 



DETERMINATION OF THE NO-LOAD MMF 


435 





Fio. 50 6. Correction factor Cc for 2-pole machines. 

for rotor cores. Thus the core mmf 

= (50-28) 

He is the value which corresponds to from Eq. (50-25). The Figures 50-6 
and 50-7 refer to a sinusoidal flux distribution. The factor 0.93 in Eqs. 
50-26 and 50-27 takes into account the flattening of the flux distribution 
curve (Fig. 50-1). 

50-5. The Pole and Yoke Mmf. The flux which goes through the poles 
and yoke of a salient-pole machine is, due to leakage, larger than the flux <!> 
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determined by Eq. 50-1 and used in the previous equations. Some of the 
lines of force produced by the field winding go from pole tip to pole tip and 
from pole body to pole body, without passing the gap and armature. Al¬ 
though the reluctance of the interpolar space is large, the flux which takes a 
path through these regions is considerable: it is about 15 to 25 per cent of the 
armature flux O. Since only the flux O which enters the armature induces an 
emf in the armature winding, the flux which passes through the spac^ 
between the poles is not a useful flux and is called the pole-leakage flux \ it is a 
disadvantage in that it requires the flux in the pole and yoke to be greater 
than that in the armature. This requires a greater mmf to magnetize the yoke 
and poles than if no leakage whatever were present. 

The leakage flux can be calculated with the aid of Ampere’s law, Eq. 1-18. 
The same mmf which acts upon 2 air-gaps, 2 armature teeth, and armature 



DETERMINATION OF THE NO-LOAD MMF 


437 


core, i.e., {Mg-\-+Mf), is influential in determining the magnitude of the 
leakage flux between the pole shoes. This fact follows without further 

discussion from Eq. 5-4. If the line integral Ah. dl is set up, beginning at a 

pole surface adjacent to the air-gap and going through the pole, the pole 
yoke, a second pole, air-gap, armature teeth, armature core, armature teeth, 
and air-gap (see Fig. 30-3), the result will be exactly the same as for a path 
following through the first pole, pole yoke, second pole, and the distance in 
the air between the pole shoes; the contribution to this integral furnished 
by the air-gap and the armature must be the same as that furnished by the 
distance in the air between the pole shoes, for other terms in the summation 
are equal in both cases. By similar considerations, the mmf acting between 
the pole bodies decreases linearly from the pole shoe to the yoke and is 
equal to {Mg+ Mt + Mc)=AB (Fig. 50-8) at the pole shoe and nearly zero 
at the yoke. 



Fig. 50-8. Determination of the leakage flux of salient poles. 

The leakage flux consists of the following four parts: 

(a) Leakage flux between the inside surfaces of the pole shoes. 

(b) Leakage flux between the end surfaces of the pole shoes. 

(c) Leakage flux between the inside surfaces of the pole bodies. 

(d) Leakage flux between the end surfaces of the pole bodies. 

If 




(50-29) 
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the flux between the internal surfaces of the pole shoes is (Fig. 50-8) 


O = 

^ a — 


OArrMi OAirMjlJb 
Ra 


X 2.54 


(50-30) 


The significance of the individual quantities follows from Fig. 50-8. If it is 
assumed that the lines of force between the external surfaces of the pole shoes 
go part of the way in the arc of a circle of radius y (Fig. 50-8), and part of the 
way in a straight line (along the line a^), then 


^nhdy 


ry=-bpi2 0 

7-- , 

J y^o («»+ ^y) 

= 2 X OAnMib X — log ^1 ^ 

= l.MMib log X 2.54 


(50-31) 


6 = height of pole shoe at the pole shoe tip + The factor 2 takes into 

account both ends of the machine. 

If the leakage flux between the pole bodies is calculated using the average 
value of the mmf which prevails between the bodies, that is, with 


then 


(ilf, + 0)/2 = Jlf,/2, 


<I), = 0.47r:^'^^’’x2.54. (50-32) 

With the same considerations as for <1)^ 


^ 2x0.47rJI!f, ^ 2.3, /, TT 6, \ , 

<1>« = - - X — log 1 + - X 2.54 

^ 7T \ ^ (X/cmJ 


= 0.92Jlf,Ap log (^1 + ^ ) X 2.54 

A ^ ^cmJ 

(50-33) 

The entire leakage flux Oj for both pole halves is 


<I>1 = 2(<I>a -f 

(50-34) 

The flux in the pole body and yoke is 



(50-35) 

The flux density in the pole body is 


0 

j? ^ 

• T. 

(50-36) 

and the pole mmf is 


M^=2h„H„ 

(50-37) 
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The flux density in the yoke is 

5, = ^ ,(60-38) 

The length of the magnetic path in the yoke is 

h=Cc'^ (60-39) 

where D" is the diameter in the middle of the yoke and (7^ is given by Fig. 
50-7. The yoke mmf is 

My = lyHy (50-40) 

Thus, the calculation of the mmf necessary to produce the armature flux O 
in the salient-pole machine is as follows: First, the air-gap flux density Bg, 
the tooth flux density Bt, and the armature-core flux density Be are calcu¬ 
lated, and from these the value of (Mg-¥Me) is obtained. With this, 
the mmf Mi which produces the leakage flux is known, and the leakage flux 
<bi and pole flux <I)p=<l), +0 can be calculated. From this, B^ and By and the 
mmf necessary to magnetize the pole and yoke can be determined. 



Chapter 51 


THE ROTATING POLYPHASE INDUCTION MOTOR 
AS A STATIONARY TRANSFORMER • THE PRIMARY 
AND SECONDARY CURRENT • THE CIRCLE DIA¬ 
GRAM OF THE POLYPHASE INDUCTION MOTOR 


51-1. The rotating polyphase induction motor as a stationary 
transformer—Kirchhoff’s equations. It has been explained in Art. 17-2 
that the rotatihg polyphase induction motor can be considered as a station¬ 
ary transformer loaded with a pure resistance. The total resistance of the 
secondary circuit is equal to r 2 ls, being the resistance of the secondary 
referred to the primary and s the slip of the motor. This will be proved here 
from a more general point of view than in Chap. 17. 

It has been shown in Chap. 4 that the voltage equations of the transformer 
are 

= (»‘i 1 + U) = (^1 1 - 


(51-1) 


- Fa' = (rj' + + 1^') = (r^ +3x^)1 ^ -E^. 



Fig. 51-1. Mutual 
position of stator and 
rotor windings. 


induced in the 

primary and secondary winding by the main flux 
which is produced by the resultant mmf (/^ + /a'). In 
the case of low saturation, it can be assumed that the 
main flux consists of two components, one produced 
by the stator current /j, the other produced by the 
rotor current /g'. The corresponding emf’s then are 
-jxj^ and -jx^lz- 

Eq. (51-1) refers to two windings which have the 
same axis (Fig. 51-1 a) as is the case in the transformer 
and also in the induction motor at standstill when the 
axes of the stator and rotor windings coincide. If the 
rotor winding is moved by an angle a in the direction 
of rotation of the rotating field (Fig. 51-lb), the 
voltage equations of the induction motor at standstill 
are 


440 



ROTATING POLYPHASE INDUCTION MOTOR AS TRANSFORMER 441 


= ('•i +ja:„(/, +/i8V«), 

0 = (ft + /*'). 


(61-2) 


The emf induced in the stator by the main flux of the rotor is 
since it cuts the stator winding at the angle a earlier than in the case when 
both axes coincide. For the same reason the rotor winding is cut by the main 
flux of the stator at the angle a later than in the case when both axes coin¬ 
cide, and the emf induced by the main flux of the stator in the rotor winding 

is 

When the rotor rotates, the angle a is a function of time. If it is assumed 
that at the instant ^ = 0 the axes of both windings coincide (a = 0), then 


a = (l -8)oji. (51-3) 

• > • 

For Vi, /j, and /,' the following equations can be introduced; 

(51-4) 

• « 

where yj - Pi is the phase angle between and /j. Inserting these equations 
and Eq. (51-3) in Eq. (51-2), 

0 = (r^ + -f +’'*>]. (51-5) 

In the latter equation the reactances at slip frequency ( 50 : 2 ' ^^m) have 

to be introduced since in Eq. (51-4) the secondary current is considered at 
slip frequency. Multiplying the second Eq. (51-5) by 

0 = (^2 -^jsx^[Ii€’^^^^yi^ 4- / 2 ,'€^^‘-<+v.>] (51-5a) 

or 

0 = [(r275) 4 -^X 2 '] {w e+yj) _|_ I +y, )]. (61-5b) 

In this equation the secondary current appears at line frequency. Introducing 

/jj,'€^<‘"‘+v,) = 4', (61-6) 

where is different from that in Eq. (51-4), the voltage equations of the 
rotating induction motor are (see Eqs. (51-4) and (51-5)) 

yi = (»'i +4') = (»‘i +ja;i)A 

0 = [(fj'/s) + jajg'] /,' + ja:„(/i + /,') = [(fj'/s) ^ixi] /*' - 

These are the same equations as for the stationary transformer (Eq. 61-1) 
the windings axes of which coincide except that r^js appears instead of r,'. 
As for the transformer with # 0 (Art. 3-1) and Art. 4^3 

il+I^ =Im> 


(61-8) 
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/„= -Ej^= -E,(gr.-iK)= 

is a measure of the iron losses due to the main flux, 

P h-^e 


9n 




(51~9) 


(51-10) 


where is the number of phases. Y^, g^, and can be determined from 
the no-load condition of operation. 


and 



(51-11) 

(51-12) 


g^ and have the dimension of a conductivity. For normal machines g^^ 
is small in comparison with b^ and therefore 


/« 1 


(51-12a) 


51-2. Primary and secondary current—power factor. Let 

r, +jx^ = Zj, 

(rzis) +j^t=Zi. 


Eqs. (51-7), (51-8), and (51-9) yield 

f 1 + YJ,' 

ii= - ^1 ^^ . , 

where 

Zi Y„ = {rig„ + a:,6„) -¥j(x^g^ - r^bj. 

There will be no noticeable error if the assumption is made that 

Z,7„«s<a:,&J.l -j(ri/a:i)] 

Introducing the primary and secondary leakage coefficients 

Ti = {xjx„) Ti = {Xi'lx„), 

and the abbreviations 

r, -r, + (1+ Ti)rij', a:, =a:i + (1 + t,)^^', 

f^gnSXils) + (1 4- Tj), h =g,nXi - br^ir^'js), 

1 = (1 +T2)ri + (1 +Ti){ri'js), m=Xt- b^r^irijs), 


(51-13) 

(51-14) 


(51-15) 

(51-16) 


(51-17) 




ROTATING POLYPHASE INDUCTION MOTOR AS TRANSFORMER 


443 


the primary and secondary currents become 


(51-18) 


^ 2 = ^ 1 - 7 -—, ( 51 - 19 ) 

and the phase angle between the primary current and primary voltage is 

9?! = tan~^ {hjf) - tan“' (mil). (51-20) 

For medium-size and larger machines the term can be neglected 

in Eq. (51-15). Then 


If^r^ -h(l +ri)(r2ls), mf^Xt. 


(51-21) 


For larger values of s the main flux is small and Thus the inrush 

(starting current) of the induction motor 


1 4 -T 2 , x, 

.. 


(51-22) 


51—3, Geometric loci. (See Ref. H.) A geometric locus is a curve along 
which the end point of a vector, representing a certain quantity in an electric 
machine, travels when the machine continuously goes through all possible 
conditions of operation. For example, the end point of the primary current 
of an induction motor moves on a circle when the motor slip is changed 
continuously; the geometric locus of the primary current of the induction 
motor therefore is a circle the parameter of which is the slip. 

(a) Straight Line. Let P be a variable phasor the end point of which runs 
through a geometric locus, A a constant complex number, and A a real 
parameter between the value + 00 and - 00 . If 

P = iA. (51-23a) 

the geometric locus of the vector P is a straight line through the origin as 
shown in Fig. 51-2. It can be said also that Eq. (51-23a) is the equation of a 
straight line through the origin in parameter form. 

Therefore, if A and B are two constant complex numbers, the equation 

P^A^BX (51-23b) 

is the equation of a straight line which does not pass the origin. This can be 
seen readily from Fig. 51-3. 

(b) Circle. Fig. 51-4 shows a straight line Q=C + DX. It can be showm by 
simple geometrical considerations that if along each vector Q the quantity 
1/Q is drawn from the origin 0, the end points of all quantities l/Q lie on a 
circle through the origin. A= ± 00 corresponds to the origin. While the 
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P'ics. 51-2. Representation of a straight 
line through the origin in parameter form. 



Fig. 51-3. Representation of a straight line 
in parameter form. 


spacing of the parameter A is equal on the straight line, it is not equal on the 
circle. 

Consider the circle K 2 which is a mirror image of the circle if, with respect 
to the axis of abscissae. If OG — IjQ in circle A", makes an angle 9 ? with the 
axis of abscissae, then OG' in circle Ag makes an angle - (p with the axis of 
abscissae, i.e., 

V 

The vector Q—C-\-DX can be expressed also in the form 


1 

Q 


1 


1 


C^DX Q 




Then 
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Q 


Fig. 51-4. Representation of a circle in parameter form. 


Therefore the circle K 2 is the geometric locus of the vector 


P = T-^. 

C + D\ 


(51-24) 


i.e., this latter equation is the equation of a circle through the origin. 
Thus the general equation of a circle in parameter form is 

P-F 1 {CE + \) + bEX A+ BX 


C + D\ C + DX 


C + DX 


(51-25) 


The addition of the vector E to Eq. (51-24) corresponds to a shift of the 
origin in Fig. 51-4 by - E. 

There are three characteristic points on the geometric loci encountered 
in practice: A = 0, A = 1, and A = 00 . 
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A = 0 = 

A - 1 P,.., = (A + B)I(C + D ), (51-26) 

A=±oo = 

When the circle diagram is given and the three characteristic points of 
the circle also are fixed, the parameter A for any other point of the circle can 
be determined by the construction shown in the following. 

Consider Fig. 51-4 again. The parameter A has equal spacing on the 
straight line This applies not only to the straight line but to any other 
straight line which is parallel to the tangent of the circle A"j through the 
point A— :t 00 . If the values of A are known for two points of the straight 
line, the value of A can be determined for any other point of the straight line 
and, therefore, also for any point of the circle K^, If a mirror image S 2 , is 
drawn to the straight line A,, then the same conditions apply to this straight 
line and circle as to the line *9, and the circle A,, i.e., the parameter A has 
equal spacing on 82 or any straight line which is parallel to the tangent of 
the circle through the point A — ± 00 . Further, if the values of A are known 
for two points of the straight line 82 , the value of A can be determined for 
any otlier point of the straight line and for any point of the circle A'g. 

It can be seen from Fig. 51-4 that if the points A-0, A = 1, and A== ± 00 
on the circle K 2 are given, the points A-O and A=i l can be found on the 

straight line 82 by connecting the point 
P^ ^ with Pa 0 Pa b respectively. 
This leads to the construction of Fig. 
51-5. The circle and the points A —0, 
A - +1, and A— ±00 are given. The 
straight line 6* (parameter line) is parallel 
to the tangent to the circle through the 
point Pa..±x, i-e., the perpendicular to 
the line CP^^^- The intersections of 
the parameter line s with the lines 
P;,^^ P;^^o and P;,^^ Pa^x yields the 
points A = 0 and A=: +1.0. Dividing the 
distance between A = 0 and A = + 1 in 
equal parts, other values of A on the 
parameter line s will be obtained. The 
value of A for any arbitrary point 
on the circle will be found by connecting 
the point Pa..* with this point (Fig. 51-5). The intersection with the para¬ 
meter line yields the value of A which corresponds to the point P( a) of the circle. 

51-4. Circle diagram of the polyphase induction motor—slip line. 

With the aid of Eqs. (51-12a), (51-15), (51-16), and (51-17), Eq. (51-13) for 
the primary current of the polyphase induction motor can be rewritten 



Fig. 51- 5. Determination of the para¬ 
meter for any arbitrary point on the . 
circle. 
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11 _ riiSm -jbj + [( 1 + T,) +jff,„Xt']s (61-27) 

F, +T 1 ) -jrib„] + [ri(l +Tg) +jx,]s' 

f 

Vi will be assumed in the real axis (axis of ordinates). Then Vi = Fj. With 
the abbreviations 

r2(gm -jK )=(1 + Tj) +jg„xt = B, 

»'i(l+Ts)+ix< = A (51-28) 


Eq. (51-27) becomes 


_A+ Bs 

y^~C + Ds' 


(51-28a) 


Comparing this equation with Eq. (51-25) it follows that the geometric locvs 
of the end point of the primary current /j is a circle with the slip s as the 
parameter. 



Fig. 51-6. Determination of the slip line in the circle diagram of 
the induction motor. 
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From Eq. (51-28) 

^ *^ 2 ) ~^2 ( ^ "^ 1 ) “^77> ^l(^'^"*^2) -^i7> 

(51-31) 

-r 2 ' 6 ^ = ^f, = -r^r^bm^C^, Xt=D(. 

Inserting these equations and Eq. (51-29) in Eq. (51-30) and separating the 
real terms from the imaginary, two equations are obtained: 

7]Cr, + „ = (F- rjD^ - ^D^)s, 

(51-31a) 


riC, - - V,A, ^ ( V,B, - r^D, + ^D,)8, 


Elimination of the slip $ from these equations yields the equation of a circle 
in Cartesian coordinates with the coordinates of the center (f^, and the 
radius : 

Ti«3 


2 a/ 2 «/ 


where 


(61-32) 

R. = JIL^ + Vc^+ V^MTI , (51-33) 

cci—AiB^ — A^Bf, cc^ = {B^C^ + BfC() — {A,jD^ + AfDf), 

- CfD„ a, = {A,D, - A,D,) - {B.C^ - Bfi,). 

For the point on the circle s = 0 (ideal no-load point), according to Eqs. 
(51-26), (51-28), and (51-28a), 

/ _p -^"_p +~3('^rp(~ /K1 OCX 

-'l(,= 0 )~ * >7;- r 2 , r. 2 • (51-rf&; 


(61-34) 


Thus 


C * cz+c, 

t _ p 

?(.-=0) 'l C'^2^.C-^2 

V(s^i» (7^2+(7^2-- 

For the point on the circle 5 = ± oo, 

I -V ^-V ^ 

»(.=*) » Df^ + D„* 

t _ p Rp( ~ Rfir, 

TJr X = F 

’?(.=«) •'i D(W^’‘ * 


(51-36) 


(51-37) 


(61-38) 


The point on the circle «= -fl.O can be determined from Eq. (51-18) or 
(61-22). 
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The angle a (Fig. 51-6) between the line OC and the axis of abscissae is, 
according to Eqs. (51-31), (51-32), and (51-34): 


Tjc 2ri(l-fT2) 2ri 

tan a = ~ — 7- — -i-r . 

“1“ ^m( 1 + T 2 ) 


(51-39) 


In the problems encountered in practice, two points of the circle, the no- 
load point and the point 5 = 1, are given, since they can be determined easily 
by tests. From the same tests tan a [(Eq. (51-39)] also can be determined and 
therefore the circle, and are given by (see Arts. 22-1, and 19-2), 


(61-40) 

io 

In Fig. 51-6 the slip line (parameter line) is plotted in accordance with 
Fig. 51-5. This line is perpendicular to the radius connecting the center point 
C with the point on the circle 5 = 00 . The line which connects the points 5 = 0 
and 5 = cx) intersects the slip line in the point 5 = 0, and the line which 
connects the points 5 = 1 and 5 = 00 intersects the slip line in the point 5 = 1. 
For any arbitrary point P of circle the slip is found by connecting this point 
with the point 5 = 00 . 


51-5. The torque line. The ordinate of an arbitrary point P on the circle 
(Fig. 51-7) is the active component of the primary current which corresponds 
to this point. Since the primary voltage Vi is constant, the active component 
of the primary current represents 
the power input of the machine to 
another scale. The axis of abscissae 
intersects the circle at the zero-power- 
input points. This is the zero-power- 
input line or simply power-input line. 

The distances from points on the circle 
to this line give the power input. 

It will be shown that a similar line 
also exists for the power of the rotat¬ 
ing field, i.e., for the torque of the 
machine, since the power of the rotat¬ 
ing field and the torque are directly 
proportional to each other (Eq. 

19-9). 

The Cartesian coordinates of the circle will be denoted by f, rj as before. 
The iron losses due to the main flux will be neglected. Then the power of 
the rotating field is 

Pr.f. ^ V,rj - V, = V,ri - (f 2 (51-41) 

The equation of the circle is 



Fig. 51-7. Determination of the torque 
line in the circle diagram of the induction 
motor. 


(51-42) 
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From this 

^+ rj* = - Tje*. 

Inserting this equation in Eq. (51-41), 

Pr.f. = V,-n - 2rmc + Wc + URc^ >?«*)]• (51-43) 

The points on the circle at which the power of the rotating field and the 
torque are zero thus satisfy the equation 

+ riblc - ( V,l2r,)] + ~ - 77,2) =0. (51-44) 

This is a straight line, the zero-torque line or simply the torque line. It has 
been explained in Art. 21-3 that the torque line goes through the points 
5 = 0 and 5 = 00 . 

If the general equation of a straight line is given as 

-f Bri -f (7 = 0, 

the distance from an arbitrary point of the plane 7 ]^) to this line is 
d =' — (A^i 4 • 

Applying this to Eq. (51-44), i.e., to the torque line, the distances from the 
points on the circle to the torque line are 


+ (^i/2r,)h + i(i2c Ic* 17c*)] 



(51-4'5) 

or, inserting Eq. (51-43), 


j ^ P r.f. 

Mc^ + {ric-(V,l2r,)Y] 2Tr 

(51-46) 

Thus 


Pr.f. - 2ri V[^c* + {i?o - ( V,l2r,m x d. 

(51-46a) 


i.e., the distances d from the points on the circle to the torque line give the 
torques. If f,, 77 ,, and d are inserted in amperes, Fj in volts, and in ohms, 
Pfj^ is obtained in watts. From this the torque 


7h 

Tib-ft = Pr.f. (watts) X . (51-47) 

In order to determine the torque corresponding to an arbitrary point of 
the circle P (Fig. 51-7), it is not necessary to plot the perpendicular d to the 
torque line. The distance Pa which is perpendicular to the axis of abscissae 
also represents the torque, since the angle j 8 is a constant angle for all points 
of the circle. The scale for Pa is different from that for d by the factor cos j 8 . 
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51-6. Influence of variation of leakage reactances and secondary 
resistance on the shape of the geometric locus of the primary 
current. It has been shown in Art. 51-3 that the geometric locus of the 
primary current of a polyphase motor is a circle. This holds only when the 
reactances and resistances of the machine are constants independent of the 
slip. 

In highly saturated induction motors the leakage reactances of stator and 
rotor depend upon the current, i.e,, upon the slip (see Art. 22-6). The higher 
the current, the more the leakage paths are saturated and the lower the 
leakage reactances. In these cases Eq. (51-27) for the primary current cannot 
be applied and the geometric locus of the primary current is not a circle. 

In squirrel-cage motors with deep bars and in double-cage motors the 
rotor resistance and rotor reactance vaiy with the slip due to the skin effect 
(Art. 22-5). They consist of a constant term (the resistance and reactance of 
the end winding) and of a variable term (the resistance and reactance of the 
embedded bars). If both terms are introduced into Eq. (51-13), the geometric 
locus of the end point of the primary current will be given by an equation of 
the form 


yr b + 


(51-48) 


This is the equation of a bicircvlar quartic (see Fig. 22-7 and 22-8). 



Chapter 52 


DERIVATION OF THE TORQUE OF THE POLY¬ 
PHASE INDUCTION MOTOR FROM THE LAW OF 
FORCE ON A CONDUCTOR IN A MAGNETIC FIELD 
(BIOT-SAVART’S LAW) 


In Art. 19-1, the torque of the polyphase induction motor was derived 
from the power of the rotating field of the motor as, 

PtoUU cos 02s = ^ 2 ^ 2^2 cos ijjzs (52-1) 

7 04 

= (52-2) 

In this chapter, the torque will be derived from Biot-Savart’s law and 
only for the main wave (v=l, v' =pl2) of a 3-phase machine. A general 
derivation of the torque for the main wave and harmonics on the basis of 
Biot-Savart’s law, is given in Chap. 57. 



Fig. 62-1. Determination of the torque 
for an elementary 3-phase motor from Biot- 
Savart’s law. 


Consider Fig. 52-1 in which an elementary 3-phase system consisting of 
3 full-pitch coils is shown. Assume small slip, i.e., l^he current and 

flux density then are in-phase. For the instant chosen, the conductors of 
phase III lie in maximum flux density while for the conductors of 

phases I and II the flux density is one-half of the maximum. Therefore the 
current in phase III will be a maximum (/ 2 m) and the currents in phases I 
and II one-half of the maximum value. Corresponding to the fundamental 
law (see Eq. l-28b), the force per pole is 
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f = 8.86 X lo-'iA, [% % + B,J^ + % %] 

= 18.75 xlO-Vc2-B»m/2 lb. (52-3) 

If is the effective length of the core (see Art. l-2d) and l-be number of 
turns per rotor coil. If each phase has slots per pole and the coils are 
chorded (fractional-pitch winding), the value of F obtained from Fig. 52-1 
has to be multiplied by and by the winding factor of the rotor for the 
fundamental This yields for all p poles, 

F = 6.25xlO-HfZika^^B,J^ lb. (52-4) 

where is the total number of conductors of the rotor. Introducing 

Eqs. (1-6) and (1-32) 

^ 2 , p nD ^ D \ ^ 

= T=—, R=-x— feet, 

It p l \L 

the torque becomes 

7’ = 0.1303x lb. ft. (62-6) 

This equation has been derived under the assumption that the rotor current 
is in phase with its emf (Fig. 52-1). If this is not the case, the cosine of the 
angle between them (cos has to be introduced into the torque equation. 
The considerations are the same as for the determination of the power of a 
circuit where voltage and current are in-phase or out-of-phase (see Art. 
l-2d). Thus, in general, 

T = 0.1303 X l0-»p<^IiZJca^2 cos Ib-ft. (52-6) 

Introducing into Eqs. 52-1 m 2 = 3 and 

there results from Eqs. (52-1) and (52-2) 

T = 0.1303 X lO-^p<i?I^ZJcgj ,2 cos ^ 2 , Ib-ft. 

This equation is the same as Eq. 52-6. 



Chapter 53 

THE UNSYMMETRICAL TWO-PHASE 
INDUCTION MOTOR 


In this chapter the unsymmetrical two-phase motor will be treated, i.e., it 
is assumed that the two stator windings are shifted from each other in space 
by an angle different from 90 electrical degrees and that voltages are applied 
to these two windings which are different in magnitude and are shifted in 
time by an angle different from 90®. The results obtained apply to all types 
of single-phase motors during starting and running and to the 2-phase servo¬ 
motor. The symmetrical 2-phase induction motor appears as a special case 
of the results obtained for the unsymmetrical motor. 

It is assumed that the machine is not saturated, so that superposition of 
fluxes becomes permissible. 

One of the two stator windings will be called main winding (subscript M) 
and the other starting winding (subscript 8 ). 


53-1. Current in the main winding only. This is the case of the split- 
phase and capacitor-start single-phase motor during running. Referring to 
Art. 26-6, the equivalent circuit for this case is given by Fig. 53-1. Denoting 
by Zf and Z*, the impedance of the forward and backward branch, res¬ 
pectively, 

Zr = R,+jXf 

a(rm + rils) + bk^,^ 


R,= 


X,= 


Hrm+r^'js)-ak^^ 


{rrn + rils) + (k^J^ 

ki = l + (x 2 'lxJ = l+ T^ a=r^(r^ls)-xix,„ b = {r^'ls)x„ + x^'r„ 

Zh — Rh +jXi, 


(53-1) 

(53-2) 


(53-3) 

(53-4) 

(53-5) 


The values of R,, and X,, are obtained from those for Rf and X,, by substi¬ 
tuting (2 - s) for s. x„ is the reactance of each of the two rotating fluxes. Its 
value is 


*m = 3.2/, 


■rle 

pgk,k, 


^ 2.54 X 10-* ohm 
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(53-6) 
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’\M 



Fig, 53-1. Equivalent circuit of the M- Fig. 53-2. Equivalent circuit of the 

^vinding. M-winding. 


(see Art. 57-8). kc is the Carter factor and 

Mg ' 

is the saturation factor, i.e., the ratio of the total mmf needed to produce 
the rotating flux, to the gap mmf. 

Further, with the subscript 2 for the secondary (Art. 26-4) 



X2 — 3^2 



(53-7) 


Agff means or Nk^, (A:„,= winding factor of a single phase winding). 
For the squirrel-cage rotor (Art. 26-4) 

^2,eff = (53—8) 

fg and X 2 per bar are to be used in Eq. (53-7). is the skew factor (Art. 
56-6). 

With the impedances Z, and Z^, the equivalent circuit Fig. 53-1 can be 
represented as shown in Fig. 53-2. Efj^ and ii^ l^his figure are the com- 
ponents of Vj^i necessary to overcome the impedances of Z/ and Z^,. The corre- 
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spending induced emf’s are 


(53-9) 


Each of these two emf’s consists of two components, one in phase with Im, 
the other 90° ahead of . Therefore, with 

= J2 sin wt (53-10) 

the instantaneous values of -Efj^ and S'^e 

— ^fM ~ — ^^ ^Af \.E>f sin lot -|- E .y sin (cof -h ^^)] 

= - >/2 /jj^(i?/ sin wt + Xf cos a)t) 

(53-11) 

- 6 ^ 3 / — - sl~2 /)fef(i ?6 sin ijd + X^ cos (jjt) 


53-2. Current in the starting winding only. It is assumed that this 
winding is placed a electrical degrees ahead of the main winding with respect 
to a forward rotating flux, i.e., with respect to the direction of rotation of the 
rotor. It has turns 

N 5,eff = Af ,eff (53-12) 

A Voltage Vs is impressed on the winding and it carries the current 


= J2 Is sin {wt + (p) 


(53-13) 


The equivalent circuit of this winding is shown in Fig. 55-3. 7 *,„, rf, and 
xf all refer to the main winding. Since the starting winding has eff 
turns, these quantities appear in its equivalent circuit multiplied by a^. 
r^s x^s a^re not the actual values of resistance and leakage reactance of the 
starting winding but the actual values times Ija^, so that a^rjs and a^x^s are 
the actual values. 7*^ and Xc take into account the fact that a capacitor may 
be inserted into the circuit of the starting winding, as is the case with the 
capacitor motors. 

The equivalent circuit Fig. 53-3 can be replaced by that shown in Fig. 
43-4. Similar to Eqs. (53-9) and 53-11) 


-Efs — ^ i-\-jXf) 


(53-14) 


-‘^fs= ~ J2 Isa^ [Rf sin (wt-\-(p) + Xf cos (wt + 9 ?)] 
^^bs= - *^2 Isa\Ri, sin (wt -h 9 ?) -f cos (wt + 99 )] 


(53-15) 
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Fio. 53-3. Equivalent circuit of the S-winding. 


53-3. Both windings carry current. Since each of the two windings 
produces a forward and backward rotating flux, the two fluxes of the main 
winding will induce two emf’s in the starting winding and, vice versa, the 
two fluxes of the starting winding will induce two emf’s in the main winding. 
The four fluxes and the emf’s induced by them are tabulated below: 


Fluxes 

Emfs in the 

Emf’s in the 


M-winding 

S-winding 


~EfM (Eq. (53-9)) 

(53-16)) 


(EQ- (53-9)) 

-Es,m (Eq. (53-17)) 

^fS 

~E1sjm (EQ- (53-18)) 

-E,s (Eq. (53-14)) 


’^^s,bM (53-19)) 

-E^s ((Eq. 53-14)) 


The emf’s -Ef^ and induced in the main winding by its fluxes 

and 0 ^ 3 ^ are given by Eqs. (53-9) and (53-11). The emf’s -Efs and -Ej,;^ 
induced in the starting winding by its fluxes and are given by Eqs. 
(53-14) and (53-15). 

With respect to the emf induced by the forward flux of the main winding 
fhe starting winding, E^jm^ should be rembered that the latter 
winding has turns and that it lies a° ahead of the main winding with 

respect to a forward rotating flux. Thus 


(53-16) 
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With respect to the backward rotating flux of the main winding, the starting 
winding lies a° behind the main winding. Therefore, 

(53-17) 

With the same consideration, the two emf’s induced in the main winding by 
the two rotating fluxes of the starting winding are 

~^ (53-18) 

and 

~ ^M,bS~ ~ (53-19) 

Inserting into Eqs. 53-16 to 19 the values of Eqs. (53-9) and (53-14), 


“ ^S,fM — ~ 

= - alj^ [(Rf cos OL-Xf sin a) 4-j (Xf cos a + /?/ sin a)] (53-20) 

” ^S,bM — ~^^M(^b ~^j^b)^ 

= - al]^ [(-Rft cos a + sin a) -\-j (Xf, cos a - sin a)] (53-21) 

” ^M,fS = “ 

= - aIs[{Rf cos 0 L-\-Xf sin a) (Xf cos a - Rf sin a)] (53-22) 

“ ^M,bS = ■“ (^b + 

= -^Isli^b cos a - sin a) -j-j (Xf, cos a + Rf, sin a)J (53-23) 


The instantaneous values of these emf’s are (see Eqs. 53-11 and 53-15) 

~ ^s,/M = - si2 al^ 

X [(iZ, cos OL-Xf sin a) sin ojt + (Xf cos a -h sin a) cos ojt] (53-24) 
“ ^s,bM ~ - si2 al^ 

X [(i?j, COS (x-^Xf, sin a) sin ojt 4- (Xf, cos a - R,, sin a) cos cot] (53-25) 
” ^M,fS — - si2 als 

X [(/?/ cos 0 L-{-Xf sin a) sin (cot -h 9 ?) 4 - (Xf cos a - Rf sin a) cos (cot 4 - 9 ?)] 

(53-26) 

““ ^M,bs = - n /2 alg 

X [(iij cos oc- Xf, sin a) sin (cot -f 9 ?) -h (Xf, cos a-\- Rf, sin a) cos (cot 4 - 9 ?)] 

(53-27) 

With the emf’s induced in both windings determined, KirchhofF’s equations 
of both stator circuits can be set up. 

55-4. Kirchhoff’s equations of the stator circuits and the currents in 
the stator windings. For the main winding, 

^fM “ ^bM ~ ^M,fS "■ ^M,bS 


(53-28) 
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Te a\s 

a’^Rf 
a^Xf 

a<‘Ri, 

a<‘Xb 

Fig. 53-4. Equivalent circuit of the S- 
winding. 

and for the starting winding (see Fig. 53-4) 

Vs~' ^fS ” ^bS ” ^S,fM “ ^S,bM S (^c + ^ MS ^Af = ®l^) 

(53-29) 

The terms ±ja}Mj^sIs take into account the mutual induc¬ 

tion of both windings by their slot-leakage and harmonic fluxes. Inserting 
into Eqs. (53-28) and (53-29) Eqs. (53-9), (53-14) and (53-20) to (53-23). 

^Af +i^lA/) + {^f + (^6 

+ / 5 {a[(i?/ COS a + X/ sin a) +j(Xf cos oc- Rf sin a)] 

+ a[(i?j cos oc-Xf, sin a) +j(Xj, cos a -f sin a)] ± 

(53-30) 

Fs= h{[(rc + a*ria) + j(a:<. + 0 ** 15 )] + o*(i?, +jXf) + a\R^ + j^»)} 

+ ^Af{®[(^/ COS a - X/ sin a) 4 -j(X, cos a 4 - i?/ sin a)] 

-h a[(J ?5 cos a + Xft sin a) -\-j(X^ cos ol- sin a)] 

(53-31) 

The emf’s ± and ± can be best taken care of as parts of 

the slot and differential leakage, i.e., as parts 
With the abbreviations 

^Af = ^lAf + + -B/ + Rb) 

= Xij||^ 4* X/+ Xj, 7ifig=Xf.-\-(i^(Xig-\- Xf -{■ X}f) (63—32) 

^Af = j^Af = h 
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a[(Rf + i?b) cos a -f {Xf - Xf,) sin a] =qi 
a[(Xf + Xi,) cos a - (Rf ~ Rf,) sin a] =^2 


a[{Rf + Ri,) cos (x-{Xf-Xi,) sin <x]=ti 
a[{Xf 4- Xb) cos a + (i?/ - Rf,) sin a] = <2 

(53-33) 

K=9i+m Zt=ti+jti 

(53-34) 

yM = ^M^M + is^d 

(53-35) 

ys—is^s+iin^i 

(53-36) 

f VmZs-VA 

(53-37) 

1 1 

II 

(53-38) 


Eqs. (53-37) and (53-38) determine the magnitude and phase of the currents 
in both stator windings. 

(a) Split-phase and capacitor-start motor during starting and permanent-split 
capacitor motor during starting and running. In these cases 


a = ( 7 r/ 2 ) 
qi=a(X,-Xj,)=nx 


yM=ys^v 

<1= -a(Xf-Xi)^ -nx 


^2 — -Kft) — w-yj ^2 — (i{Rf Rb} 

and with the abbreviations 

l^M - -nji^ + nx^ = c 


lums + IstnM - ^njtnx=d 


(53-33a) 


(53-39) 


{ls-nx)c + {ms + ni{)d 

c^+d^ 


=Pi 


- (h - Wjr)d + {mg + ng)c 


=Pi 


(53-40) 


(Isi +nx)c + (wjf - Wfl)d _ _ 

(53-41) 

- (Im + nx)d + {rtiM -» b)c 

iM = y(Pi +jPi) tan (Pm =pJPi 

h=y{Si +jSt) tan q>s=sjsi 


(53-42) 

(53-43) 
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(b) Split-phase and capacitor-start motor during running. In these cases 
/^ = 0 and Eq. (53-30) yields 

+ Rf + + X, + X,) 

where R,, R^, Xf, Xf, are functions of the slip s (see Eqs. (53-2) and (53-3) and 
the remarks with respect to and Xj,). 

(c) Symmetrical tivo-phase motor. In this case 

V s=jV hi a=\ a = 7r/2 <p = ttI 2 

riM^ris=ri (53-45) 

Eqs. (53-37) and (53-38) yield with Eq. (53-45) 

Vh, 


'M - 


{ri + 2R,) +j(Xi + 2X,) 

Vs 


(53-46) 


(53-47) 


^ {r;^2Ri)+j(xi + 2Xi) 

Ri, and Xf, dropped out, as could be expected, since there is no backward 
rotating flux. 


S3-5. The power of the rotating field and the torque. The power of the 
rotating field is determined by the product of emf (due to the main flux) 
and current. Considering Figs. 53-2 and 53-4 and Eqs. (53-28) and (53-29), 
the instantaneous power of the rotating field is 

^^rot.f. = [(^/M ~ 

+ ~ ^bs) + (^ShfM “ + 9 ^) ( 53 — 48 ) 

The negative signs of 6 ^^ 55 , and s-re in accordance with the 
considerations of Art. 26-4. 

Inserting into Eq. (53-48) Eqs. (53-24) to (53-27), two terms for the 
instantaneous power are obtained: one term is independent of time and 
represents the average value of the power of the rotating field; the other term 
depends upon 2(x)t and represents a power which alternates with twice the 
line-frequency. 

The first term is 

P rot.f.,ave = (^Af* + 

-f 2/j^/^ [Rf cos (a - 99 ) - {R^ cos (a + 9 ^)] watts (53-49) 
and the second term 

■Prot.f.,alt“'^Af^[ ~~ *®b) (-^/ ~ ^b) 2wt^ 

“h a^I — (-^z — -^b) cos 2 {^wt “h 93 ) “f* {^Xf — -^ 5 ) sin 2{wt - 1 - 9 ^)] 

-I- 21^1^ cos a[ - (Rf - Rf,) cos (2cot + 9 ?) 

-j-(Xf-Xi,) sin (2(ot + 9 ?)] watts (53-50) 
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The average torque is 

7 04 

^»ve = -^^rot.f..ave Ib-ft. (53-61) 

n, 

(a) Split-phase and capadtor-start motor during starting and permanent- 
split capacitor motor during starting and running. In these cases « = ff/2 and 
Eqs. (53-49) and (53-50) yield 

■Prot.f.,ave = (^M* + ®*V)(^/--R6) + 2/Af/s«(/?/ + i26)sin9? watts (53-52) 
■^rot.f.,ait “ {■®/ “ ^b) COS 2 tt)< + (X/ — Xj,) sin 2u)t] 

+ a*/ 5 *[ - (Rf - Ri) cos 2(ad + (p) 

+ (Xf-Xi) sin 2{u}t + 9 ?)] watts (53-53) 
At s = 1 (standstill), Rf = Rt, and X/ = Xi,. Therefore, at s = 1 

^rot.f..ave = 4/Af/sai2/sin9i watts (53-54) 

and the starting torque 

7.04 

!r,=i =-4 /inIsdRf sin <p Ib-ft. (53-55) 

At s = 1 , Prot.f..ait = b, i.e., there is no alternating torque at standstill. 

(b) Split-phase and capacitor-start motor during running. Since Is = ^> 
Eqs. (53-49) and (53-50) yield 

^Tot.f.,AVi~^M^{Rf ~ Rb) watts (53—56) 

7.04 

^ave~ ^M^(Rf~Rb) Ib-ft. (53—57) 

n, 

Prot.f.,ait=-^Af*[ ~ (-S/ “ ^b) COS 2(ot + (X/ - X^) sin 2 a>l] watts (53-58) 

(c) Symmetrical two-phcbse motor. In this case 

cc=TTj 2 , 91 = 77/2, a = l 
and Eqs, (53-49) and (53-50) yield 

•^rot.f.,ave = 4-^Jf*-®/ WattS (53-49) 

7 04 

T^yt = ^—ilM^Rf Ib-ft. (53-60) 

n,. 

•^rot.f. ,alt~b 

The torques given in the previous equations are developed torques. The 
delivered torques are obtained by subtracting the loss torque corresponding 
to P f+»r.+ ^lr.jot- 
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THE PERMANENT-SPLIT CAPACITOR MOTOR 
UNDER BALANCED AND UNBALANCED 
CONDITIONS 


54-1. Balanced conditions. The connection diagram of the permanent 
split capacitor motor (for running condition) is shown schematically in Fig. 
54-1. Its main winding M is connected 
directly to the line; its auxiliary winding 
S is in series with a capacitor C. Main and 
auxiliary windings have different numbers 
of turns. The rotor has a squirrel-cage 
winding. 

It is desirable that the motor operate 
balanced at full-loady, i.e., that main wind¬ 
ing and auxiliary winding operate as a 
symmetrical 2-phase winding. In order to 
achieve this, two conditions must be satis¬ 
fied. First, the mmf’s of both windings 
must be equal and displaced by 90° at full¬ 
load. Secondly, the constants of the aux¬ 
iliary winding when referred to the main 
winding must be equal to the constants of 
the main winding. 

The main winding will be denoted by 
the subscript M, the auxiliary (starting) 

winding by the subscript S. The first condition is satisfied when 

^sl^dpS^ S M^dvM^M 




Fig. 64-1. Stator and rotor wind¬ 
ings of the capacitor motor. 


or with 


when 




M^dpM 


Nsk, 


=a 


dpS 


(64-1) 


(54-2) 


Is 
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(54-la) 
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When Eq. (54-1) holds, the emfs of both windings are proportional to the 
numbers of their effective turns and are also displaced by 90°, i.e., 

JLs ^Sf^dpS 

For the same distribution of both windings, the second condition is satisfied 
with respect to the leakage reactances and is 

Xs =a^xs=^xj^^. (54-4) 

However, this condition is satisfied with respect to the resistances only 
when the ratio of the area of the conductor of the auxiliary winding to the 
area of the conductor of the main winding is equal to a (Eq. 54-2). If the ratio 
of the areas of both conductors is denoted by if a, it should be 


Then 


K^ = a. 


(54-5) 




(54-6) 


and the weights of copper and current densities of both windings are equal. 

Fig. 54-2 shows the phasor diagram for balanced operation, rc and Xc 
= l/a>C are the resistance and reactance respectively of the capacitor. Iff 
and -Eg are displaced 90° with respect to lyj and -Ejj^ respectively. 



Fig. 54-2. Voltage and current diagram of the capacitor motor for 
balanced operation. 


The phasor diagram of Fig. 54-2 can be used in order to determine the 
turn ratio a and the capacitance C of the capacitor for balanced operation, if 
the constants of the main winding are given. For this purpose calculate the 
primary current I^ and the primary phase angle 9 ? between current I and 
line voltage V for a 2 -phase motor having both phases the same as the main 
winding. This determines the part of the phasor diagram which refers to the 
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main winding and also the directions and positions of -Es, 1st 

the last two phasors being perpendicular to each other. From Eqs. (64-la), 

(54-4), and (54-6) 

/srs = (l/a)/j,rj«, /src=a/j,rc, Iso;s = (lla)I„XM- (54-7) 

Now assume a value for the turn ratio a, then determine the three phasors of 
Eq. (54~7) and check whether these phasors fit between -Es and If 
they do not close the diagram, another value for a has to be assumed. The 
phasor Vs is found as the last phasor of the diagram. 



Fig. 54-3. Simplified voltage diagram of the capacitor motor for balanced operation. 

The turn ratio a and the capacitance C for balanced operation can be 
found approximately from the phasor diagram of Fig. 54-3 in which it is 
assumed that is displaced 90® with respect to F^^ = F and rc is neglected. 
(p is the same angle as in Fig. 54-2, i.e., the phase angle between primary 
current and line voltage of a symmetrical 2 -phase motor having both wind¬ 
ings the same as the main winding. It follows from Fig. 54-3 that 


a cot 99 

^ s 

(54-8) 

Furthermore, since 


Is^c cos (p f^alj^Xc cos 99 F, 


1 F 

Xc=^ ^ ^ J 

(jjL ai cos 99 

(54-9) 

The F-4 of the capacitor are 


F F 

Pc^ 

cos (p cos (p 

(64-10) 


The ratio of the capacitor VA to the VA of the symmetrical 2 -phase machine 
is approximately (by Eqs. (54-8) and (54-10)) 


Pc a 1 

2VIm 2 cos 9 ? 2 sin 9 ? 


(54-11) 



466 


A-C MACHINES 


The current delivered by the line is 


/^ = /^12+a2 = / 


1 

^ sin (p 


(54-12) 


and the line power factor, including capacitor. 


/jif cos9 + /5 8in99 . _ . . - 

cos (fL^ --- - sin 9 ? = 2 sin 9 ? cos 99 =sin Z(p. 


(54-13) 


The simplified diagram, Fig. 54-3, makes it possible to determine approxi¬ 
mately the turn ratio a, the F.4 of the capacitor, and the line power factor 
cos <f>iai8 a function of the phase angle ( 9 ?) between the line voltage and the 
motor current which would appear if a 2 -phase motor, having both windings 
the same as the main winding of the capacitor motor, were connected to a 
symmetrical 2 -phase power supply (Ref. D15). 


54-2. Unbalanced conditions. If the turn ratio a and the capacitor are 
chosen to give balanced operation at a certain load and slip, the capacitor 
motor will be unbalanced at other loads and slips. In order to determine the 
currents in both windings, the torque, etc., at other loads, the two-rotating- 
field theory can be applied as shown in Chap. 63. These quantities can also be 
determined by the method of symmetrical components, i.e., the unsymmetri- 
cal 2 -phase current system of the machine will be resolved into two sym¬ 
metrical 2 -phase current systems having diiferent phase sequences. Each 
of the two symmetrical systems then can be treated as in the polyphase 
motor (Chap. 51) and the effects of both symmetrical systems superimposed. 
(See Ref. A13.) 

It is a simple matter to determine the symmetrical components for a 
2 -pha8e system. The assumption will be made that both stator windings have 
the same weight of copper, i.e., that =a, and the same distribution. With 
this assumption the resistance and leakage reactance of the auxiliary winding 
referred to the main winding are the same as those of the main winding. All 
constants of the auxiliary winding and of the rotor are referred to the main 
winding. The reduction factor is 1 /a for the current ® for the voltage of 
the auxiliary winding, and a^ for resistances and reactances in the circuit of 
the auxiliary winding. Thus 

rs rc'-^aVc, Xq ^a^Xc. (54-14) 

The reduction factors for the rotor are the same as for a symmetrical 2-phase 
machine both stator windings of which are the same as the main winding. 

The identifies 


(54-15) 
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yield for the unsymmetrical 2-phase current system, and Is\ two sym¬ 
metrical 2-phase current systems with different phase sequences, one If, 
and the other 7^, These two current systems produce rotating fields 

traveling in opposite directions. The unbalanced capacitor motor thus is 
replaced by two balanced 2-phase machines, one having in its stator windings 
the currents If and the other having in its stator windings the currents 
/ft and ~ j/ft, where 




(54-16) 


If the rotor rotates in the direction of the rotating field produced by the 
current system /,, jif, its impedance with respect to this (forward) rotating 
field is different from that with respect to the rotating field produced by the 
backward current system 7ft, - j/*,, since the rotor has different speeds relative 
to both rotating fields. If the slip is 8 with respect to the forward rotating field, 
it is (2 - 5 ) with respect to the backward rotating field. 

The total impedances of the machine with respect to both systems will be 
denoted by Zf and Zft respectively. Zf then is the impedance for the slip s of 
a symmetrical 2-phase machine having both stator windings the same as the 
main winding. The impedance Z*, is obtained by substituting (2-s) for s in 
the equation for Zf. It is (see (Eq. 51-13)) 


^ _Zi + Z^Z2,'Y„ + Z^,' 

(54-17) 

where (see Art. 51-2) 


Zi = ri+jxi, Z^; ={r 2 ls)+jx^, t„,=g„-jb„, 

P 

(54-18) 

x^-x^-xm, b„-s/{I„IEi)<^ 

-9m*, 

El K — Im^l — I qXj. 

(64-19) 

Eq. (54-17), can be written with very close approximation as 


' f+jh 

(54-20) 


where (see Art. 51-2) 


i = (1 + T*)r, + (1 + T,) /= (1 + T,) + V 

O O 

m = + , (64-21) 

8 S 

1 X tJC ^ 

•*'m 
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With 


2iC = Tc -jxc ^ 

The voltage equations of both stator windings are 

V = ifZf + /feZb for the main winding. 

Vs'= aV =jif(Zf + Zc') -jitiZt + Zc') for the auxiliary winding. 


(54-22) 

(54-23) 

(54-24) 


In both equations, the first term on the right side represents the voltage drop 
in the winding due to the forward rotating field produced by the current 
system, //, +jlf and the second term the voltage drop due to the backward 
rotating field produced by the current system /i,, -jli- 

Since all values of the auxiliary winding are referred to the main winding, 
the quantity aVj^j = aV has to be introduced for 

From Eqs. (54-23) and (54-24) the currents of the forward and backward 
systems are: 


I (l-j«)^ + V 

2 ZfZf^-\-^ZQ'{Zf-{-Zf,) 

i y , (l+ja)Z, + V 

2 ZfZf, + ^ZQ(Zf -f Zf,) 


(54-25) 

(54-26) 


The geometric loci of the end points of these currents are not circles but 
bicircular quartics (see Eq. (51-48)). 

With the aid of Eq. (54-15), the currents and Is of both stator windings 
now can be determined. The geometric loci of the end points of these currents 
also are bicircular quartics, while the geometric locus of the end point of the 
stator current of the single-phase motor is a circle with the parameter 5(2 - 5 ).* 
The current delivered by the line is 

— (54-27) 


The geometric locus of the end point of the line current //^ is a part of a circle 
with the parameter 5(2-5). This circle can be determined best from the three 
points which correspond to the slip 5 = 0, 5=1, and 5 = 00 . Eq. (54-27) also 
determines the power factor of the line. 

The currents induced in the rotor by both rotating fields, i.e., the rotor 
currents which correspond to the stator currents If and can be found from 
the equations derived for the polyphase machine. From Eqs. (51-13) and 
(51-14) for the ratio of secondary to primary current of the polyphase motor 


4 ' 

A 


1 


jXm 

irtls) +j{i+T^)x^ 


(54-28) 


Thus the forward-rotating field induces in the rotor 


• Eq. (26-22) has the form 

i A+Ba{2-s) 
V,~C + D»{2-a) 
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t t 

(54-29) 

and the backward-rotating held 


j f _ f j^m* 

“ ‘[r*7(2-s)]+j(l+r*)a:„ 

(57-30) 

From Eqs. (54-29) and (54-30) the torques produced by the forward- and 
backward-rotating fields can be determined: 


(54-31) 

-ft" 

(54r-32) 

and the resultant torque 


T = Tf + Tt. 

(54-33) 


The torques yielded by Eqs. (54-31) to (54-33) are developed torques. 
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FRACTIONAL-SLOT WINDINGS 


55-1. General considerations. In low-speed machines with many poles, the 
number of slots per pole per phase may become two or less. In these cases the 
fractional-slot winding is used. The use of = 1 is avoided since it has a high 
harmonic content. When there is a possibility that harmonic currents may 
cause interference with telephone lines, a fractional value of q is used even in 
cases where it could be made an integer. 

An example is helpful for the introduction into fractional-slot windings. 
Consider a 3-phase stator with 20 poles and Q = 135. The average number of 
slots per pole per phase is 


135 

^~3x20 



Since each coil group must have an integral number of single coils (2 or 3 or 4, 
etc.), q = 2l can be realized if each phase has in four (= denominator of q) poles, 
thre6 coil groups with two single coils and one coil group with three single 
coils, making the average value of ^ =:(3 x 2-h 1 x 3)/4 = f = 2 -}- j. Each 
phase has in four poles 9 (= numerator of q) slots. All three phases have in 
four poles 3x9 = 27 slots. Four poles make the basic unit of this winding. 
The four coil groups of each phase, within this basic unit, must be connected 
in series. Since the stator has 20 poles, the maximum number of parallel 
circuits is 20/4 = 5, whereas a 20-pole machine with q = an integer may have 
20 parallel circuits. 

Thus considering q in the form f (numerator and denominator must 
have no common divisor) reveals that four poles make the basic unit of this 
winding and that each phase has nine slots in the four poles. Considering q 
in the form reveals that there are*in the basic unit (= 4 poles) 4-1=3 
coil groups with 2 (= integral part of q) single coils and 1 (= numerator of 
fractional part of q) coil group with 2+1=3 single coils. 

Expressed in general terms, 

Q N h 

where N and jS have no common divisor, it means that 
(a) j8 poles make the basic unit of the winding 

470 


(55-1) 
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(b) each phase has within p poles N =^qP slots 

(c) all m phases have within p poles, mN slots 

(d) each phase has within p poles P-b coil ^oups with a single coils and b 

coil groups with (a + 1) single coils 

(e) the maximum possible number of parallel circuits is p/j3. 


55-2. The slot star. The star which shows the position of the coil sides in 
the magnetic field is useful for the investigation of the fractional-slot wind¬ 
ings. 

Two-layer windings are considered. Both 
layers are entirely symmetrical; for example, 
the current distribution around the armature 
is the same in both layers. However, the current 
distributions (and also the induced emf’s of 
both layers) are not in phase; they are shifted 
with respect to each other by the chording 
angle, i.e., by the angle which corresponds 
to the difference between pole pitch and coil 
span. The stars of the coil sides of both layers 
are, therefore, identical though shifted with 
respect to each other by the chording angle and 
it suffices to consider any one of the two layers. 

The coil-side star then becomes also a slot 
star. 

Fig. 55-1 shows the slot star of a 2-pole, 3-phase integral-Aot winding 
with g = 2. The angle between two adjacent slots is, in general. 



Fig. 55-1. Slot star of a 3- 
phase integral-slot winding 
with two slots per pole per 
phase. 


ISOp 180 

a = —— =- 

Q mq 


(55-2) 


In this case as= 180/6 = 30 electrical degrees. Two adjacent phasors corre¬ 
spond to two adjacent slots. 

If the top layer is considered, slots 1, 2, 7, and 8 belong to phase A, slots 
3, 4, 9, and 10 to phase C, and so forth. Phasor 7 with which the second pole 
starts is shifted 180° with respect to phasor 1; phasor 8 is shifted 180° with 
respect to phasor 2, and so on. Slots 1 and 7 lie in fields of same strength but 
of different polarity; this explains the shift of 180°. The same applies to slots 
2 and 8, 3 and 9, and so forth. The external connections (the end-windings) 
are made so that the emf’s of the coil-side pairs 1 and 7, 2 and 8, and so on, 
add up. Therefore, the shift of 180° can be disregarded and phaeor 7 can be 
shown to coincide with phasor 1, phasor 8 to coincide with phasor 2, and so 
forth. The slot star of the 2-pole integral-slot winding is then completely 
represented by half of a circle. 

The following presentation of the slot star can be used instead of the 
graphical {slot 1 is used as reference). 
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Slot 1 2 3 4 5 6 7 8 9 10 11 12 

Angle 

between 0 30 60 90 120 150 180 210 240 270 300 330® 

the slots 

and disregarding (subtracting) the 180® shift 


Slot 1 2 3 4 5 6 

Angle 

between 0 30 60 90 120 150° 

the slots 

Slot 7 8 9 10 11 12 


The sequence of the phasors in the slot star, i.e., the sequence of the slots in 
the magnetic field, is the same as the sequence of the slots in the machine, 

A fractional-slot winding will be considered now and the slot star of this 
winding will be determined. It is assumed that: m = 3, p = 20, Q — 15. Thus 


_ 75 _5 
^~3x20~4 
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Fig. 66-2. Slot star of a 3-phase, 20-pole 
fractional-slot winding with 11/4 slots per 
pole per phase. 


1 N b 

j3=:4 poles make the basic unit of 
this winding. Each phase has in the 
j 8 = 4 poles N = 5 slots. All three 
phases have in the = 4 poles mxN 
= 3x5 — 15 slots. Each phase has in 
the j8 = 4 poles j8-6 = 4- l= 3 coil 
groups with a = l coil and 5 = 1 coil 
group with (a -h 1 ) = 2 single coils. 

The angle between two consecutive 
slots of the stator is 

180x20 180x4 


The basic unit of the integral-slot winding is represented by two poles. The 
ba^ic unit of the fractimal-slot winding is represented by jS poles and the slot 
star of poles has to be considered. In this case, j 8 = 4. The total number of 
slots in four poles is mN = 3 x 5 = 15 and 15 phasors must appear in the slot 
star. The slot star is (see also Fig. 55-2) 


Slot 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Angle 

between 0 48 96 144 192 240 288 336 384 432 480 528 576 624 672 
the slots 
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Subtracting again 180®, or a multiple of it, the slot star becomes 

Slot 1 2 3 4 5 6 7 8 9 10 11 12 13 U 15 

Angle 

between 0 48 96 144 12 60 108 156 24 72 120 168 36 84 132 

the slots 

It is seen that, contrary to the integral-slot winding, the sequence of the 
phasors in the slot star, i.e., the sequence of the slots in the magnetic field, is 
not the same as the sequence of the slots in the machine. The sequence of the 
slots in the magnetic field is 

Slot 1 5 9 13 2 6 10 14 3 7 11 15 4 8 12 


the angle between two consecutive phasors of the slot star being 12°. Between 
two phasors which correspond to two consecutive slots in the machine lies 
three (in general, )3-l) other phasors. For example, between the phasors 
which correspond to slots 1 and 2 lie the phasors 5, 9, and 13. The winding 
creeps in the magnetic field. 

It becomes necessary to distinguish between the angle between two conse¬ 
cutive slots in the machine, <Xg, and the angle between two consecutive phasors of 
the slot star, This latter angle is the magnetic field angle of the winding. It 
is important with respect to the emf and the mmf of the winding, because it 
determines the distribution factor of the winding. 

The magnetic field angle is (Fig. 55-2) 


_ 180 
mN 


(65-3) 


For the winding under consideration, a„i= 180/15 = 12°. 

In the integral slot winding, oL^~oLg. In the fractional slot winding a„j<a,; 
the ratio of the two angles is (Eqs. (55-2) and (55-3) 


(56-4) 

The largest distribution factor of the main (synchronous) wave is obtained when 
the first five phasors of the slot star (Fig. 55-2) are assigned to phase A, the 
following five phasors to phase C, and the last five phasors to phase B, 
because the closer together that the slots belonging to the phase lie, the larger 
is the distribution factor of the winding (Art. 14-1). Thus, in each basic unit 
(=j3 = 4 poles), phase A will occupy the slots 1, 5, 9, 13 and 2; phase C will 
occupy the slots 6, 10, 14, 3, and 7; and phase B the slots 11, 15, 4, 8, and 12. 

Consider the sequence of the slots in the slot star (Fig. 55-2). Starting with 
slot 1, the sequence of the slots follows the series 

1, l-f-4, 1+2x4, 1+3x4, l + (4x4-mA^), 1 + (5 x 4-mA^), ... 
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Since the total number of slots in the basic unit of the winding is mJV, this 
value (or a multiple of it) has to be subtracted from the terms of the series if 
they become larger than mN. 

In general, the series is 

1 , 1-fd, l+2d, l + 3d, ... , 1 +[(miV ~ l)d-integer XmiV] (65-5) 

where d is the difference between two slots which correspond to two consecutive 
phasors of the slot star. For the winding under consideration, d = 4. 

This difference d can be found from the following consideration. If P 
denotes the number oi full pole pitches between two slots which correspond 
to two consecutive phasors of the slot star, then 


d X oCg — + 180^ 


(55-6) 


Checking on the winding under consideration and considering, for example, 
slots 1 and 5, P = 1 , because slot 5 is shifted in the stator 192° from slot 1 . 
Then, for this winding dxas = 4x48 = l92° and also -h 1 x 180 = 12 + 180 
= 192°. 


Inserting into Eq. (55-6) the values of and 
(55-3) there results 


_mNP-hi 


from Eqs. (55-2) and 
(55-7) 


For P there must be used the smallest integer that makes d an integer. P is 
equal to or larger than 1 . 

Having the value of d, the layout of the winding is readily made. 


55-3. The layout of a fractional-slot winding with respect to the 
main wave. The coil grouping. The layout of a fractional-slot winding and 
the determination of the coil grouping, i.e., the sequence of the larger and 
smaller coil groups in the machine, will be demonstrated by an example of a 
3-phase, 10 -pole winding in Q = 48 slots. Thus 

48 8 ^ 

5 poles make the basic unit of this winding. There will be within 5 poles 
3 X iV = 24 slots, iV = 8 for each phase. Each phase will have, per basic unit, 

6 = 3 coil groups with 1 + 1=2 single cpils and )S -6 = 5- 3 = 2 coil groups with 
1 coil. It follows from Eq. (56-7) 

p=i 

5 

The iV = 8 slots assigned to phase A are, therefore. 


1 l+d \+2d l+3d l+4d l+ 6 d- 3 iV l+6rf-3iV \+ld-W 
1 6 11 16 21 2 7 12 
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or, arranged corresponding to the sequence of the slots in the machine, 
12 67 11 12 16 21 

The 8 slots assigned to phase C are 


l+8d -3JV, 

1 +9d -3i\', 

1 + lOd - 6^V, 

1 +lld -6A-, 

17 

22 

3 

8 

1 + 12d - 6.V, 

1 + 13d - 6iV, 

1 + 14d -6A% 

1 + 15d - 9N 

13 

18 

23 

4 


or, arranged corresponding to the sequence of the slots in the machine, 

34 8 13 17 18 22 23 

and the 8 slots assigned to phase B are 

5 9 10 14 15 19 20 24 

Starting with slot 1 and considering the slots assigned to the 3 phases, the 
first pole-phase group consists of slots 1 and 2 and belongs to phase A, The 
second pole-phase group consists of slots 3 and 4 and belongs to phase (7. 
The third pole-phase group consists of slot 5 and belongs to phase B, and so 
forth. The sequence of the coil groups in a basic unit of the winding is 

22121 22121 22121 
A C B A C B A C B A C B A C B 

In the example considered, p:= 10 . Thus, the number of basic units is pjP 
= 10/5 = 2 and the sequence of the coil groups around the total stator is twice 
the sequence found for one unit. 

Note that the grouping found for the unit consists of three repetitions of 
the grouping 

2 2 12 1 

Therefore, it suffices to know the coil grouping for only a third of one basic 
unit and to repeat this grouping six times. (An explanation for this is given in 
the following.) 

The number of coil groups in one basic unit, i.e., in jS poles, i8mxj3 = 3x5 
= 16 and a third of this number is j3 = 5. Hence, in general, it is necessary to 
determine the sequence of only jS consecutive coil groups, in order to know the 
sequence of all coil groups around the winding. The grouping of the pole- 
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phase groups repeats in 3-phase windings 3 x (p/j8) times and in 2-phase 
windings 2 x (p/j3) times. 

The determination of the j8 consecutive coil groups can be made on the 
basis of the ti-series (Eq. (55-7)), as has been shown in the example. There is 
also a shorter way to find these coil groups. 


55-4. Simplification of the determination of the coil grouping. (Ref. 
16). Considering at first the 3-pha8e windings, the first 60° of the slot star are 
assigned to phase A, the next 60° to phase C, and so on. Indicating by two 
vertical lines the integral part of the fraction GO/a^, the first coil group of 
phase A will consist of the first (IfiO/a^l-fl) consecutive slots, since IGO/aJ 
angles are contained in the angle fiussigned to phase A . 1 has to be added to 
|60/ag|, because the angle 0 is assigned to the slot number 1 of the star and 
this slot belongs to phase A. The first coil group of phase C consists of the 


(|120/«.| + l)-(l60/a,l + l) 


next following consecutive slots. The first coil group of phase B consists of 
the 


(|180/a,| + l) -(|120/a,|+l) 


following consecutive slots. The second pole-phase group of phase A consists 
of the 


(|240/a,| + l)-(1180/a,| + l) 

following consecutive slots and so on. Since ag —ISOjinq (Eq. 55-3) 


a* 


60 
180 

2x60 


mq = q 
= 2g 
= 3g 


3x60 


and so forth. Thus, the first coil group of phase A consists of the first |g| + 1 
single coils. The first coil group of phase C of the following 

(12g| + l)-(|gl + l) 

single coils; the first coil group of phase B of the further following 

single coils, and so on. Consider the same winding as before, namely, g = l|. 
In order to determine the number of single coils, for example in the first three 
coil groups, write 

q 2q Sq 

0 |g| + l 12g| + l |3g| + l 
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The diflFerences between the consecutive quantities must yield the number of 
single coils of the first three coil groups: 

If H 4f 

0 2 4 6 

2 2 1 

A C B 


This is the same as has been determined from the d-series. 

Consider now the j8-th pole-phase group. Since q = Nlp, for this coil group, 


j3x60 jSxGO 
a, “180 


7nq = N 


i.e., the total angle jS x 60 which corresponds to the j3-th coil group comprises 
an integral number of angles and, therefore, ends in the slot which begins 
the following phase. This latter slot is to be subtracted from the number of 
slots contained in )3 x 60®. Thus, the number of single coils in the P-th coil 
group is 

(i\r - 1 -f 1) - [|(i3 - l) 60 /a,| + 1] - [|(i8 - l) 60 /a,| + 1] 

Consider now the (P+l)-th pole-phase group. To this coil group there 
corresponds the angle (jS -h 1) x 60® and the number of single coils of this coil 
group is 

[|(j34-l)60/a,| + l]-i\^ = ^^ + (|60/a,| + l)-iV^ = l60/aJ + ^ 

The number of single coils of the (j3 4- 2 )-th coil group is 

[|(i8 + 2)60/a,| + l]-[|(i3+l)60/a,| + l] = iV + (|2x60/a,|4-l)-(i\^ + |60/a,| + l) 

= (| 2 x 60 /a,| + l)-(| 60 /a,| + l) 

i.e., the (j3-i- l)'th coil group has the same number of single coils as the first 
coil group, the (j3 -f 2)-th pole-phase has the same number of single coils as 
the second coil group, and so on. It follows from this that the coil grouping 
starts repeating after the P-th coil group. This explains why the grouping for 
only p coil groups has to be determined. Thus, it is necessary to write 

q 2q Zq ... Pq(=N) 

0 |gl + l |2g-| + l \^\ + l...pq = N (56-8) 

The differences represent the coil grouping for N slots. Since the slot star 
contains mxN slots, the grouping obtained is to be repeated (m-l) times 
more, in order to obtain the grouping of one basic unit. Since there are 
(pIP) basic units, the grouping obtained for P coil groups must be repealed 
[m{plP) -1 ] times more, in order to obtain the coil grouping for the whole 
winding. 

Applying to the example with m = 3,g = lf, JV^ = 8, j3 = 5 
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g 2g 3g 

li 3t 4f 

0 2 4 5 7 

2 2 12 


5q^N 

8 

8 


This is the same grouping as obtained before from the d-series. For p = 10 , 
repeat [3 x (10/5) - 1] = 5 times more. 

The considerations applied to the S-phase windings apply also to the 
2-phase vnndings. The first pole-phase group of the 2 -phase winding consists 
of the first |90/ag| -f-1 consecutive slots. The second pole-phase group consists 
of the next following (1180/a,| +1) - (|90/a,| -i-1) consecutive slots, and so on. 

Since a,= 190/7ng 


90 


90 

2x90 


mq = q 
= 2q 


3x90 

a* 


= 3g 


and so on. This is the same as for the 3-phase windings. Furthermore 


j8x90_j3x90 

a, “180 


mq = N 


Therefore, the same scheme is to be applied as for m = 3, in order to determine 
the number of single coils in the j 8 coil groups. 

A further simplification in the layout of the fractional-slot windings with 
maximum distribution factor of the main wave is based on the following 
considerations (Ref, 17). 

Consider a 3-phase winding with g = 2 f, N = 13, j3 = 5. The grouping of this 
winding is 

2| 5i 7| lOf 13=i\^ 

0 3 6 8 11 13 

3 3 2 3 2 


Comparing this grouping with that determined for g = If 
2 2 12 1 

it is found that the sequence of the larger and smaller pole-phase groups is the 
same. 

In general, if the number of slots per pole per phase is written as g = / -h (6//9), 
the sequence of the larger and smaller groups does not depend on the value of 
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the integral part of g, /, but it depends only upon the values of 6 and jS. If 
the distribution has been determined for a certain value of /, say for / = 1 , 
the distribution for / = 3 is found by adding to all numbers of the (/ = !)- 
distribution (3 - 1) =2. 

Thus, the sequence of the larger and smaller pole-phase groups can be 
determined for 7 = 0 and then the same sequence applies to 7 = 1, 2, 3, 4 ... . 
The value of 7 determines then the number of single coils in the coil groups. 
The distribution found for 7 = 0 yields coil groups with 1 and 0 single coils. 
Adding to all figures of the (7 = 0 )*distribution 1 , the distribution for 7 = 1 is 
found; adding to all figures of the (7 = 0 )-distribution 2 , the distribution for 
7 = 2 , is found, and so on. 

In order to determine the distribution for 7 = 0 , 

(a) write the series (6/j3), 2(6/j3), 3(6/^) ... j3(6/]8)=6 

(b) add to all numbers of the (a) series 1 except the last number b 

(c) write to the left of the (b) series 0 and determine the differences 

between adjacent numbers 

(d) add to all numbers of the (c) series the value of 7. 

The last series represents the coil grouping of a (l/m)-th part of a basic 
unit. Repeat [m(p/j3) - 1 ] times, in order to get the coil-group distribution for 
the whole winding. 

Taking, as examples again, ^ = if and 5 ^ = 2 f 


3 11 

5 ^5 

0 1 2 

Sequence of 

large and small 1 1 

coil groups 

g = l| 2 2 

g = 2f 3 3 


If 

2 


0 

1 

2 


2 | 3=6 

3 3 

1 0 

2 1 

3 2 


55-5. Conditions for balance. Consider Fig. 55-2. The first five phasors 
1, 5, 9, 13, and 2 are assigned to phase A, the next five phasors 6 , 10, 14, 3, 
and 7 to phase C and the last five phasors 11 , 15, 4, 8 , and 12 to phase B, 
The resultant phasor of phase C is shifted 60° from the resultant phasor of 
phase A and the resultant phasor of phase B is shifted 120 ° from the resultant 
phasor of phase A, Reversing the connections of phase C, the three resultant 
phasors are shifted 120 ° and 240° from each other. Since they are also equal 
in magnitude, the winding is perfectly balanced: the emf's (and mmf's) of 
this winding will make a symmetrical 3-phase (polyphase) system. 

Consider now a 3-phase, 6 -pole winding in 24 slots: 

24 _4 
^“3ir6“3 


i3 = 3 N = 4. 
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Applying Eq. (65-7) 


d = 


3x4xP-fl 12P+1 


7 

3 



Fig. 55-3. Slot star of a 3-phase, 6-pole 
winding with 1 1 /3 slots per pole per phase. 


where P is the smallest integer which 
makes d an integer, it is seen that 
there is no integral value for P which 
can make d an integer, a., of this 
winding is 45°; its slot star is shown 
in Fig. 55-3. The sequence of the 
phasors in the slot star is the same 
as the sequence of the slots in the 
machine, i.e., the winding does not 
creep in the magnetic field. It is not 
balanced. The same with respect to d 
and to the slot star will be observed 


for all other windings in which the denominator of q, p, is divisible by the 
number of phases, m. 

(/3/m) ^ integer (55-9) 

is a condition for balance of a fractional-slot winding. Another condition for 
balance is 


(p/iS)=integer 

i.e., the winding must have an integral number of basic units. 


(55-10) 


55-6, Beginnings of phases. Consider Fig. 55-2 which represents the 
slot star of a 3-phase winding with g = IJ. The first N = 5 slots (phasors) of 
the slot star are assigned to phase A, the following five slots (phasors) to 
phase C, and the last five slots (phasors) to phase B, Since the sequence of 
geometric addition of several phasors is of no influence on the resultant 
phasor, any of the five slots of a phase can he taken as the beginning of the phase. 
However, care must be taken that no phase is reversed, i.e., the beginnings 
of the phases must lie approximately 120° and 240° apart and not approxi¬ 
mately 60° and 120° apart. So the beginnings of the phases can be placed in 
the slots 1, 4, and 6, each of which belongs to a different phase. The angle 
between two slots is (Eq. (55-2)) 


„_180x4_ 


and thus the angles between the beginnings of the three phases are (4-1) 
X 48 = 144° and (6 - 1) x 48 = 240°. In the 3-phase winding with g = lf, the 
beginnings of the phases can be placed in the slots 1, 5, and 8, which are 
150° and 262.5° apart. These windings are balanced, i.e., their three emf*s 
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and mmf’s are equal and the angles between them are 120° and 240° despite 
the fact that the angles between the beginnings of the phases are not equal 
to 120° and 240°. ' 

In 2-phase windings, the beginnings of the phases must lie approximately 
90° apart, i.e., the beginnings of any two consecutive pole-phase groups can 
be chosen as phase beginnings. 

55-7. Layout of a fractional-slot winding with respect to harmonics. 

As has been pointed out in the previous articles, the method of laying out a 
fractional-slot winding treated there refers to the main wave, i.e., it aims at 
the maximum distribution factor of this wave. Once the winding is laid out 
in this manner, the distribution factors of the harmonics are fixed. With 
respect to magnetic noise or telephone interference, it may be desirable in 
some cases to reduce the distribution factor of a certain harmonic. This can 
be done, at the expense of the distribution factor of the main wave, by a 
cyclic shift of slots from one phase to another. For example, if in the slot star 
Fig. 55-2 slot 5 of phase A is shifted to the place of slot 10 of phase C, slot 10 
of phase C is shifted to the place of slot 15 of phase B, and slot 16 of phase B 
is shifted to the place of slot 5 of phase A, this cyclic shift will not only reduce 
the distribution factors of some harmonics but also that of the main wave 
(see Ref. 16). 



Chapter 56 


HARMONIC MMF’s AND FLUXES OF THE 
INDUCTION MOTOR 


56-1. Stator windings with an integral number of slots per pole per 
phase (q= integer). It has been shown in Art. 24-1 (Eq. (24-2)) that the 
v-th harmonic mmf of a single stator phase is 

oc 

fsv = ^8v sin wt cos V—7T (56-1) 

T 


The subscript s indicates that the quantity refers to a single phase and the 
subscript 1 indicates that the primary part of the machine is considered. 
1 / = 1 is the fundamental of the Fourier series and also the main (synchronous) 
mmf wave. The length of the main wave is 2t, and the length of the v-th 
harmonic 2t/i/. is a standing wave, or alternating wave. 

The amplitude of the fundamental wave (v = l) is given by Eq. (15-10) 


F 


*(v-l) 


= 1.8 






P 


h 


(56-2) 


Eq. (56-1) refers to a definite phase which will be called phase zero. 
Considering the phase adjacent to this zero phase (phase 1), the time angle 
between the two phases will be the same for all harmonics, namely, 27r/mi: 
this is the time angle between the currents of two adjacent phases of an 
phase system. It is necessary to keep in mind that the harmonics in con¬ 
sideration are space harmonics and that in each phase all space harmonics are 
produced by the same current. 

The space angle between two adjacent phases of the winding is equal to 
27r/mi for the fundamental wave, and therefore to v(27r/mi) for the v-th 
harmonic, since the wave length of the v-th harmonic is Ijv times the wave 
length of the fundamental. Thus the mmf of the v-th-harmonic of the neigh¬ 
boring phase is 

/*vi = sin [(x}t - (27r/mi)] cos [v (xJt) tt - v (27r/mi)], (56-3) 

and the mmf of the i/-th harmonic of the c-th phase 

fs^e = sin [(X)t - C (27r/Wi)] COS [v (xJt) 7T-V {2nlm^)] 

482 


(56-4) 
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Introducing the relation sin a cos jS = J [sin (a - j8) + sin (a + P)l 
Uc = sin [{oit - V (xJt)} + (v - 1) c (2ir/»»i)] 

-{-sinllwt + v (xJt) tt} - {v1) c (2wlmi)] • (56-6) 

The first right-hand term of this equation yields for negative v the value of 
the second term. Therefore, if v is assumed to be positive as well as negative, 
the second term can be omitted and the resultant mmf of the v-th harmonic 
for all nil phases is 


—1 

sin {u)t - V {Xijr) tt} £ cos (v - 1) c (27r/mi) 

c=0 

— 1 "1 

4- COS {(ot - V (xJt) 7t} ^ sin (v - 1) c (27r/mi) I 
c^O J 


(56-6) 


Since v is an integer, the sums of Eq. (56-6) become zero, except when 

(v- l)(27rlmi)—ki X 27r 


or 


V^kiTTli -f 1 


(56-7) 


where ki is any positive or negative integer including 0. Eq. (56-7) is the 
criterion for the existence of the v4h harmonic. Consider, as an example, a 
3-i)hase winding (mj = 3). Eq. (56-7) yields the harmonics 

A;i=+1 ki=-2 ki~ ^2 A:, = - 3 A:i=-f3... 

vr=+l -2 +4 -5 +7 -8 +10 ... 


The harmonics of the order 3 or a multiple of 3 do not appear, as could be 
expected (see Eq. (24-8)). 

The sign of v indicates the direction of rotation of the harmonic. The har¬ 
monics with positive sign travel with the main (fundamental) wave, and 
those with negative sign travel in the opposite direction. 


Slot 

upper 

layer 


I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 ' 

oooooooo olo OOOOOOOOl 

a b c \a b c i 


Lower 

layer 


OOOOOOOO 0,000000000 
AAA 


Fig. 56-]. 2-pole, 3-phase winding with two slots 
per pole per phase. 


Eq. (56-7) yields odd and even harmonics, as demonstrated by the example. 
A full pitch, i.e., a non-chorded winding produces only odd harmonics (see 
Art. 24-1). The fractional pitch winding produces odd and even harmonics. 
However, the most commonly used fractional-pitch winding (2-layer, 6-zone, 
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60® phase-belt) does not produce even harmonics, because it can be made up 
of full pitch coils. Fig. 66-1 shows a 2-pole, 3-phase winding with g = 3. The 
coil width (IF) is 7 slot pitches (1 F/t = 7/9). The top layer of phase A lies in 
slots 1, 2, 3 and 10, 11, 12; its bottom layer lies in slots 8, 9, 10 and 17, 18, 1. 
a and a' represent one coil, 6 and b' the next coil, etc. From Fig. 56-1 it is 
evident that the winding could be arranged differently, i.e., in the top layer 
a connected to a, b to 6, and c to c, in the bottom layer a! to a', b to 6', 
c' to c', and then both layers connected in series. This type of winding is not 
practical for larger machines but is used in small machines. It consists of full 
pitch coils and consequently does not develop even harmonies. Contrary to 
the 2-layer, 6-zone winding, the 2-layer, 3-zone which is used in 2-speed (or 
multi-speed) motors develops even harmonics when chorded. 

There are among the harmonics those which have the same distribution and 
pitch factor as the main wave (i^= 1). These harmonics, called slot harmonics, 
have the orders 

»'n=TC^-^+l c = l, 2, 3... (56-8) 

c = 1 yields the slot harmonics of first order, c = 2 yields the slot harmonics of 
second order, and so forth. 

Denoting in Eq. (56-6) the S cos by a and the S sin by 6, then 

fy = \F8y + b^ sin [wt - v (xjr) tt + yj (56-9) 

y,,=tan~i (6/a) 

For the values of v which satisfy Eq. (56-7), the quantity becomes 

equal to and y„ becomes equal to 0, so that Eq. (56-9) represents a traveling 
mmf wave with the amplitude of the fundamental (see Eq. (56-2)) 

(56-10) 

This is in accordance with Eq. (15-11). From Eq. (24-13), the amplitude of the 
i/-th harmonic mmf 

I, (56-11) 

V p 

To the sinusoidal mmf 

fy = Fy sin [wt — V (XiIt) tt] (56—12) 

corresponds a sinusoidal flux distribution 

by = By sin [wt — V {xjr) tt-] (56—13) 

the amplitude of which is obtained from Eq. (56-11) and Ohm’s law of the 
magnetic circuit as 
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1 2.54g 

gkcK 2.54 


= 0.9m 


^l^dpU 
^ V p 


3.19 

gkcks 


h 


lines/sq.in. 


(66-14) 


The saturation factor kg (see Art. 63-1) can be assumed equal to 1 for the 
harmonics, g is measured in inches. 

The velocity of propagation of the v-th mmf harmonic and the correspond¬ 
ing 6^-th harmonic with respect to the stator can be found by the con¬ 
sideration applied in Arts. 15-2 (Eq. (15-4)) and 24-1 


where 


dx^ ct) I 1 

dt TT V V 


(56-15) 


%=i)=W")'»’ = 2'j/i (56-16) 

is the velocity of propagation of the main wave with respect to the stator. 
2t is the length of the main wave 1 / = !. 2t/v is the wave length of the i/-th 
harmonic. fi is the number of cycles per second of the primary current. It is 
seen that each harmonic travels with respect to the stator its own wave 
length during one cycle of the current. The reduction factor from the velocity 
of propagation to rpm is bO/pr (see Eq. (15-5)). 


56*^2. Rotor windings. According to the definition of the slip of the rotor 
with respect to the main wave 


with 


ng-n 

n. 




120 /, 


the slip of the rotor with respect to the v-th harmonic is 


(56-17) 

(56-18) 


n^-n_ngi^-n 


nsi. 


= 1 -v(l -5) 


(56-19) 


This equation gives a relation between the slip of the rotor with respect to 
the main wave and the slip of the rotor with respect to the i/-th harmonic. 

The frequency of the rotor currents produced by the main wave is (see 
Eq. (17-21))/a=5/,. Likewise, the frequency of the rotor currents produced 
by the v-th stator harmonic is 


U=sJ^ (56-20) 

For example, the frequency of the rotor currents due to the 5th stator 
harmonic (i/= -5) at 5 = 0.01 is (1 + 5 x 0.99)60 = 357 c/s. 

Thus, in general, the i/-th stator harmonic induces in the rotor the current 


= 1 2 ^ sin 8^u}t (66-21) 

with a; = 27r/i. This current produces a rotor mmf which contains a series of 
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harmonics. Consider the /x-th of these harmonics. Its mmf is (see Eq. (66”1)) 

sin s^wt cos ^ (a^a/r) n (56-22) 

X 2 is a coordinate fixed to the rotor. 

(a) Wound rotor. The amplitude of one phase of a wound rotor with 
N 2 turns per phase is (see Eq. (56-2)) 

(66-23) 

If the mmf of the zero phase is represented by Eq. (56-22) the mmf of the 
neighboring phase will be obtained by inserting in Eq. (56-22) its time and 
phase angle. The time angle is determined hy the v-th harmonic of the stator 
which produces the harmonic in consideration and is ^^( 277 /^ 2 ). The space 
angle is /x(27r/m2), similar to that of the stator. Therefore, the mmf of the 
^-th harmonic of the c-th phase is 

/sMC = sin [s,ojt - V (27r/m2)c] cos [fiix^lr) tt-jx (27r/m2) c] (56-24) 
or 

= \F,^ l^sin - /X tt) + (/i. - v) ^ c| 

+ sin + fi — 'TT^ — (^ + v) (56—25) 

Introducing for fx positive as well as negative values, as before for Eq. (56-5), 
the second term of Eq. (56-25) can be omitted. Furthermore, applying the 
same considerations as before in order to determine the resultant mmf of the 
/Lt-th harmonic for all mg phases, it is found that the criterion for the existence 
of the fx-th harmonic is 

27r 

(iX — v) -= fco X 277 

mg 

or 

fx — k2m2-\y (56—26) 

where fcg is any positive or negative integer including 0 (compare Eq. (56-26) 
with Eq. (56-7)). For the 3-phase, 2-layer, 60° phase-belt winding, ifcgis any 
positive or negative even integer including 0. Notice that the harmonic v has 
to be introduced in Eq. (56-26) with the right sign, i.e., the harmonics which 
travel opposite to the fundamental v = l have to be introduced with a negative 
sign. 

The amplitude of the resultant jx-th harmonic is obtained as (see Eq. 
(56-11)) 

fX p 

and the resultant fx-th harmonic is (see Eq. (56-12)) 


(56-27) 
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sin [a/jiit - fi (x^jr) if] 

(66-28) 

The corresponding flux distribution 
is (see Eq. (56-13)) 

sin [s/jA - ft, (xj/t) n] 

(56-29) 

with the amplitude (see Eq. (56-14)) 



£^ = 0.9m2- 


3.19 J. 

j- 9.S 


ft p gkjc. 



->X2 


(56 30) pjq 56- 2. Relative position of the 

As will be seen later, it is important origins of the coordinates and at 

^ ^ _0 
to know the velocity of propagation 

of the wave (or with respect to the stator» is a co-ordinate fixed to the 
stator; Xg is a co-ordinate fixed to the rotor. It will be assumed that, at ^ = 0 
the origins of the co-ordinates and Xg coincide (Fig. 56-2), i.e., 

Since the rotor has the speed (in rpm) 


w = (l -s)n, 

or the peripheral speed (in in/s) 

Vy = (l — s)(ngl60)pT = {l —s) 2t/i = (1 ~s){tI‘7t) co (56—31) 

at any instant of time ^ 9 ^ 0 

X2 = Xi -Vrt=Xi -(1 -s)(rl7T)wt (56-32) 

Inserting this equation and Eq. (56-19) into Eq. (56-29), there results 

sin [{1 -f (/ut - v)( 1 -s)}wt — fi (Xijr) tt] (56—33) 

6 ^ is now expressed as a function oft and the stator co-ordinate x^. Differen¬ 
tiating the quantity in [ ] brackets, the velocity of propagation of the /x-th 
harmonic with respect to the stator is 

v,, = ^ = {\^(p-v)(\-s)]^J-ut (66-34) 

Since is the velocity of propagation of the main stator wave {v=l) 

with respect to the stator, (Eq. (56-16)) 

v,, = [l+(p-v)(l (56-35) 

(b) Squirrel-cOtge rotor. Eq. 56-26 (just as Eq. 56-7) was obtained by the 
summation of the mmf’s of the phases lying within 2n radians. For the 
sqiiirrel-cage rotor, this corresponds to the number of bars in a pole pair: 

Bars/pole pair=Q 2 /^p (56-36) 
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and, therefore, the criterion for the existence of the fi-th. harmonic for the 
squirrel-cage rotor (Eq. (56-26)) is 

lJi = h(Q2liP)+y (56-37) 

As in Eq. (56-26), v has to be introduced with the right sign into Eq. (56-37). 
For the squirrel-cage rotor, 

^2=02, = l = l (56-38) 

must be introduced into Eqs. (56-27) and (56-30). is then the current per 
rotor bar. If the rotor is skewed, the latter two equations must be multiplied 
by the skew factor (see Art. 56-6). 

The slot-harmonics of the rotor, both wound and squirrel-cage, are given 
by the equation (see Eq. (56-8)) 

fisi=±c {QM + 1 c = 1, 2, 3, ... (56-39) 

As an example, a 4-pole squirrel-cage motor with = will be assumed, 
although an odd number of slots in the rotor is usually avoided because of the 
noise that it may cause (see Art. 59-2). Eq. (5b-39) yields for c = I (slot har¬ 
monics of first order) 

= — 27.5 and + 28.5 

These are harmonics of fractional order. Harmonics of fractional order appear 
also in the fractional slot windings (see Art. 56-4). This is inconvenient and 
can be avoided by introducing another fundamental as shown in the following 
article. 


56-3. Introduction of a fundamental with the wave length equal to 
pT = irD. In the previous articles of this chapter, the main (synchronous) 
wave is the fundamental wave. Its order is = 1 and its wave length is 2t 
— 'ttDK^P), As we have seen at the end of the last article, this may lead to 
harmonics of fractional order. In order to avoid such harmonic orders, it is 
expedient to introduce a new fundamental, namely one the wave length of 
which is eqvxil to the circumference of the armature 7 tD = pt, and to refer the 
actual harmonics to this fundamental. With this fundamental the main wave 
itself becomes a harmonic the order of which is equal to 


wave length of the new fundamental =pT 
wave length of the main wave = 2t 




(56-40) 


Since the wave length of the new fundamental is pr, it is a 2-pole wave. Con¬ 
sider, as an example, a 6-pole motor. The main wave has three pole pairs 
around the armature circumference, while the new fundamental has only 
one pole pair around the armature (Fig. 56-3), and the main wave appears 
as a harmonic of the 3rd (=p/2 = 6/2) order. The harmonic v — 1 which has 
seven times the number of pole pairs of the main wave will appear in Fig. 
(56-3) as a harmonic of the order 21( = 3 x 7). 
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Fig. 56-3. Explanation of a fundamental wave with a wave length pr. 

The orders of the harmonics with respect to the new 2-pole fundamental 
wave will be indicated by a primed symbol. Thus 

v' = (pj2)v m' = {?>/2)#^ (56-41) 

In order to introduce the new orders of the harmonics into the previous 
equations, simply has to be substituted for v and pl(\p) for p (Eq. 

56-41). The equations for the orders of the harmonics, for the harmonic flux 
distributions, and for the velocities of propagation of the harmonics become 
then as follows: 

(a) Stator 

V =(k{m^-\-\)pl2 

- ±cQi+p/2 c = l, 2, 3 ... 
hj = BJ sin [wt - (vI^p)(xJt) it] 

1 3.19 

= 0.45mi — N^kapiJ hnes/sq.m. 

(b) Rotor 

a, = \-(v'l\p){\-s) 

U=8,-h 

p = k^mj^pj2) H- V wound rotor 

= k^Q^ 4- V squirrel-cage rotor 


(56-42) 

(56-43) 

(56-44) 

(56-45) 

(56-46) 

(56-47) 

(56-48) 

(56-49) 

(56-50) 

(66-51) 






490 


A~C MACHINES 


11,1 = ±cQi + {pl2) c = l,2, 3... 

(56-62) 

K- = sin [«.' - (l^'lhP) {^2M rr] 

(56-53) 

1 3 19 

= 0.45^2 — N^kdp^n^ “irTT wound rotor 

(56-54) 

Q 1 3.19 

— 0.45 ~ ^ / 2 v' squirrel-cage rotor 

2 fi qlCcfCg 

(56-55) 

is the current per bar. 


«.M- = [ 1 + {(P - ^')lhP} (!-«)] (\pIp) 

(56-56) 


The equations which are not referred to a specific rotor type apply to both 
rotor types. 

It follows from Eqs. (56-50) and (56-51) 

u' - v' = wound rotor 

(56-57) 

yj - V squirrel-cage rotor 

Inserting these equations into Eq, (56-56) 

= wound rotor (56-58) 

I’lf' = (hPln -') [ 1 + *2 {QzIhP) (1 - «)] *’i(squirrel-cage rotor (56-59) 
As before (see Eq. (56-16) or Eq. (56-47)) 

is the speed of the main wave {v =jo/2) with respect to the stator (subscript 1). 

The introduction of a new fundamental with two poles was motivated by 
the desire to avoid harmonics of fractional order. In integral-slot windings a 
2 -pole wave is realized only in 2-pole machines; for other numbers of poles, 
the fundamental 2-pole wave is a fictitious one. It will be shown in the next 
article that, in fractional-slot windings, a 2-pole wave may exist also in a 
multi-pole machine. In such a case, it is reasonable to use the 2-pole wave 
as the fundamental. Furthermore, in the investigation of the magnetic noise 
produced by the harmonic fluxes, it is necessary to use a 2-pole wave as the 
fundamental. 

56-4. Balanced fractional slot-stator windings. In the fractional-slot 
windings, jS poles make the basic unit of the winding, where j8 is the denomin¬ 
ator of the fraction q = (NIP) (see Art. 65-1). 

(a) P = odd number. In this case the simplified shape of the mmf curve is 
given by Fig. 56-4. This figure compares with Fig. 65-3 which relates to the 
integral-slot winding, yet with the important difference that the wave length 
here is 2j8T while it is 2 t in Fig. 55-3. Applying the Fourier series to Fig. 
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slot winding with jS =an odd number. slot winding with =an even number. 

56-4, only odd harmonics are obtained. Denoting the order of these harmon¬ 
ics by n 

71 = 1 3 5 7 9 11 ... (56-60) 

n — \ has the wave length 2jST. The wave length of a harmonic of higher order 
(n>l) is inversely proportional to the order of the harmonic. 

A 2-pole wave has been fixed as the fundamental (v' = l) for harmonic 
waves. In order to refer the n-series (Eq. (56-60)) to the v'-series, the w-series 
must be multiplied by the ratio of the wave length of the fundamental of the 
i^'-series, pr, to the wave length of the fundamental of the n-series, 2j8T (see 
Eq. (56-40)). This ratio is p/2)3, therefore for p = odd number 

v' = (p/2j3)n w = l 3 5 7 9 11 ... (56-61) 


Example: = 48, p = 10, = 3. 

<7 = A = ? = 5 ~ odd number 

3 X 10 5 

v' = (10/10)n = l 3 5 7 9 .... 

The main wave has the order v =pl2 — 5 and is underlined. It is seen that the 
winding under consideration develops in addition to the harmonics of 
higher order than the main wave harmonics of lower order than the main 
wave (sub-harmonics). The sub-harmonic of the order i^'^l has two poles. 
At a line current of 60 cycles, it rotates at 3600 rpm, while the main wave 
rotates at 720 rpm. 

(b) p = even number. In this case the simplified shape of the mmf-curve is 
given by Fig. 56-5. Since j8 is even here, a cross follows a cross, while in Fig. 
56-4 a cross is followed by a dot. Applying the Fourier series to Fig. 56-4, 
there follows: 

n=l 2 3 4 5 6 7 ... (56-62) 

Contrary to the case j8 = odd number, the windings with j8=even number 
develop odd and even harmonics, n = 1 of the series has the wave length jSr. 
Multiplying the n-series by the ratio pr/jSr^p/jS, the harmonics developed 
by the fractional-slot winding with P==even number becomes 

v={plp)n w = l 2 3 


4 


5 


6 


7 


(56-63) 
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Example: = 30, p = 8, mj == 3. 


^ O A U 

—^=- j3=4 = even number 

o X o 4 

v' = (8/4)n=2 4 6 8 10 12 _ 


The main wave has the order i/'=j9/2 —4. Also this winding develops a sub¬ 
harmonic (with four poles). 

The sub-harmonics travel with high speed and are normally damped by 
eddy currents which they produce on the iron surface. 

It should be noted that Eqs. (56-43) to (56-47) for v,/, 6^, , , and 

integral-slot windings also apply to the fractional- 

slot windings. 

Notice that in the n-series of Eqs. (56-60) and (56-62) harmonics of the order 
71 = 3 or 71 = a multiple of 3 do not exist in 3-phase windings, except when 
zero-sequence currents flow in the winding. 

In order to determine the sign, i.e., the direction of rotation of the i/'-th 
harmonic, assign to the main wave the plus sign and alternate the signs of the 
preceding and following harmonics. The signs of the harmonics in the two 
examples considered are then 

gr = 8/5 v = -l -h5 -7 -fll -13 -hl7 -19 ... 

^ = 5/4 v'=-2 -f4 -8 flO -14 +16 -20 ... 

In general, for 3-phase windings, the harmonics v which correspond to the 
values of 

n = l+3(7 = 1 4 7 10 13 16 19 ... (56-64) 

((7= positive integer = 0, 1, 2, 3 ...) have the same signs. The harmonics v' 
which correspond to the values of 

71 = (2 + 3(7) = 2 5 8 11 14 17 20 ... (56-65) 

also have the same sign but opposite to that of the previous series. When 
j8 = odd number, the even values of Eqs. (56-64) and (56-65) do not exist. 

If a plus sign is assigned to the main wave, a harmonic v with a minus 
sign rotates in opposite direction to the main wave and a harmonic with a 
plus sign rotates in the same direction as the main wave. 


56-5. The distribution and pitch factors, (a) Integral slot windings. 
For these windings the distribution factor of the i/'-th harmonic is given by 
Eq. (24-11) 


l^dv' - 


V a, 

sm —- X g X 

p/2 ^ 2 

/ P “s 
qsmv X-- 


(66-66) 
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where a, = 180p/C= 180/mg, and the pitch factor by Eq. (24-12) 

= {pllp)(Wlr){7rl2) . (56-67) 

This applies to stator as well as rotor integral-slot windings. (Literature on 
harmonics, see Ref. A7 and papers under J.) 

(b) Balanced fractional-slot windings. (Ref. 15.) The magnetic field angle 
(Eq. (55-3)) 


180 

mN 


(56-68) 


is of importance here. The distribution factor of the main wave (v =pl2) is 
(Ref. 15) 



sin N(xJ2 
N sin <xJ2 


(56-69) 


This can be seen directly from the slot star of the main wave (Fig. 55-2). 
Since N is normally larger than 4, =0.9555. 

The distribution factors of the harmonics depend upon jS and P (see 
Eq. 55-7) i.e., whether these quantities are odd or even (Ref. I5). For 3-phase 
windings : 


I. _ 

iVcos[(d/iS^)60°n] 


j8 = even number 


(56-70) 


kdv’ 


0.5 

Fsin [{d/N) 30^ n] 


P = odd number 
JO = even number 


(56-71) 


0.5 j8 = odd number 

N cos [(djN) 30° n] p = odd number 


(56-72) 


The value ofd is given by Eq. (55-7). w is the value of Eq. (56-61) or Eq. (56-63) 
which corresponds to v. Eqs. (56-70) to (56-72) yield only the absolute value of 
but not the sign. This suffices for the force computations made in the 
following chapters. 

The pitch factor of the v'-th harmonic of a fractional-slot winding is given 
by the same equation as for the integral-slot winding, i.e., by Eq. 
(56-67). 

(c) Concentric windings vnth different numbers of turns in the coils, used 
in the unsymmetrical 2-phase motor and in the single-phase motor (Chaps. 
26 and 53). The winding factor (= product of distribution and pitch factor) 
of the main wave is (see Fig. 56-6) 



(56-73a) 
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K-0t4->1 

Fig. 56-6. Derivation of the winding fac¬ 
tor of a concentric (single-phase) winding. 


A 


Fig. 56- 7. Derivation 
of the skew factor. 



56—6. The skew factor. Skewing of the rotor slots or stator slots is applied 
in order to reduce the magnitude of parasitic torques produced by harmonics. 
Skewing reduces the emf induced in the secondary winding. The skew factor 
is a distribution factor and has to be used in connection with the factor 
Fig. 56-7 shows a straight bar (.4) and a skewed bar. 
The magnitude of the skew is S inches. The angle in radians which corresponds 
to 8 is 


ys 


8 _ 8 pn 

' — 7T~ 

*^ 28^2 


(56-73b) 


a ,2 is the angle between two rotor slots. The skewed bar can be replaced by a 
large number (c) of vertical and horizontal elements, as shown in Fig. 56-7. 
In order to determine the skew factor, the emf’s E and E^^. induced in the 
straight and skewed bar, respectively, will be considered. Then 

jr _ Esk 


The horizontal elements of the skewed bar in Fig. 56-7 do not contribute to 
the induced emf and only the vertical elements are to be considered. The 
first element (that at the bottom of the figure) coincides with the straight 
bar and has the induced emf Ejc. The next following vertical element has the 
induced emf (Elc)€^^, where 

P=yslc' (56-74) 

The third element has the induced emf {Elc)€^^^, and so forth. Thus 


Ee^^^ - 1 

E,, = (Elc) (1 + -f ... + >^) = - 

C - I 


E cos c)3 - 1 sin cjS 
c cos jS - 1sin^ 


Taking the ratio of the absolute values 


K =E IE = - / (cos + sin^ _ 1 sin c(/3/2 ) 

“* ** c\ (cos cjS - l)* + 8in*/3 c sin (/S/2)i 
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Limiting the numerator and denominator separately 

Inserting Eqs. (56-74) and (56-73) 



sin (SIt^) (pttIQ^) i 
{Sir,,) {pnlQ,)l' 


(56-75) 


This value of apparently applies to the main wave (v =p/2), because only 
for this wave tt radians correspond to a pole pitch (see Eq. (56-73a)). For the 
)Li'-th harmonic 


sin [ vj^p) {Slr„) (pnlQ,) ^ ^ sin »/' [(Sir,,) (nlQ,) ] KQ_nQ\ 
\v'l\p) (Sir,,) (pnlQ,) i v' {Slr„) (trlQ,) 


The skew factor decreases with the increasing order of the harmonic. It is 
practically equal to 1 for the main waves (v =pl2). 

It should be noted that S is the skew of the rotor slots with respect to the 
stator slots independent of whether rotor or stator is skewed. If the slots of 
both machine parts are skewed, S is the resultant skew. 


56-7. The rotor current /g,,'. The current /g/ in Eqs. (58-54) and (58-55) is 
the actual rotor current (not referred to the primary). The stator currents at 
which the parasitic torques and the magnetic noise occur are given. There¬ 
fore, it suffices to express /g/ in terms of the primary current and the 
parameters of the machine. 

For the main wave, v' =pl2, the relation between rotor and stator current 
is determined by Kirchhoff’s equation for the rotor, i.e., by Eqs. (18-2) and 
(18-3.) Apparently, the current induced in the rotor by the i/'-th stator 
harmonic will have to be determined from KirchhofF’s equation for the rotor, 
set up for this harmonic. In Chaps. 17 and 18, the secondary quantities are 
referred to the primary. In order to get the actual value of the rotor current, 
/g/, the primary quantities will he referred to the secondary. 

The amplitude of the mmf of the /-th stator harmonic is (see Eqs. (56-11) 
and (56-41)) 

Expressed in terms of the secondary winding, this mmf is 

F— 0.45?7l2 (1/*^ ) ^2^dp2v skv'^ Iv' 

where is the primary current referred to the secondary, with respect to 
the v'-th harmonic. Thus 

j _ j 

^ m^N2kap2y'Kkv 


(56-77) 
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For the squirrel-cage rotor, 


and 




I 


Iv 


^dp2v'””l^ 

2miNikapiy' j 

Q2Ks^' ' 


(66-77a) 


KirchhofF’s equation for the secondary, with respect to the harmonic current 
/gv', per bar, is 

0 - -f /a, = 4v'^2v' (56-77b) 

5/ is the slip of the rotor with respect to the v'-th stator harmonic; it is given 
by Eq. (56-48). is the secondary main flux reactance of the v'-th har¬ 
monic. Xg/ is the leakage reactance of the rotor for the i^'-th harmonic. 

From Eq. (56-77b), per phase for the wound rotor, per bar for the squirrel- 
cage rotor 

" ■ (l +r~.)-j(r^.ls,.^~. 

where 

(56-79) 

Eqs. (56-78) and (56-77) express in terms of and the secondary para¬ 

meters. It follows from Eq. (56-78) that /g/ lags by the angle 


^2v' = TT - a„' 


tan = 


r2v' 

(1 '^i.v^^v'^m2v' 


(56-80) 


Notice that, for the squirrel-cage rotor the number of phases was assumed 
equal to Qg- Therefore, its rotor parameters are those of a single bar. 

The reactances and are treated in Chap. 57. With respect to 
rg,,' of the squirrel-cage rotor, the following has to be considered. The sinu¬ 
soidally distributed fluxes induce sinusoidal currents in the rotor bars, the 
rms values of which can be represented by phasors. The phasors of two 
adjacent bars are not in phase but displaced by the slot angle 


as2 = '^WC2 


(58-81) 


with respect to the main wave (v =pl2). The end-ring segments between the 
bars make, with respect to the bars, a polygonal mesh impedance the external 
line currents of which are the bar currents. Due to the symmetry of the cage, 
the current distribution in the ring is also sinusoidal and the current in each 
single segment can be represented by a phasor; the phasors of adjacent 
segments are displaced by the same angle a^g as the phasors representing the 
bar currents. Fig. 56-8a shows a few bars and ring segments; Fig. 56-8b 
shows the phasor diagram for the currents in the bars and segments. If the 
bar current is denoted in general by /*, and the ring current by /^, it follows 
from Fig. 56-8c that 
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Fig. 56-8. Determination of the ring current in a squirrel-cage rotor {a=(Xg 2 )^ 


h = Ir^ sin (a,2/2) (56-81a) 

The angle a ,2 is usually small for the main wave and, therefore, for this 
wave 




2 sin (aJ2) 2 sin nplQ^ 


The copper losses in the cage are 


(56-82) 


Pco =Q 2 {h^r, + 2lrhr). (56-83) 

Tf, and Tj. are the resistances of a single bar and of a single ring segment, 
respectively. The factor 2 takes into account the fact that there are two 
rings. Introducing the value of /,. from Eq. (56-82) 


»•(.. = »‘i.+ 


JV_ 

2 sin* (a, 2 / 2 ) 


(56-85) 


is the equivalent bar resistance which also takes into account the ring 
segments. Eq. (56-85) applies to the main wave. Considering the v'-harmonic, 
the skin effect has to be taken into account in the term rj. For the i''-harmonic 
the angle becomes 


and, therefore. 


“»2.' = (v'l\p) a,2 


(56-86) 






2 8in*(a,a,./2) 


(56-87) 
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— 

Fig, 56-9. Increase of the resistance of the embedded part of 
the rotor bar due to skin effect. 

Fig. 56-9 shows the increase of due to skin effect for a rectangular bar. The 
quantity 

^ = 0.316h,J{b,/bMM) (56-88) 

is drawn in the axis of abscissae. 65 and 6 , are the widths of bar and slot, 
respectively, h^, is the height of the bar. is the frequency of the 

secondary current. ^ is the bar resistivity in microohms/in. ^ (For copper, 
^ = 0.825 at 75‘^’C and C = 0.91 at 100° C). The ordinates of Fig. 56-9 show 
the ratio of a-c to d-c resistance due to skin effect. Notice that the increase of 
resistance applies only to the part of the bar which lies in the slot leakage 
flux (to its length see Eqs. (57-18) and (57-19)). 




Chapter 57 


THE LEAKAGE REACTANCES AND MAIN FLUX 
REACTANCES OF WINDINGS EMBEDDED IN SLOTS 


57-1. General formulae for the coefficients of self- and mutual- 
inductance. It has been mentioned in Art. 17-1 that a-c windings embedded 
in slots produce four kindaof leakage fluxes: (1) the slot leakage flux (Fig. 
17-2); (2) the tooth-top leakage flux (Fig. 17-2); (3) the end-winding leakage 
flux (Fig. 17-3); (4) the harmonic (or differential) leakage flux. The magnetic 
paths of these fluxes are different and, therefore, their reluctances are differ¬ 
ent. The magnetic paths lie mainly in air but partially in iron. The leakage 
fluxes are directly proportional to the current which produces them, if the iron 
which lies in the path of the leakage flux is not saturated. This is usually the 
case when the machine operates under normal conditions. For example, the 
saturation of the leakage paths is negligible in an induction motor operating 
with rated load. However, the saturation of the leakage paths is considerable 
at high currents, as, for example, during the starting of an induction motor 
(see Art. 22-6). It will be assumed in the following derivations that the 
saturation of the leakage paths is negligible. The effect of saturation at high 
currents will be taken care of by an experimental factor, since a reliable 
method for the consideration of the saturation of the leakage paths is not 
available. 

The leakage fluxes induce in the windings producing them emf’s of self- 
induction (IwL) and in adjoining windings emf’s of mutual induction. 

According to Eq. (1-13), in general 

(57-1) 

I 

This equation assumes that not all turns are interlinked with the same 
flux, and, therefore, the total flux interlinkage has to be determined as the 
sum of the partial flux interlinkages. 

Since is produced by the mmf iN^, it follows from Eq. (1-26) that 

(bx^OAniNJR^ and — (57-2) 

where is the reluctance applying to the path of the flux Thus, 
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L = 0.47r S ( N.^jR,) = 0.47rSi^,M* 

yla; is the permeance of the flux 

Corresponding to Eq. (1-15), in general, 

Tlf _S(W^iO,4)_2(»x2^«) 

m j2 — 21 — 

l2 li 

is the sum of all flux interlinkages with the circuit 1 due to a 
current in circuit 2; vice versa, is the sum of all flux interlinkages 

with the circuit 2 due to a current in circuit 1. In order to determine 
Jfi 2 = ^ 2 i> S' current of one ampere is assumed to flow in circuit 1 and 

the sum of flux interlinkages with circuit 2 is computed or a current of one 
ampere is assumed to flow in circuit 2 and the sum of flux interlinkages with 
circuit 1 is computed. 

The following Arts. 57-2 to 57-5 refer to the main wave. The harmonics 
are considered in Art. 57-6. 


(67-3) 


(57-4) 



Fig. 67-1. Determination of the slot leakage per¬ 
meance of a semi-open slot. 


57-2. Slot leakage. Single-layer windings. First a semi-closed slot (Fig. 
57-1) with a single coil of n^ turns will be treated. The slot is divided into four 
parts with the heights h^, and h^. Consider a tube of force crossing part 

1 at the distance x from the bottom of the coil; the height of the tube of 
force is dx. Then for this tube of force (Eq. (57-3)) 

N^ = {xlhi)ns and A^=dx{l,lb,) (57-5) 

Z, is the length of the iron effective for the slot-leakage flux; its value will be 
determined in the following. 

The sum YtNx^Aj. for part 1 is found by integrating N^^A^ in Eq. (57-5) 
from = 0 to 2 c = ^,. Thus, for part 1, 
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For part 2 
For part 3 
For part 4 
Thus 


wj,-. *■‘** = <’ ■‘’”■■‘■ 3 ^ 

N^=zn„ A^=dx(l,lb,) 

Nji=ng, ylj.=(ix[Z,/^(6, + 6j)] 

N^=n„ A^=dx(l,lbo) 

Li — OAirngHAbilbf) 

Li = 0A7m,H,[2hil(b. + b^)] 

Lt = OATm,%{hJbo) 


(57-6) 


(57-7) 

(57-8) 

(57-9) 


and the total slot-leakage inductance for one coil side is 

L, = Li + Li + L3 + Li= ^ ^ b^+\ ''' f] ^ ^ ^ * henry 


(57-10) 


I, is measured in inches. The quantity in brackets is called the permeance per 
unit length of the slot-leakage flux and is denoted by A,. Eq. (57-10) is usually 
written in the form 


Lg — OA-rmgHgXg X 2.54 x 10“* henry (57-11) 

Hence for a semi-open slot 

bg OjjH-Oo Oq 

For the open slot shown in Fig, 57-2 the parts 2 and 4 can be combined, so 
that, for this slot 




For the open slot shown in Fig. 57-3 


. _K hi 
36. ■^6. 

For the slot shown in Fig. 57-4 

. _ h^ ihj 2hi hj 
b' + b^ b^ + bi bi 
and for the round slot of Fig. 57-5 

A. = 0.66-|-(V6o) 


(57-13) 


(57-14) 


(57-15) 


(57-16) 
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Fig. 57-2. Determination 
of the slot leakage perme¬ 
ance of an open slot. 


Fig. 57-3. Determination of 
the slot leakage permeance 
of an open slot. 


The quantity is the total permeance of the slot-leakage flux. 

Eq. (57-11) yields for one bar of the squirrel cage rotor 1) 


L, = 0.47rZ^, X 2.54 X 10~® henry (57-17) 



Fig. 57-4. Determination of 
the slot leakage permeance of 
a trapezoidal slot. 


The coefficient of self-inductance is propor¬ 
tional to the square of the number of turns 
because the flux in product is 

proportional to the number of turns (Eq. 
(57-2)). 

Consider Fig. 57-6 which shows a coil in a 
slot. The core consists of three stacks separated 
by two radial vents of the width h^. It is seen 
that, due to the vents, the effective length for 
the slot-leakage flux is smaller than the gross 
length of the armature L, but it is larger than 
the iron length L-nJb^ ( 71 ^ = number of vents) 
due to the fringing within the vents. Apparently, 
flux mapping will yield the same result for 
as for the effective core length l^ (Art. 50-2), 
when the radial vents of both machine parts 
are opposite to each other, i.e., 

(57-18) 


where the slot-leakage factor kg is obtained from Eq. (50-1 la) by substi¬ 
tuting 6s for gf: 


(57-19) 
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t—i. 


Fig. 57-6. Deter¬ 
mination of the slot 
leakage permeance of 
a round slot. 



Fig. 57-6. Explanation of the slot-leakage 
factor k.. 


57-3. Slot leakage. Two-layer windings. Polyphase windings are normally 
two-layer (Fig. 57-7) and mostly fractional pitch. In the latter case, the two 
coil sides lying in a slot belong to 

different phases: in a part of the slots ^ S h 

ift^;/T>2/3 and inallslots if ti;/T<2/3. S _ 

Since the currents of the different | 

phases are time-shifted with respect _hi 

to each other, the leakage flux of a 7f M I I 

slot with coil sides belonging to differ- -J--- 

ent phases will be less than in a slot -1 “ ir ““ y 

with coil sides belonging to the same ', 

phase. 

The coefficients of self-inductance _ 

are different for each coil side and —-- 

mutual inductance exists between ^^ 

them. The number of conductors per 57-7. Two-layer winding, 

coil side is Uq. Consider Fig. 57-7. 

The permeance per unit-length for the top coil side is (Eq. (57-14)) 


Fig. 57-7. Two-layer winding. 


Therefore, the slot-leakage inductance of the top coil side is 
Lgt = OATTUcH^Xst X 2.54 x henry 


(57-20) 


(57-21) 


For the permeance of the bottom coil side the space taken by the upper coil 
side has to be considered as air space. Neglecting the small distance h\ 


. hi hi -}- ho 4^1 ho 

^»= 35 ; + - 5 ^= 357 + 5 : 


(57-22) 


Lgi, = 0.4Wc^iAb ^ 2.54 X 10“® henry 
It is seen that is much larger than Lgt. 


(57-23) 
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The coefficient of mutual inductance between both coil sides is, according 
to Eq. (57-4), 

Ti/f Ti/¥ 

Jf = M^t =-7-=-7- (57-24) 

H 

It will be assumed that one ampere flows in the top coil side and the sum of 
all flux interlinkages 2(Wa:e,<I^a;«) with the bottom coil side will be determined. 
Since current flows only in the top coil side, there are no tubes of force below 
this coil side and, therefore, for all tubes of force interlinked with the bottom 
coil side, — Further, for a tube of force crossing the top coil side at the 
distance x from the bottom of this coil side 

= (57-25) 

Inserting into Eq. (57-24), =nc, from Eq. (57-25) and integrating from 
x = 0 to x = hi , there results for all tubes of force crossing the top coil side, 

0A7rnc%{h^ I2bs) 

The tubes of force which are produced by the current of one ampere in the 
top coil side and which lie above this coil side yield the flux interlinkage with 
the bottom coil side 


0A7rnpHf,{h2lbs) 

so that 

Mix, = Mx^x=^0A7rnc%Xi,t X 2.54 x 10"® henry (57-26) 

where 

Ab. = A,b = (K'l2b.) + (h^lb,) (57-27) 

^bt=^tb is the permeance per unit length for mutual induction. The total 
coefficient of self- and mutual-inductance for the slot is 

Ls-= 2Mx,t (57—28) 

In the previous considerations, the time shift of the currents in the two coil 
sides of the slot has not been taken into account. Therefore, Eq. (57-28) 
applies to the full-pitch winding and must apply also to the single-layer 
winding because in both cases all conductors carry currents of the same 
phase. Indeed, if Eqs. (57-20) to (57-23) and Eqs. (57-26) and (57-27) are 
inserted into Eq. (57-28,) with nc=nJ2, Eq. (57-11) with A., according to 
Eq. (57-14) will be obtained. 

In order to take into account the time shift of the currents of the two coil 
sides of the slot, Eq. (57-28) must be written as 

Lg = IjgfA2krMbt (57—29) 

The correction factor is smaller than 1 for fractional-pitch windings; it is 
equal to 1 for full pitch and single-layer windings. 
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Inserting into Eq. (57-29) Eqs. (57-21), (57-23), and (57-26) 

L, = 0.4iT»e*Z,(A,» + A,fc + A„ + 2 k\,) x 2.54 x 10-» henry (57-29) 

I 

This refers to 1 slot and also to 1 coil because a coil consists of a top and a 
bottom coil side. 

Consider an integral-slot winding. If there are q slots in the coil group and 
Ng coil groups of the phase are connected in series, Eq. (57-29) must be multi¬ 
plied by g X Ng, in order to get the inductance per phase. The slot-leakage 
emf per phase is then -jwL^Nglg, where Lg is given by Eq. (57-29) and Ig is 
the current in the conductor. The slot-leakage emf is normally computed with 
phase current. An integral-slot winding has a maximum of p parallel paths, 
i.e., as many as there are coil groups per phase. If Ng coil groups are con¬ 
nected in series, pjNg coil groups are connected in parallel and, therefore, the 
ratio of the phase current I to the current in the conductor Ig is pjNg, i.e., 
IIIc=p/Ng.Thu8 the slot-leakage emf per phase, with / = phase current, is 
-jojLgqNg(Nglp)I and the inductance for the total phase is LgqNg^/p, 
Denoting the series turns per phase hy N, 

N=ngqNg (57-30) 


and the inductance per phase is Lgq(N^lng^q^) (1/p), i.e., 
Lg=l.67r(N^lpq)lgl{Xgf,-\-Xgt + 2krXt,t) x 2.54 x 10”® henry per phase 


(57-31) 


Eq. (57-31) also applies to fractional-slot windings. There are gj3 coil groups 
per basic unit in this winding. q^Ng turns in series per phase, and l/Ig 

^^ ^— 


a 


Fig. 57-8. Explanation of the correction 
factor 


Correction Factor kr- The correction factor kr can be determined from the 
following consideration. Fig. 57-8 shows a coil cc carrying the instantaneous 
current ij. In slot 1 the bottom coil side which may belong to another phase 
carries the current ig, in slot 2 the top coil which may belong to another phase 
carries the current tj. The coefficient of self-inductance of the top coil side 
of the coil cc is given by Eq. (57-21), and the coefficient of self-inductance of 
its bottom coil side by Eq. (57-23). The coefficient of mutual-inductance 
between bottom and top coil sides of either of the slots 1 and 2 is given by 
Eq. (57-26). The emf induced in the top coil side is 
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and the emf induced in the bottom coil side 


65 — Lsbidiijdt) — M ^^{di^ldi) 

The total emf of the coil 

6c = — Lgi){diildt) — Mf,i[(di2ldt) + {di^jdty] 

Introducing 


«3=n/27€^'<‘^*+^> 

and inserting these equations into the equation for the rms value of the 
emf induced in the coil becomes 

E, = -ji<o[(Lg, + Lg,) + Jlf+ e^^)] 

and, correspondingly, 

Lc ~ Lgt -f Lgij + M + €^’^) 

= Lgt + + i/«6[(cos a -f- cos j8) + j(sin a + sin jS)] 

There are q single coils in a coil group. Denoting the angles of coil 1 by 
and jSj, of coil 2 by ag and jSg, and so forth, the coefficient of self-inductance 
of the total group is 


Lg = qLgt -f qLgf, -h JI/<6[(cos aj 4 - cos /Sj) + (cos ag 4- cos jSg) 4-... 

4 - (cos oLg 4- cos Pg) 4-j(sin aj 4- sin 4-j(sin ag 4- sin jSg) 4-... 

4-j(sin a^4-sin /3J] 


The average value of L per coil is 

^r,ave = J^«< + ^«b + (l/9')^<b(S cos4-jSsin) (57-32) 

2g 2q 


Comparing this equation with Eq. (57-29) which also applies to a single coil, 

A:,. = (l/2g)[S cos4-jS sin] (57-33) 

2q 2g 


Example. g = 2, 11 ^/t = 5/6. This winding is schematically shown in Fig. 57-9. 
Coils aa and bb making a coil group will be considered in turn. Notice that in 
previous equations a is the angle by which the current in the top coil side of a coil 
(for example, of coil aa) lags the current of the bottom coil side lying in the same 
slot and j8 is the angle by which the current of the bottom coil side of the same coil 
(coil oa) lags the current of the top coil side lying in the same slot. Consider in slot 1 
the top coil side of coil cui which belongs to the beginning of phase A. The bottom 
coil side of this slot also belongs to phase A, therefore, aj =0. The bottom coil side 
of coil oa lies in slot 6. The top coil side of this slot belongs to the beginning of 
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A 


Fig. 57-9. Determination of the correction factor— 

—for a 3-phaee winding, with two slots per pole per 
phaae and Wlr=5l6. 

phase B. The emf of the bottom coil side of coil aa is opposite to that of the top 
coil side of this coil. Therefore, the angle between the top coil side and the bottom 
coil side of slot 6 is +60 (this is the angle between p and in Fig. 57-9). Con¬ 
sidering the coil hh which makes with the coil aa a coil group, it is found: ag = - 60 
( = angle between -C and A in Fig. 57-9) and jSg-O. Thus (Eq. (57-33)) 

= i[( 1 + 0.5 + 0.5 +1) + j(0 + 0.866 - 0.866 + 0)] = | 

It will be found that 2 sin ==0 for any value of Wjr and, therefore, 

2q 


k^ = (ll2q) 2 cos 

Three cases will be considered. The chording € will be measured in slot 
pitches. Then 

WlT — (mq-€)lmq € = mq[l - (WIt)] (57-35) 

(a) m = 3, 2/3 <TF/t:^ 1. In this case 2{q-€) coil sides are not influenced by 
other phases and 2c coil sides are influenced by other phases with a time- 
phase shift between currents of ± 60° (see Fig. 67-9). Therefore, 

kr = (l/2gf) 2 cos = (l/2g)[2(g - c) cos 0 + 2c cos 60°] 

Inserting the value of c from Eq. (57-35), 

K = h[HWIr)^l] (57-36) 

(b) m = 3, I/2 ^TF/t< 2/3. In this case [2g^-2(c -g)] coil sides are influenced 
by other phases with a time-phase shift between currents of ±60° and 
2(c-g) coil sides are influenced by other phases with a time-phase shift 
between currents of ± 120°. Therefore, 

kr = (l/2g) 2 cos = (l/2g)[{2g - 2(c - q)} cos 60° + 2(c - q) cos 120°^ 
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Inserting the value of e from Eq. (57-36) 

i, = 3(ir/T-i) (57-37) 

(c) m = 2. In this case 2(q - e) coil sides are not influenced by the other phase 
and 2c coil sides are influenced by the other phase with a time-phase shift of 
90°. Therefore 

kr = (ll2q) 2 cos = (l/2g)[2(^-€) cos 0 + 2c cos 90°] 

Inserting the value of c from Eq. (57-35), 

kr=^(2WlT)-l (57-38) 

It is seen from Eqs. (57-36) to (57-38), that the correction factor kr depends 
only upon the coil span; it is independent of the number of slots per pole per 
phase, q. 

With the value of kr fixed by Eqs. (57-36) to (57-38), it is possible to compute 
Lg per phase using Eq. (57-31) and inserting the proper values for A,*,, A,<, and 
Aft<. This will be made for the open slot Fig. 57-7. Case (a) will be assumed, 
i.e., m = 3 and 2/3<ir/T<l. Thus 

kr^mWM-^l] 

For the slot selected, from Eqs. (57-20), (57-22), and (57-27) 


Inserting into Eq. (57-31) and assuming A/ = (^i/2), where hi is the total 
height of the conductors 


henry per phase 

For the full-pitch winding and single-layer winding (A^r = 1) result is 
/ h h\ 

is = 1.6 — + jr) ^ ^ henry per phase 

P9 \30s bj 


Comparing the two values of Lg, it is seen that i, for the fractional-pitch 
winding can be calculated from the value of Lg for the single-layer winding if 
two correction factors are used, one 


*xco=A[9(1F/t) + 7] 

for the part of the slot in which the conductors lie, and the other 


(57-39) 


**t=i[3(PF/T) + l] (57-40) 

for the part of the slot above the conductors. 

Case (a) was assumed. If case (b) is computed, i.e., m = 3, 1/2 ^TF/t< 2/3, 
the factors fc»co ^xt become 

Keo=MmWlT)-hl] k,t==mWlT)-l] 


(67-41) 
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and for the 2-pha8e windings 

*«o=H3(W + l] k,t = WlT 

(57-42) 

Fig. 57-10 shows the factors k^^co and 
kxt for 3-phase windings corresponding 
to Eqs. (57-39) to (57-41). 

Summarizing^ compute using the 
formula 

L, = l.6(N^lpq)lX X 2.54 x 10-« 

henry per phase (57-43) 

with the value of A, from Eqs. (57-12) 
to (57-16) which apply to the single¬ 
layer and full-pitch windings. Multiply 
the term of A, which relates to the part 
of the slot where the conductors lie by 
kg^co and the terms of A, which relate to 
ductors by k^t- 

The slot-leakage reactance is 
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Fig. 67-10. Reduction factors for slot 
leakage permeance of fractional-pitch 3- 
phase windings. 

the part of the slot above the con- 


Xg = 27rfLg ohm per phase. 


(57-44) 


57-4. Tooth-top leakage. The tooth-top leakage comprises the leakage 
lines that go from tooth-top to tooth-top through the air. In induction 
machines the air-gap is small and the tooth-top leakage can be neglected. 
The permeance of the tooth-top leakage of the stator of the synchronous 
machine is found by the method of conformal mapping (Ref. A7). 


_ HgIK) 

'''‘-5 + 4 (#) 


(57-45) 


Therefore, the tooth-top leakage inductance of one coil side is 

Ltt — OAnngH^ttkxi x 2.54 x 10"® henry (57-46) 

For salient-pole synchronous machines, as given by this equation is to 
be multiplied by 6 ,/t, where bj, is the pole arc and t the pole pitch. 

Corresponding to Eq. (57-43), the tooth-top leakage inductance per phase 
is 

Lti = \,^TT(N^lpq)l^^tkg,t X 2.54 x 10"® henry per phase (57-47) 
The tooth-top leakage reactance is 

Xtt=^27TfLtt ohm 


(57-48) 
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57-5. End-winding leakage. The exact calculation of the end>winding 
leakage is very difficult since the effect of adjacent coils and adjacent phases 
on each other as well as the effect of the rotor and stator on each other must 
be considered. The formula given below for end-winding leakage is partly 
the result of theoretical derivations and partly of experience. 

For the end-winding leakage inductance per coil side, the following 
holds: 


= X 10“® henry. (57-49) 

The significance of K\ is seen 

from Fig. 57-11 

1 _ 


(57-50) 

where y is the coil width in slot 
pitches and a is the distance in inches 
between the mid-points of two ad- 
Fig. .57-11. Determination of the end- jacent coil ends. 

winding leakage. a = b, + d inches, (67-51) 

where d is the air space between two insulated coil ends, is the average 
slot pitch, i.e., the slot pitch in the middle of the tooth. 

The magnitude of 1^2 depends upon the voltage. It can be taken as: 

Zg 2 = 0-25 to 0.5 inch for 120 to 440 volts, 

= 0.75 inch for 600 volts, 

= 1.25 inches for 2300 volts, 

= 2.5 inches for 6600 volts, 

= 3.5 inches for 11,000 volts, 

= 4.0 inches for 13,200 volts 

Eq. (57-50) applies to the stator windings of induction motors and synchron¬ 
ous machines and also to the rotor winding of the wound-rotor induction 
motor. 

Corresponding to Eq. (57-43), the end-winding leakage inductance per 
phase is 

L^ — \37r(N^lp)[lMap'^(l^2 + ¥'e\)] X 2.54 x 10“® henry per phase (57-52) 

The end-winding leakage inductance per bar of a squirrel-cage winding is 
(see Fig. 57-1 la) 

~{iA7T(Q2lmip)[\(Li^ - L) -fir'] 2.54 x 10“® henry 



(57-53) 
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where 

2/b=length of bar between rings, 

L= gross core length, 

r' = (nD'lp) =pole pitch in the middle of the ring, 
* = 0.36 forp = 2, * = 0.18 for p>2 

The end-winding leakage reactance is 

x^ = 27rfL^ ohms (67-54) 



Fig. 57-1 la. Deter¬ 
mination of the end- 
winding leakage of a 
squirrel-cage winding. 



0 1 2 3 4 5 6 


— 

Fig. 57-12. Katio of a-c to d-c slot p>ermeance for rotor bars 
(influence of skin effect). 

57-6. Slot leakage tooth-top leakage, and end-winding leakage with 

respect to harmonics. The stator slot-leakage reactance, the tooth-top 
leakage reactance, the end-winding leakage reactance can be assumed the 
same for v'-th harmonic as for the main wave v'=p/2. For the squirrel-cage 
rotor, the slot permeance X, (Eq. (57-17)) can be considerably smaller for the 
v'-th harmonic than for the main wave due to skin effect. Pig. 57-12 shows 
the ratio X, „JX, if as a function of f (Eq. (56-88)) for a rectangular bar. As for 
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^ael^dey ratio must be applied to the part of the bar Z, (Eqs. (57-18)) and 
(57-19)). 

For the end-winding leakage of the squirrel-cage rotor with respect to the 
v'-th harmonic, Eq. (57-53) multiplied by the ratio 

sin^ (ocsj^) 
sin2 (a, 2 ^ 72 ) 

can be used (see Eqs. (56-81) and (56-86)). 

57-7. Harmonic leakage of an integral-slot winding (Ref. Kl). The 

harmonic leakage is also called differential leakage. This name is justified by 
the fact that the sum of all harmonics is equal to the total function minus 
fundamental. 

The following harmonic chart refers to a 4-pole, 3-phase squirrel-cage 
induction motor, with 72 slots (^1 = 6) and a normal 60° phase-belt winding 
in the stator and 60 slots in the rotor. Eqs. (56-42) and (56-51) yield this chart. 

Stator Harmonics 1 Rotor Harmonics 


fl — ^^ 2^2 ^ 


/ 

V 

II 

o 

— 

+1 

1 

II 

+ (D 

+ ® 

+ 

62 

- 58 

- 10 

-10 

+ 

50 

- 70 

+ 14 

+ 14 

+ 

74 

- 46 

-22 

-22 

+ 

38 

- 82 

+ 26 

+ 26 

+ 

86 

- 34 

-34 

-34 

+ 

26 

- 94 

+ 38 

+ 38 

+ 

98 

- 22 

-46 

-46 

+ 

14 

-106 

+ 50 

+ 50 

+ 110 

- 10 

-58 

-58 

+ 

2 

-118 

+ 62 

+ 62 

+ 122 

+ 2 

-70 

-70 

— 

10 

-130 

+ 74 

+ 74 

+ 134 

+ 14 


The first column represents the stator harmonics. Since the stator winding 
is a 60°-phase-belt 2-layer winding it does not produce even harmonics. 
Each stator harmonic produces a series of rotor harmonics; these are the 
horizontal rows corresponding to the stator harmonics. The first vertical 
column of the rotor harmonics has the same orders as the stator harmonics 
producing them. The slot harmonics are marked by a square. These har¬ 
monics are given by Eqs. (56-43) and (56-52). The main (synchronous) waves, 
v' =p/2, are marked by a circle. 
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In the normal design of an induotion motor, only the torque produced by 
the main waves is computed. In this case all stator harmonic fluxes of the 
order v' >pl'2 are considered as leakage fluxes, and, of the rotor hslrmonics, 
only the first horizontal row produced by the currents of the frequency sfi is 
taken into account. The harmonic fluxes of the order fi'>pl2 of this row 
constitute the rotor leakage. 

It should be noted that the harmonic fluxes of the stator and the emf ^s 
induced by them in the stator winding are all in-phase, because they are 
produced by the same current. The same applies to the harmonic fluxes of the 
rotor. 

The harmonic leakage reactance of the stator winding is determined as 
follows: From Eq. (56-45), the amplitude of the flux distribution produced by 
the v'-th mmf harmonic is 


= 0 . 45^1 


^l^dvlv 3*19 j 
V ^ 


The corresponding flux distribution is 


7T V 


(57-55) 


(57-56) 


and the flux interlinkages with the stator winding due to the flux are 

(57-57) 

Since L^>=ifj^>l\l2l^, the harmonic leakage reactance of the stator winding is 

— 27 r/i -~i— ^ X 10~® ohm per phase (57-58) 

>j2li jLmmd 

V p/2 


Inserting Eqs. (57-55) to (57-57) 

= x 2.54 x 10“®^^^^——^ ohm per phase (57-59) 

v' ^ p/2 

or 

Xhi ~ 3.^ p^t ic ^ ^ 10~^ ^ ^ ohm per phase (57-60) 

1 

For the integral-slot, 2-layer, 60® phase belt winding, the summation must be 
extended over the harmonics / = 5(p/2), 7(p/2), ll(p/2) ... or v = 5, 7, 11 ... 
It is possible to derive a formula for the sum 
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through the consideration of the magnetic energy in the gap of the machine 
(Ref. A7). For the 3-phase, integral-slot, 2-layer, 60° phase belt winding, the 
sum is 

[~V~) -is 

p^l 

if If 

I2(¥)’ 


_ 77* (6g* + 1) - [3g'(e -q)+ f{{e - q)lq} + (e - g)* - |{(e - ?)*/?}] , 

_ 47* 

(57-62) 

For two-phase windings 

STfk^^vuV ^*(4g* + 2)-[(e/?) + 3c*-(€*/g)] 






(57-63) 


-I 



Throw- ^ 


Fig. 67-13.. Harmonic (differential) leakage curves for integral-slot windings. 
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The sums for w = 3 (Eqs. (57-61) and (57-62)) are represented in Pig. 57-13. 
They depend upon the number of slots per pole per phase, g, and upon the 
chording c or, what is the same, upon the coil span Wjr, In the figure WJr 
is used as abscissa and q as parameter. Since the distribution factors 
decrease with increasing g, the sums also decrease with increasing g, approxi- 
mately with the square of g. Under the influence of the coil span, the curves 
show a minimum at IT/r^^O.SO. 

57-8. Harmonic leakage of a fractional slot-winding. Consider Fig. 
56-4. The amplitude of the first mmf harmonic (n = 1, see Eq. (56-60)) which 
has the wave length 2pT is (Eq. (15-8)) 

F^ = 0A5miN'ng (57-64) 

N\ the numerator of g= N'/P, is the number of slots assigned to each phase 
in p poles. Ug is the number of series conductors per slot. The amplitude of the 
fundamental wave (v' = 1) with the wave length pr is accordingly 

Ff = 0A5miN'ngkapifli x (p/2j8) (57-65) 

p/2j3 is the ratio of the wave lengths. The amplitude of v'-th harmonic of the 
mmf is then 


= 0.45m,iVX (57-66) 

V 2p V 

From Eq, (56-14), the amplitude of the i/'-th harmonic of the flux distribution 

= 0.47ri^^. —^ X 2.54 lines/square inch 

With N'=qP and N^=qng(pj2) (iVi=number of series turns per phase), 
Eqs. (57-56) to (57-58) yield 

= X 2.54 x ohm per phase 

v^PI2 

(57-67) 

This is the same equation as that derived for the integral-slot winding (Eq. 
(57-59)). This could be expected. For the calculation of the harmonic leakage 
of an integral-slot winding, Eq. (57-60) in connection with Fig. 57-13 is used. 
In order to make the same equation, i.e., Eq. (57-60), applicable to both 
integral-slot and fractional-slot windings, Eq. (57-67) is multiplied by p^jp^ 
and V expressed in turn by Eq. (56-61) and Eq. (56-63). The harmonic leakage 
reactance then becomes 

= 3.2m ^ X 2.54 X 10-* x A (57-68) 

7>9Kc^8 
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where 

A ^ w = l, 5, 7... when j3=odd number (57-69) 

n 3 

and 



Fig. 67-14. Harmonic (differential) leakage curves for fractional-slot windings. 


The quantity A which is a function of q and 1 F/t is represented in Fig. 57-14. 
Some curves from Fig. 57-13 (for g = 2, 3, and 4) are also shown in Fig. 
57-14. For these latter curves the ordinate is equal to 
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1 

corresponding to Eq. (57-60), 


57-9. Influence of the rotor winding on the harmonic leakage react¬ 
ance of the stator winding. From Eq. (16-3) and also Fig. 16-1 which both 
refer to the main (synchronous) wave, v it is seen that the main flux is 

produced by the resultant of stator and rotor mmf’s, N 1 I 1 + N 1 I 2 =NiI^. 
For the main wave, the resultant mmf is 20 to 30 per cent (in low speed 
machines larger than this value) of the stator mmf. This is due to the arma¬ 
ture reaction of the rotor: Its current is shifted by an angle larger than 90® 
from the stator current (Fig. 18-1). The same conditions apply to the har¬ 
monic mmf’s. Consider the harmonic chart of Art. 57-6. What applies to 
the main waves v' = 2 and /i' -- 2, applies to any harmonic pair of the columns 
to which V =2 and /a' = 2 belong. For example, i/' = - 10 and /x' = - 10 pro¬ 
duce a resultant mmf which is smaller than the stator mmf of the v = - 10 
harmonic. It can be said that each rotor harmonic of the column k^ — O 
damps the stator harmonic of the same order. It will be shown in Chap. 58 
that each such pair of harmonics operate in the same manner as the main 
waves and produce a torque-slip characteristic of the same shape as that of the 
main waves. 

In the previous considerations of the harmonic leakage reactance of the 
stator, the damping of the stator harmonics by the rotor harmonics has not 
been taken into account. For example, in Eq. (57-55) JB/ is computed with the 
stator mmf F^, but not with the resultant of stator and rotor mmf’s of the 
v'-th harmonic. The damping factor (D^,) by which is to be multiplied is 
given by 





Ix+I 


2v 




or, if the stator current is referred to the secondary, 

n 

7' 

^ Iv 

Inserting from Eq. 56-78 


(1 -f T 2 /) —jr 2y'l(Sy'Xfn2v') 


(57-71) 


The absolute value of is 0.2 to 0.3 (I—0,2 to 0.3) for the main wave, 
V =pI2. It is approximately 0.5 for the 5th harmonic i/' = 5(p/2), 0.3 for the 
7th harmonic, and decreases with increasing order of the harmonic. The 
damping factor also produces a shift between the individual harmonic 
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fluxes. It is tedious to compute the harmonic leakage reactance of the stator 
taking into account the damping factors of the individual harmonics. For 
this reason Eqs. (57-60) and (57-68) which assume that the harmonic fluxes of 
the stator are proportional to I are used in the customary design. The actual 
value of may be 10 to 15 per cent lower than that computed from Eqs. 
(57-60) and (57-68). This applies to the squirrel-cage rotor. The damping of 
the stator harmonics by a wound rotor is small because of its small number 
of phases. 

Skewing reduces the rotor currents, of the higher harmonics v\ This 
reduces the damping (increases D^,) of the higher stator harmonics by the 
higher rotor harmonics, making the error in the computation with Eqs. 
(57-60) and (57-68) smaller. 

The Main Flux Reactance. The value of the main flux reactance of the 
fundamental v =p /2 which is used in KirchhofF’s equations of the polyphase 
induction motor (Eq. (17-23a)) can be derived from the previous considera¬ 
tions. If in Eq. (57-55) is introduced for is obtained. If further in 

Eqs. (57-56) and (57-57) p /2 is substituted for v and it is observed that 

Av'-p/ 2 ) Im, there results 

tI 

^ X 2.54 X 10-» ohm per phase 

(67-72) 


This equation also applies to fractional-slot windings. It can be derived 
directly from Eqs. (57-60) and (57-67) by setting v—l and /=p/ 2 , respec¬ 
tively. Eq. (57-72) refers to v' =p/ 2 . 

It follows from Eqs. (57-59), (57-67), and (57-72) for the main flux reactance 
of the v-th harmonic {k^ = 1 for harmonics) that 


= 10 -* 

/pi\V w y,. 

— ^ml( v'^pl2) I 9 ,/ i [j. ” I 

\ z V / \fCapiu'=pi2,)/ 


(57-73) 


Corresponding to Eq. (57-72) the main flux reactance of the single-phorse 
vnnding (compare Eq. (15-10) with Eq. (15-11)) 


^ml(v=p!2) — e.mN,k 

dpl( v—pI2) ) 


pgkje, 


X 2.54 X 10-* ohm 


(57-74) 


57-10. Harmonic leakage of the rotor winding with respect to the 
main wave, (a) Wound rotor. Using Eq. (56-50), it is found that the winding 
of a wound rotor with 5 ^=integer, what is normal for this rotor type, pro¬ 
duces the same harmonics as the stator winding with 9 =integer. Therefore, 
Eq. 57-60 must apply also to the wound rotor winding and the harmonic 
leakage reactance of a wound rotor with respect to v =pl2 is 
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^A2(/=p/2) — 3.2ryi2/iiVi® 


pgKk 


X 2.54 X 10 




ohm per phase 

’(57-75) 


The sum is given in Fig. 67-13 for 3>phase, 2-layer, 60® phase-belt winding. 
Eq. (67-75) and Fig. 57-13 apply to the non-skewed rotor. The influence of 
skewing is discussed under (6). Corresponding to Eq. (57-72), the main flux 
(ijl'=pI 2) reactance is 


^m2(v=^pl2) ~ l(^2^dp2(tJi'=pl2))^ 


tL 


pgkjc, 


X 2.54 X 10~® 


ohm per phase 

(67-76) 


(b) Squirrel-cage rotor. Eq. 67-75 can be applied to the squirrel-cage. In 
order to determine the harmonic leakage reactance per bar, there must be 
introduced 


m2—Q%, N2 — \ kfjip2tjt — 1 

add since the first horizontal row of the rotor harmonics 

for which 1 / = 1 is considered. 


^fi2{v=pl2) — 9-3 C 2/1 




S((i. 0 ./ 4 p) + l) 

ohm per bar (67-77) 


Again the consideration of the magnetic energy in the gap yields a simple 
expression for the sum, namely (Ref. A7) 


where 


Vf ' V= 1 

^mm^\{k^2l\p) + V ^^2{y'=pl2)^^8Hv=Pl2) 

(57-78) 



^ 8in(ip)7r/02 

(67-79) 


Fig. 57-15 shows the sum for three different values of skew. The value of the 
sum decreases rapidly with increasing number of slots per pole, For 
small angles the accuracy of the slide rule is 

not sufficient for determining the sum from Eq. (57-78). The following approx¬ 
imation holds 


l:,^0 

It is seen from this equation and also from the curves that skewing the rotor 
one rotor slot pitch doubles the harmonic leakage reactance of the rotor 
winding. 
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P^ic. 57-15. Harmonic (differential) leakage curve of a squirrel-cage winding. 


There are many factors involved in the computation of the harmonic 
leakage in addition to those mentioned, for example, the shape of the mmf 
curve (Ref. K 2 ). All foregoing considerations are based on the assumption 
that the mmf of a single coil is a rectangle (Fig. 15-3), i.e., that the mmf 
changes abruptly in the center of the slot. The actual shape is closer to a 
trapezoid. Further, it is assumed in the previous considerations that the 
influence of the slot openings on the harmonic fluxes is the same as on the 
main wave: the same permeance of the air gap, l/g^ifc^, has been used for the 
main wave and the harmonics. This is not entirely correct (see Art. 57-13). 
Furthermore, the previous considerations assume that the rotor bars are 
insulated. This is normally not the case. When the bars are not insulated 
and especially when the non-insulated bars are skewed (skewing produces a 
phase>shift of the induced emf along the bar), the stator harmonics of low 
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order produce currents which flow between the bars through the iron. 
Experience shows that about half of the theoretical value of the increase of 
the harmonic leakage due to skewing should be used, i.e., that the factor 
(/S/t 2 ,)* in Eq. (57-80) should be multiplied by 1 / 2 . The same increase of the 
harmonic leakage can be applied to the skewed wound rotor. 

It follows from Eq. (57-77) for the main flux reactance (^2 = 0 ), per bar, 


57-1 1 . Harmonic leakage of a squirrel-cage winding with respect to 
the harmonic p.'=v'. Consider the harmonic chart of Art. 67-7. The v'-th 
stator harmonic, for example, v' = -h 14, produces a horizontal row of rotor 
harmonics +14, +74, -46 ... . The rotor harmonic +14 is the 
main wave with respect to v' = +14, just as /u,' = + 2 is the main wave with 
respect to v' = + 2. It will be shown in the next chapter that any harmonic v' 
produces with the corresponding harmonic fx' of the column k 2~0 a, torque 
characteristic of the same shape as the main wave. With respect to this 
harmonic pair, all other rotor harmonics of the same horizontal row consti¬ 
tute the harmonic leakage. Using the same example, the harmonics /uc' = + 74, 
-46 ... are leakage fluxes with respect to the pair v'= +14 and /Lt'= +14. 
This is exactly the same as with the main waves: there the harmonics p 
= + 62, - 58 ... are leakage fluxes. 

The harmonic leakage reactance of the rotor with respect to the v'-th 
harmonic, per bar, is found from Eq. (57-77) by inserting into the sum 
{vl\p) for 1 , because for the v-th harmonic ix = (k 2 Q 2 lip)Up). Thus 

X 2.64 X 

(57-82) 

or 


X 2.54 x 10-» ^ { hO 4- P®’’ 

(57-83) 

Again, through the consideration of the magnetic energy of the gap, it is 
found that 


where 








(57-84) 


sin (virlQ^ 
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The quantities and as functions of and (vttIQ^) x (Sjr^,) 

(see Eq. (66-76)), respectively, are given in Fig. 57-16. 

The main flux reactance, per bar, follows from Eq. (57-82) with ifc 2 = ^- 

— 4^ ^ 2.54 X 10“® ohm per bar (57-86) 


57-12. Summary of main flux reactances and harmonic (differential) 
leakage reactances, (a) Stator windings. The main flux reactance for 
V =pI2, given by Eq. (57-72) which applies to g = integer and 

g = fractional number. The main flux reactance with respect to any harmonic 
v' is given by Eq. (57-73) which also applies to g = integer and g= fractional 
number. From Eqs. (57-59) and (57-72), the harmonic leakage reactance is 
given for g = integer by the equation 

r--piz) (—') /ohm per phase (67-87) 

The value of Sis given in Fig. 57-13. For g = fractional number, from Eqs. 
(57-68) to (67-70) and Eq. (67-72) 

ohm per phase (57-88) 

The values of A for j8 = odd number and )8 = even number are given in Fig. 
67-14. 
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(b) Rotor Windings, For the wound rotor with 9 = integer and without 
skew, the main flux reactance for v is given by Eq. (67-76). 

From this equation and Eq. (57-75), the harmonic leakage reactance with 
respect to v =p /2 is given by the equation 

ohm per phase (67-89) 

For the influence of skewing see Art. 67-10. The value of S is given in Fig. 
67-13. 

The main flux reactance of a squirrel-cage winding for i/i=p/ 2 , 
is given by Eq. (67-81). The harmonic leakage reactance with respect to 
V =p/ 2 , which is given by the first horizontal row of the harmonic chart, is 
according to Eqs. (57-77) and (57-81) 


W=pI 2) ~^m2iv--pf2) 




(KQJl\)p + 


- j ohm per bar (57-90) 


The values of S for different values of/S’/rgg are given in Fig. 57-15. The main 
flux reactance of a squirrel-cage winding with respect to any harmonic 
v>pl2y is given by Eq. (57-86). The harmonic leakage reactance of a 
squirrel-cage winding with respect to the harmonic v>p/2 is determined by 
the corresponding horizontal row of the harmonic chart and is, according 
to Eqs. 57-83, 57-84 and 57-86 


Y__.i_ 

\£ 2v ^ »kv 


ohm per bar 


(57-91) 


The values of and K^skv’ are given in Fig. 57-16. 

Reduction factors to the primary. The reduction factors of the secondary 
reactances and resistances to the primary are: 

(a) Wound rotor, with respect to the wave v =p/ 2 , 

RF = ^{ * (57-92) 

m2 \N2fCap2{fi'^pl2)/ 

(b) Squirrel-cage rotor, with respect to the wave v =pl'‘^, 


Jfjp_ 4Wi(i\rifc dpl(.-.p/2)) * 
sHv^pm 

and squirrel-cage rotor with respect to any wave v 


(57-93) 


(57-94) 


57-13. Influence of the slot openings (Ref. K2). The previous considera¬ 
tions are based on the assumption that the slot openings reduce all harmonics, 
stator as well as rotor harmonics, in the ratio l/ic, where kc^kd x^k^- For 
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example, Eq. 56-14 has been derived from Eq. 56-11 by multiplying the mmf 
by the factor 0A7T[3,l9l{gkcks)], gk^ represents the average gap. Considering the 
stcUor, the variation of the gap, due to the slot-openings above and below the 
average value, can be represented in the form 


1 

g 




(57-95) 


This equation assumes, as before, a fundamental with the wave length 
equal to 2pT {n is assigned to p/r). With respect to this fundamental, 
the stator slot openings represent harmonics of the order 2Qy .... Intro¬ 
ducing Eq. 57-95 into Eq. 56-45 which applies to integral as well as to 
fractional-slot windings, Eq. 56-44 yields 


r ^ 1 XT I 3.19 ^ \ 

b,- = 0.45mi sm " ^2 t ’"j 


(57-96) 


D^. is the damping factor of the v'-th harmonic (see Art. 57-8). With the 
abbreviation 


1 3 19 

0.45mi -7 N^kapi,^ /i = A, 

^ g^c 


(57-97) 






or 


+ A,D, ^ {^ - (- A«. + .') ^ *.} 


A=1 ,2,3,... 


(57-98) 


The first term is identical with Eq. 56-44. The second term is the result of 
the variation of the gap above and below the average value, produced by the 
slot openings. It represents a series of pairs of traveling waves with the 
orders 

- AGi + 1 /' and = -\-XQ, + v\ (57-99) 

Their respective velocities with respect to the stator are (see Art. 56-1) 
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= 


pl2 


- XQi TT 


T 

— a» 


and 




y /2 T 

+ AQi -hy n 


A = l, 2, 3 ... 

, (57-100) 


These slot‘opening waves will influence the magnitude of those 6/ harmonics 
with respect to which they are at standstill. These are the stator slot- 
harmonics. To each stator harmonic there corresponds a series of slot¬ 
opening waves. Consider the orders and the velocities of the slot-opening 
waves which correspond to the main wave v —pj^. The orders are (Eq. 57-99) 


^'so=-XQ,+pl2 and v\,= +XQ,+pl2 A = l,2, 3... (57-101) 


and the velocities with respect to the stator are (Eq. 57-100) 


pI2 t pI2 t 

^ XA -A = l,2, 3... 

-AQi-hp/2 7r +XQi-hpl2 7T 

(57-102) 

The orders of the slot harmonics of the stator are (Eq. 56-43) 

-cQ,+pI2 and /,,==-hcQi+p/2 c = l,2, 3... (57-103) 

and their velocities with respect to the stator are (Eqs. 56-46 and 56-47) 

p/2 T , p/2 T , ^ « 

^and -- a> c = 1, 2, 3 ... 

-C^iH-p/2 7r -hcCl-hp/2 7r 

(57-104) 


Comparing Eqs, 57-101 and 57-102 with Eqs. 57-103 and 57-104, it is seen 
that the slot-opening waves of first order (A = 1) are at standstill with respect 
to the slot-harmonics of first-order (c = l), that the slot-opening waves of 
second order (A = 2) are at standstill with respect to the slot-harmonics of 
second order (c = 2), and so forth. Normally, only A = 1 and A = 2 of the slot¬ 
opening waves which correspond to the main wave (v =pl2) have to be 
considered. 

The damping factor of the main wave is (Art. 57-8). It 

follows from Eq. 57-98 for the slot-opening waves which correspond to the 
main wave v'=p/2 (Eq. 57-101) 


b,o sin l^orf - (T \Q, +Pl2) - 9^™] (57-105) 

where the terminal voltage Vi is used as the reference phasor for the current 
Im- 

For thcL slot harmonics (Eq. 57-103), Z)„ ^^1 and from Eqs. 56-45 and 
57-97 


sin 


(67-106) 


where again the terminal voltage Fj is used as reference for the current /,. 
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The slot*opening waves (Eq. 57-105) and the slot-harmonics b^i (Eq. 
57-106) which for equal values of A and c are at standstill with respect to 
each other, are out of phase by the angle The magnitude of the 

harmonics is important either at large slip, where the parasitic torques occur 
(see Chap. 58) or at the rated slip, where the magnetic noise occurs (see 
Chap. 59). At large slips the magnetizing current is small and the influence 
of the slot-openings can be neglected. At the rated slip the angle 99 ^ - <p^ is 
about 65° and it can be assumed, with satisfactory accuracy with respect to 
the noise level, that the amplitudes of aJ^d b^i add up under 90°. Thus, 

(57-107) 


The amplitudes £,0 and are given by Eqs. 57-105, 57-106, and 57-97. 
The value of for A = 1 and 2 is given at the end of this article. 

The influence of the stator slot-openings has not been investigated till now 
and it has been found that the slot-opening waves which correspond to the 
main wave v =p /2 increase the stator slot-harmonics (Eq. 57-107). With the 
same consideratioqs as before, i.e., introducing instead of into Eq. 
57-95, it will be found that the slot-openings of the rotor produce waves which 
increase the rotor slot-harmonics. From Eqs. 56-33, 56-60, 56-51, 56-54, 
and 56-55 


where 


and 


b,. = s... .in [{ 1 + (1 -,)}»/ V ”] 

(57-108) 

yj - v' =:k 2 'in 2 (p 12) for the wound rotor 
- V =:k 2 Q 2 for the squin*el-cage rotor 

(57-109) 

(57-110) 

= 0 . 45 m 2 ~ N 2 kdp 2 n' f 2 / wound rotor 

(57-111) 

Q 1 3 19 

B^' = 0.45^ -7 Zg/ squirrel-cage rotor 

2 fx gKf.k^ 

(57-112) 


kg = l for the harmonics. The current Zg/ is given by Eq. 56-78. For the slot- 
harmonics, the quantity can be neglected. 

Then 

= (57-113) 


1 +T, 




In this equation Zg/ appears to be in-phase with Z^ (see Eqs. 56-77 and 
56-77a). Since lags Zj by the angle (Eq. 56-80), this angle must be 
introduced into Eq. 57-108. 

Thus 
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for the wound rotor and 


b,. = 5^. sin + ^* (1 - 8)j ^ - y,,] (67-116) 

for the squirrel-cage rotor. In these equations is in-phase with and the 
angle 9 ?^ is introduced for the same reason as before (Eq. 57-106). Since the 
slot-harmonics are under consideration, for /x' the quantity 

M»i'= tcQ*+2)/2 

has to be introduced in Eqs. 57-111, 57-112, 67-114 and 57-115. With 
^ 2 / neglected, (Eq. 56-80). 

The amplitude of the slot-opening waves which corresponds to the main 
wave is given by the same factors as in the previous consideration, namely, by 
(^a/ 2). is different from that of the stator. With this amp¬ 
litude, there follows from Eqs. 57-108 to 57-110 

= ^(/=p/ 2 ) ^ I sin j^{l + - 8)}wt - ( t ^Qt+Pl^)^^ - T*™] 

(67-116) 

for the wound rotor and 


6 .. = ^ I sin |^|l + (1 - «)} T +p/ 2 )^ 

(57-117) 

for the squirrel-cage rotor. The angle is approximately equal to 

65° so that again with satisfactory accuracy with respect to the noise level 


(57-118) 

is given by Eq. 57-116 or 57-117. B^i is given by Eq. 57-111 for the 
wound rotor and by Eq. 57-1 12 for the squirrel-cage rotor with 

fi'=fir=TcQ^-^pl2. 


The magnitude of depends upon the ratio of slot-opening and slot-pitch 
and upon the ratio of slot-opening and gap. There is (Ref. K2) 


€1 — 

€2 = ^(A-^2)S^c- 


(57-119) 


8 , determined by the method of conformal mapping, gives the depth of the 
flux ripple. i(A:.i) and i(A= 2 ) w®re determined by resolving the flux ripple 
into a Fourier series, ic = ^ci ^c 2 is the Carter factor. Fig. 57-17 shows 8 as 
a function of the ratio of slot-opening and air gap (fto/fl^)* Fig. 67-18 shows 
A;(a=i) and as a function of slot-opening and slot-pitch {bjrg). 

















Chapter 58 


PARASITIC TORQUES OF THE 
POLYPHASE INDUCTION MOTOR 


58-1. Parasitic tangential forces and parasitic torques. It was ex^ 
plained in Art. l-2d, that the magnetic field in conjunction with current- 
carrying conductors produces tangential forces and torques. Resolving the 
magnetic field of the induction motor into a Fourier series, only the main 
(synchronous) wave will produce the useful tangential force and torque 
while the harmonics ^vill proditce parasitic tangential forces and parasitic 
torques. It has been shown in Chap. 24 that these parasitic torques may cause 
considerable distortion of the speed-torque curve produced by the main wave. 

In the induction motor, the rotor is not connected to the line. The main 
(synchronous) mmf wave of the stator produces an mmf wave in the rotor 
which has the same number of poles as the stator wave and which is at stand¬ 
still with respect to the stator wave at any speed of the rotor (see Chap. 17). 
This produces the useful torque of the motor. A torque of this kind is called 
an asynchronous torque. 

In the synchronous machine, the stator as well as the rotor are connected 
to sources of current. As in the induction motor, both machine parts must 
have the same number of poles in order for a uniform useful torque to be 
produced by the machine. However, due to the fact that both machine parts 
are connected to different sources of power, a uniform torque is possible only 
at a single speed of the rotor. A torque produced in this manner is called a 
synchronous torque. 

The harmonics produce asynchronous as well as synchronous torques in the 
induction motor. An asynchronous torque will occur when a stator harmonic 
produces a rotor harmonic of the same order, i.e., of the same number of 
poles as the stator harmonic, and which is at standstill with respect to the 
stator harmonic at all rotor speeds. A synchronous torque will occur when a 
stator harmonic v „ produces a rotor harmonic which has the same order 
as another stator harmonic v\ (i.e., = ±^\)y a^nd which at a single rotor 

speed is at standstill with respect to this second harmonic v\. v a is the source 
of excitation of the rotor, v\ the source of power of the stator. If the harmonic 
is at standstill with respect to the harmonic v\ when the motor speed is 
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zero (n = 0,5 = 1) the synchronous torque is called a locking torque or dead 
point, 

(a) It can be seen from the harmonic chart in Art. 57-7 that the rotor 
harmonics which correspond to ^2 = 0, i.e., the first column of the rotor 
harmonics, have the same orders as the stator harmonics producing them. If 
these rotor harmonics are at standstill with regard to the stator harmonics 
producing them at any value of s, the torques produced by the ^ 2 ==^ rotor 
harmonics are asynchronous torques. Consider the v'^-th stator harmonic, 
and the Pa-th rotor harmonic produced the i/'^-th stator harmonic (pa = Va)> 
The speed of the v\-th stator harmonic with respect to the stator is Eq. 
56-46 


V 


Iv' 


a 


PI2 

a 


The speed of the pa-th rotor harmonic with respect to the stator is (Eq. 56-56) 


V 







In order that = the condition to be satisfied is 

(68-1) 

and since = this equation is satisfied for all values of s. Thus the first 
column of the rotor harmonics, i.e., the column which corresponds to k^ — ^, 
produces asynchronous torques. 

(6) In order that a synchronous torque occur, there must be 


a' = ±v\ and V,,, =v^ . 


From Eq. 56-56 again 


and from Eq. (56-46) 


PI2 


When p'a= +/», the condition is satisfied when 


1 = 1 + 


H-'a - Vg 
pl2 


(1-a) 


or 


P'a - v'a 

p/2 


(l-«) = 0. 


(68-2) 


Since k^O, Hence a synchronous torque will occur at p.'a= 

only when 5 = 1. Therefore, if a stator harmonic Va produces a rotor har- 
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monic and there exists another stator harmonic v'i,= +/x'a, the 

harmonics /!'„ and v\ will produce a synchronous torque at standstill, i.e., a 
locking torque. 

(c) When /*'„= -v\, the condition is satisfied when 

= (68-3) 

PI2 

Since a synchronous torque will occur at - vt only when 


5 = 1 f -7 


P 


(58-4) 


a 

Introducing the speed n instead of the slip and also Eq. 56-57, there results 

240/*, 

n = - ^-"— for the wound rotor, 

f^2a^2P 

(58-5) 


n= - 


120 /, 

^2aQ2 


for the squirrel-cage rotor 


Thus, if a stator harmonic v\ produces a rotor harmonic there 

exists another stator harmonic -pa, the harmonics /x'„ and v'l, will 
produce a synchronous torque at the fixed speed given by Eq. (58-5). If the 
harmonic /x'„ corresponds to a negative fcga* synchronous cusp will occur 
at positive n(s<l); if the harmonic /x'« corresponds to a positive k 2 a, the 
synchronous cusp will occur at a negative w(5>l). 

The asynchronous parasitic torques have a torque-slip characteristic of 
the same shape as that of the main wave (Fig. 24-1). The pull-out torque 
occurs at a slip different from that of the main wave. The asynchronous 
parasitic torques appear as dips in the torque-slip characteristic of the motor; 
the synchronous parasitic torques appear as cusps (Fig. 24-2). The dips and 
cusps occur at high slips. Consider the harmonic chart of Art. 57-7. As 
stated under (a) the first column of the rotor harmonics, i.e., all harmonics 
obtained for k 2 = 0, will produce asynchronous torques with the corresponding 
stator harmonics. The main wave v'a = -h 2 produces the rotor slot harmonic 
Pa = -58 and another stator harmonic exists which has the same order as 
Pa, namely, v\ = -58. Since v\ and pa have the same signs, they will 
produce a synchronous torque at standstill, i.e., a locking torque. The 
harmonic chart shows many combinations which will give locking 
torques. Thus the slot combination 72/60 in a 4-pole machine should be 
avoided. 

The slot combinations 72/58 and 72/56 in the same 4-pole machine yield 
the harmonic charts following: 
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Stator 

harmonic 



^* = 58 



<?* = 66 


s 

o 

ii 

/!:,= +1 

*,= -1 

II 

o 

Ajg = +1 

-1 









v'= +2 


+ 2 

+ 60 

-56| 

+ 2 

+ 58 

-54 

-10 


-10 

+ 48 

-68 

-10 

+ 46 

-66 

-hl4 


+ 14 

+ 72 

-44 

+ 14 

+ 70 

-42 

-22 


-22 

+ 36 

-80 

-22 

+ 34 

-78 

+ 26 


+ 26 

+ 84 

-32 

+ 26 

+ 82 

-30 

-34 


-34 

+ 24 

-92 

-34 

+ 22 

-90 

+ 38 


+ 38 

+ 96 

-20 

+ 38 

+ 94 

-18 

-46 


-46 

+ 12 

-104 

-46 

+ 10 

-102 

+ 50 


+ 50 

+ 108 

-8 

+ 50 

+ 106 

-6 

-58 


-58 

0 

-116 

-58 

-2 

-114 

+ 62 


+ 62 

+ 120 

+ 4 

+ 62 

+ 118 

+ 6 

1 -70 


-70 

-12 

-128 

-70 

-14 

-126 

1 +74 


+ 74 

+ 132 

+ 16 

+ 74 

+ 130 

4 18 


Since ^ 2=0 yields rotor harmonics of the same order as the stator harmonics for 
any slot combination, the asynchronous torques cannot be avoided. The slot 
combination 72/58 does not show any kind of synchronous torques, while the slot 
combination 72/56 shows synchronous torques during braking («> 1). For example, 
the main wave v'^— +2 produces the rotor slot harmonic = + 58 with Argo = + 1* 
The latter harmonic will produce a synchronous torque with the stator harmonic 
-58. Since -p'b tl^is torque, with /j = 60, will occur at the speed (Eq. 
58-5) 


120 X 60 

( + I)x56 


128.5 rpm 


The slot-combination 72/64 in a 4-pole machine produces synchronous cusps at 
s<L 


The three harmonic charts all refer to the squirrel-cage rotor. The parasitic 
torques are of importance only for this rotor type. -The wound rotor motor 
can be started with its pull-out torque and is able to overcome the detrimental 
effect of the parasitic torques. 

It is seen that the synchronous parasitic torques can be avoided entirely 
by a proper slot-combination. The asynchronous parasitic torques cannot be 
avoided but they can be reduced. They are produced mainly by the har¬ 
monics of low order (in integral-slot windings by the 5th and 7th harmonics, 
i.e., by v—6(pl2) and v' = 7(p/2) and by the slot harmonics. The magnitude 
of the harmonics of low order can be reduced by a proper coil span (W/r) and 
the influence df the slot harmonics can be reduced by skewing. 

When, for manufacturing reasons, the slot combination cannot be chosen 
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in such a manner that the synchronous parasitic torques are avoided, skewing 
will reduce the magnitude of the torques. 


58-2. The asynchronous parasitic torques (dips in the torque-slip 
characteristic). The torque produced by the main wave has been found 
to be (Eq. 19-8a) 




(.''=p/2) 


7.04 

n. 




-p!2) 


r a(v-^p/2) 


— Q p 


Pf2) 


Ib-ft. 


(58-6) 


The squirrel-cage rotor does not distinguish between the main wave and the 
harmonics. Therefore, Eq. 58-6 must also apply to the harmonic torques, 
if V is substituted for v =p/2, is substituted for s, and for n,. Thus 


7 04 r , 

— Ib-ft. 




(58-7) 


The fundamental wave (v' = l) has the synchronous speed = 120/i/2. 

Therefore, = 120/i/y'. ^ 2 »«' is given by Eq. 56-78. Introducing these 
equations and co = 27r/i into Eq. 58-7, there results 


(58-8) 


is given by Eq. 56-77a. It is proportional to /j. is given by Eq. 
56-87. 

In order to find the maximum torque (pull-out torque) produced by the 
i/'-th harmonic, Eq. 58-8 must be differentiated with respect to . /'j/ is a 
complicated function of 5^. However, since the parasitic torques occur at 
high slips and the primary current changes little at high slips (see Fig. 20-2), 
it can be assumed for the differentiation that is a constant. This yields 
the slip at which T^ niax occurs, i.e., the pull-out slip of the /-th harmonic as 


.„.o. w 


and the maximum asynchronous torque 


(58-9) 


7’v.n«x=0.369'^(?,-^/'V Ib-ft. (68-10) 

8^, is the slip of the rotor with respect to the v'-th harmonic. Using Eq. 
56-48, s^. can be replaced by 5, the slip of the rotor with respect to the main 
wave. This yields for the slip of the rotor with respect to the main wave at 
which occurs as 

( WthP) “ rg, . 


V'.p.o. 


( 68 - 11 ) 
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When can be neglected in comparison with the first term of the numer¬ 
ator, 


Thus the 5th harmonic (i;'= -5p/2) has its pull-out slip at Sf^l.2 (in the 
range of operation as a brake) and the 7th harmonic {v = -f 7p/2) has its 
pull-out slip at 5?^0.86. 

Figs. 58-1 and 68-2 show examples of asynchronous parasitic torques. 
Fig. 58-1 represents the results of tests on a 2-8peed, 150-hp, S-phase, 60- 



Fio. 58-1. Speed-torque curve of a 2-8peed 150-hp S-phase 60-cycle squirrel-cage 
motor for 4 and 6 poles. Slot combination 72/87. The torque-speed curve applies to the 

4-pole connection. 



Fig. 58-2. Speed-torque curve of a S-phase 
1.5-hp 4-pole 50-cycle squirrel-cage motor. 
24 slots in the stator, 33 slots in the rotor. 
Rotor not skewed. 
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cycle squirrel'Cage motor with two windings for four and six poles. Slot 
combination 72/87. The two windings are placed in alternate slots, each 
winding having 36 coils. The torque-speed curve applies to the 4-pole 
winding. As can be seen, the motor develops a negative torque at about 
265 rpm and is not able to start with the 4-pole connection. Fig. 58~2 repre¬ 
sents the test results of a 1.5 hp, 3-phase, 4-pole, 50-cycle squirrel-cage 
motor. The stator winding is full-pitch, the rotor is not skewed. Slot com¬ 
bination 24/33. 


58-3. The synchronous parasitic torques (cusps in the torque-slip 
characteristic). The magnitude of these torques will be determined by 
means of the law of the force on a current carrying conductor in a magnetic 
field (Biot-Savart’s law). According to this law, the force on a single con¬ 
ductor is (see Eq. l~28a) 

= 8.85 X 10-«Bi/ sin a lb. (58-13) 

In the production of a synchronous torque, the exciter is a harmonic 
of the stator. This harmonic produces a rotor harmonic which together 
with another stator harmonic of the order v\ = ± ix\ causes tangential forces 
and torque. In accordance with this, in Eq. 58-13 the fiux distribution of the 
/I'tt-th rotor harmonic has to be substituted for B and the ampere-conductor 
distribution of the v'^-th stator harmonic for 7. 

When the rotor is not skewed, sin a = 1. When the rotor is skewed, sin a 
is equal to if(see Art. 56-6). 

In order to find the total tangential force, an integration over the total 
circumference of the armature, pr, is necessary. The total force times the 
armature radius pT/27r yields the torque. Thus, 

T,y = 0.369 X 10-* dx^ Ib-ft. (68-14) 


o,., is the ampere-conductor distribution of the v'^-th stator harmonic. 
According to Eq. 67-107 and Eqs. 67-104, 56-78 and 66-77a 


K. =-B.-. ™ [{> + ^’ (1 - ^ 7 ’+*-.] 

D _Q.i5 ^ 


G = 


".C 


v/rV.+«V.(l +Ta,..)*a:*«2v'. 


(58-16) 

(58-16) 

(68-17) 


As has been explained in Art. 66-7, the introduction of the angle into 
the equation of is necessary, if 5^,, is expressed in terms of the primary 
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current /j, because is proportional to and I lags by the angle 
= where 


tan OL^,^- 




(58-18) 


It is not necessary to introduce in Eq. 58-15 the angle <f>y, i.e., to fix the 
primary current with respect to the primary voltage, as has been done in 
Eq. 57-107. On the other hand, Eq. 58-15 is not general enough for the 
computation of synchronous torques. The magnitude of a synchronous torque 
depends upon the relative position of stator and rotor mmf’s. The basis for 
Eq. 58-15 which is expressed in t and is Eq. 56-33 and this latter equation 
has been derived under the limiting assumption that at ^ = 0, X 2 = Xi (see Art. 
56-2, Fig. 56-2). This assumption which fixes the position of the rotor with 
respect to the stator must be dropped and Eq. 58-15 generalized. For this 
purpose it will be assumed that, at ^ = 0, the system of rotor co-ordinates is 
shifted with respect to the system of stator co-ordinates by an unspecified arc 
x '2 in the direction opposite to that of rotation. Corresponding to this arc for 
the fi'a-th harmonic is angle fji\ I^KpI^)] which must be introduced with 
positive sign into Eq. 58-15. This follows from Eq. 56-32 in which Xg be¬ 
comes equal to Xg - vji - x'g (see also Fig. 56-2). 

Since the rotor is shifted in negative direction, the current which the 
harmonic v'a induces in the rotor will be advanced by the time angle 


"(W2)r 


This angle must be introduced in Eq. 58-15 with negative sign. Thus, Eq. 
58-15 becomes 


: sin N 1 + 


[{■ 


Jf2 


( 1 - 8 ) 


, , , V 


(W2)’ 


■a; ,+ 


•Av-.J 

(58-19) 


The value of B^,^ is not influenced by the shift of the rotor. 

It remains to determine the ampere-conductor distribution of the 
i/'b’th harmonic, in order to be able to evaluate the integral of Eq. 58-14. 

The following rule applies to any kind of winding, in order to obtain its 
mmf-curve: First determine the currents of the different winding groups, 
then superimpose the currents of the winding groups and obtain the ampere¬ 
conductor distribution of the winding; finally, integrate the ampere-conductor 
distribution. This yields the mmf-curve of the winding. (See Chap. 15, Figs. 
15-7 and 15-8.) 

It follows from the foregoing that the mmf-curve is the integral curve of the 
ampere-coriductor curve, i.e., 



(58-20) 
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Conversely, the ampere-conductor curve can be obtained by differentiation 
of the mmf-curve. From Eqs. 66-11 and 66-12 . . 


Therefore, 



(58-21) 

F,.=0A5mi{llv)N^kt„,,I^ 

(58-22) 

a,.=-A,^COB{od-^^n'j 

(58-23) 


If the stator slots are skewed with respect to the rotor slots (Art. 66 - 6 ), the 
right side of the last equation must be multiplied by Thus, in general, 

A,^ = (58-24) 

With Eqs. 68-19 and 68-23 and the abbreviations 


~ = a , [2 + ( 1 - «)] + (M'a - /„)^= 81 

-f (ft a “;jr = 82 

Eq. 68-14 for the synchronous torque becomes 

^ f sin [81 - (ft'„ -f- v\)doL-C ( sin [82 - (/x'a - /*,)]da 
Jo Jo 


(68-26) 


(68-26) 

(68-27) 


When i.e., the synchronous torque occurs at 8=1, the first 

integral of Eq. 68-26 becomes equal to 0 and the second integral becomes 
equal to 27r sin 82 . Thus 

=2irC sin 82 (68-28) 

When tJL'a=-v\, i.e., the synchronous torque occurs at s=l +{plk 2 aQ 2 ) 
(Eq. 68-4), the first integral becomes equal to 27r sin 81 and the second 
integral to 0 . Therefore, 

^,v( . 9 ^ 1 ) = 27r (7 sin 81 (68-29) 

Introducing into Eq. 68-28 the value of 82 with 5 = 1 from Eq. 68-26, the 
value of ft'o - Va from Eq. 66-61, and the value of from Eq. 66-80 
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Introducing into Eq. 58-29 the value of with 5 = 1+ (pjk^aQt) froin EQ- 
58-25 and the values of - Va and from the same equations as before, 
the same equation is obtained for as for Thus, in general, 

T,^ = 2nC sin 

As could be expected, the synchronous torque is independent of the time and 
depends upon the relative position of stator and rotor mmf’s (upon the 
magnitude of x\). The maximum value of the synchronous torque is 

Ts^,n^^=27rC (58-31) 

The value of C is given by Eq. 58-27, the value of by Eqs. 58-16 and 
58-17, and the value of by Eq. 68-24. If in Eq. 58-17 r\,^ can be 
neglected against 5*^.,(1 + value of O becomes 

Q^ - (68—32) 

For harmonics of high order, the slot and end*winding leakage reactances 
may become small in comparison with the harmonic leakage reactance. Then 




(58-33) 


This latter ratio follows from Eqs. 57-83, 57-84, and 57-86 as 


and 


^ 2hv'm — ^ 1 (58-34) 

S nkp'fi 

(58-35) 


The equation for asynchronous parasitic torques was derived in Art. 58-2 



s -1 « *0 


Fig. 58-3. Speed-torque curve of the 
same motor as in Fig. 58-2. High syn¬ 
chronous cusp (locking torque) at 
standstill. Qj =36; =24. 


from the power of the rotating field. 
It can also be derived from Eq. 58-14 
and the following equations, 
fjL\ = v\ = i/\ = v\ and the value of 
is introduced from Eq. 56-80. 

Figs. 58-3 to 58-5 represent test 
results on a 1.5 hp, 3-phase, 4-pole, 50- 
cycle induction motor with squirrel- 
cage rotor. The stator winding is 
full-pitch. The rotor is not skewed. 
The slot-combination of Fig. 58-3 is 
36/24; it produces a synchronous cusp at 
standstill. The slot-combination of Fig. 
58-4 is 36/28; it produces a synchronous 
cusp at s<l. The slot combination of 


Fig. 58-5 is 48/44; at «>1 it produces a very large cusp making the re¬ 
sultant torque negative. 
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Fig. 58-4. Speed-torque curve of the same motor as in Fig. 58-2. 

Slot combination 36/28. Large synchronous cusp at «< 1. 

Influence of'Skewing. It should be pointed out again (see Art. 57-lOb) that 
skewing is fully effective only when the bars are insulated. When the bars are 
not insulated, the skewing is not fully effective and the asynchronous and 
synchronous torques due to the slot harmonics are not entirely avoided. A 
skewed rotor with insulated bars shows a smoother torque-speed character¬ 
istic than one with non-insulated bars. 

When the bars are not insulated, and especially when they are skewed 
currents flow between the bars (see Art. 57-lOb) which produce additional 
losses. These losses can be reduced to about i of a per cent of the output by 
proper chording of the stator winding (Ref. Mila). 



Fig. 58-5. Speed-torque curve of the 
same motor as in Fig. 58-2. Slot combina¬ 
tion 48/44. Synchronous cusp at «> 1. 



Chapter 59 


RADIAL FORCES, VIBRATION, AND MAGNETIC 
NOISE IN POLYPHASE INDUCTION MOTORS 


59-1. General considerations. The driving force of the electrical machine 
is a tangential force produced by the main flux wave and the main wave of 
the ampere-conductor distribution. The flux harmonics and the ampere¬ 
conductor distribution harmonics produce parasitic tangential forces which 
distort the torque-speed curve. There are other parasitic forces present in the 
electric machine, namely parasitic radial forces, which under certain circum¬ 
stances may produce undesirable mechanical vibration and noise (Ref. 
M13 to 18). 

If the induction at a fixed point in the air-gap is b lines per square inch, the 
radial force at this point is equal to 

/, = 1.38562 X 10-» lb-in.2 (59-1) 

The induction 6 is the sum of all stator and rotc»r harmonics. Hence 6* is the 
sum of the squares of all stator and rotor harmonics, plus twice the product of 
each stator harmonic with each other stator harmonic, of each rotor harmonic 
with each other rotor harmonic, and of each stator harmonic with each rotor 
harmonic. 

Let n' and m' be the orders of any two harmonic fluxes the general equa¬ 
tions of which are given as 


b„. = B„.am j 


(59-2) 

b^. = B„.ain 


(69-3) 


According to Eq. (59-1), the radial force produced by these two harmonics is 
/, = const X |^cos|(iu„, - - {n' - m') a:i| 


'{ 


- COS ^ (a>„, + w^,)t - {n' + m') 

540 


iPl^) 


-.-a 


(69-4) 
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i.e., the radial force produced by any two harmonic fhuees consists of two traveling 
force waves. Comparing Eq. 59-4 with Eq. 56-44, it is seen that one of the two 
force waves has the angular velocity (cun, - and the order, with respect to 
a 2-pole fundamental, (n' - m'); the other force wave has the angular velocity 
+ and the order, with respect to the same fundamental, (n' -f-m'). 

Consider Eq. 56-46 which determines the velocity of propagation of the 
wave given by Eq. 56-44. Writing Eq. 56-46 in the form 



the quantity in the parenthesis is the wave length of the harmonic v{r^>) 
and a>/27r is the number of wave lengths the harmonic travels per second. In 
the case of the traveling force waves, (w^ - w^,)j2TT and (a>n.+a>„i,)/27r are 
the numbers of force-wave lengths the two force waves travel per second. 
Since the force waves produce vibrations of the stator, - a}^,)l27r and 
+ a>„i.)/27r are called the frequencies of the vibrations (in accordance with 
aj/27r=frequery5y in Eq. 56-44). 

(n' - m') and (n' + m') are the numbers of the force pole pairs with respect 
to the two-pole fundamental. 

The symbol p' will be used for the number of force pole pairs. In Eq. 59-4, 
there are two values of p\ namely, p* ^n* - m* and p' -f m'. As has been 
shown previously, the harmonics of stator and rotor may have positive as 
well as negative signs. Therefore, it depends upon the signs of n' and m\ 
which of the two waves has the smaller and which has the larger number of 
force pole pairs (the smaller or the larger p'). 

The larger the value of p\ the shorter is the wave length for a given 
armature diameter. In general, the stator is stifFer to short-wave distortion 
(p' large) than to long-wave distortion {p' small). Therefore smaM values of 
p' are to be avoided. However, vibration and noise depend not only on the 
value of p' but also on the mechanical construction and the dimensions of the 
machine and on the number of poles of the machine, which latter factor 
determines the depth of the stator core. In a small machine, a value of 
p' = 6 may be satisfactory. In large machines with fabricated frames, a value 
of p' as high as 20 may not be permissible. The fabricated frame behaves like 
a membrane with many natural frequencies. A cast-iron frame is less sensitive 
to vibration than a fabricated frame. 

Fig. 59-1 shows the distortion of the stator core which corresponds to 
p'=0, 1,2, and 3. It follows from Eq. 59-4 that, when p' = 0 (n'-m' = 0 
or n' -hm' = 0), the corresponding force is not a traveling wave but a station¬ 
ary pulsating wave. The stationary force makes the stator diameter all 
around the machine smaller and larger. This case is seldom disturbing and 
then only in large machines. The distortion shown in Fig. 59-1 for p'>0 
travels around the machine with the force wave and produces vibrations 
from which magnetic noise may result. It is seen from this that the frequency 



542 


A-C MACHINES 



Fig. 59-1. Distortion of stator core for different numbers of force-pole pairs. 


of vibration is the frequency of the distortion experienced at a fixed point of 
the stator. 

Eq. 59-4 has been derived for any two harmonic fluxes. It, therefore, 
applies to any two stator harmonic fluxes, to any two rotor harmonic fluxes, 
and to any combination of a stator harmonic flux with a rotor harmonic flux. 
These three cases will be considered in turn with respect to the number of 
force pole pairs (p*) and the frequency of vibration. 

(a) Stator harmonica only. This case is obtained from Eq. 69-4 with 
= cu = 27r/i and n' a and = v\. Thus 


P =v „-V|, 


/'- = 0 


(59-5) 


p'=v\ + v\ /'+ = 2/i 

/' is the frequency of vibration. /'_ and f \ are the frequencies of vibration 
corresponding to the difference and the sum of v\ and respectively. It is 
seen from Eq. 59-4 that/' = 0 means a standing wave which does not produce 
vibrations. 

Also, a single traveling flux wave of the stator produces a force wave. This 
case is obtained from Eq. 59-5 with v\ = v\ = v\ Therefore, each traveling 
flux w^ave of the stator produces a force wave with 


p' = 2v' /' = 2/i (59-6) 

This applies also to the main flux wave. 

Eqs. 59-5 and 59-6 show that stator flux harmonics alone produce force 
waves of double line frequency. These force waves are seldom disturbing 
with respect to magnetic noise. 

(b) Botor harmonics only. This case is obtained from Eq. 59-4 with 
n'—ji'ay m' and Eq. 56-33 


(/^' g - y a) - - v\) 

pl2 


{1-S)2nf, 






- V 


t) + {Pb-v\) 


PI2 


(1 
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Thus 


' f 

P 


f, _ (/a 

f -fn I (^'a - O + (M 



Inserting Eqs. 56-50 and 56-51 


P' =p'a - P'b /'- = (*2« - Kb)m2(\ - «)/, 

P — P P b /+~[2 + (^2o + ^2b)'^i( ^ ~ ^)]/l 

for the wound rotor and 


■Pa-Pb /'- = (*2o - *21.) ^ ^ 


P =Pa-Pb 


f\ = [2+(k,, + k,,)^{l-S)y, 


(69-7) 


(59-8) 


(69-9) 


for the squirrel-cage rotor. fji\, and k^i, in Eqs. 59-8 and 59-9 can be 
positive as well as negative. 

For the squirrel-cage rotor, k^= ±\ yields the largest amplitude for the 
rotor flux harmonic. For this rotor, from Eq. 59-9 with k 2 a= ±1 and k^i,— ±1 


/'_ = 0 /', = 1^1 ± ^ (1 - S)J 2/, (59-10) 

when k^a and fcjb have the same sign and 

/'-=^(l-«)2/i /'+=2/, (59-11) 

when k^a and k^i^ have different signs. 

For a single rotor harmonic, — k^a — k^^ — k^ and from Eqs. 

59-8 and 59-9 

The quantity 


is called slot frequency. 

It is seen from Eqs. 59-10 to 59-12 that flux harmonics of the squirrel-cage 
rotor produce vibrations either of double line frequency or of approximately 


/V = [l+A:,m,(l-s)]2/, 


(59-12) 


Qn,_Qfi 

60 pI2 


(69-13) 
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double slot frequency. They are normally not disturbing with respect to 
magnetic noise. 

(c) CcmhinaJticma of stator and rotor harmonics. The disturbing magnetic 
noise in induction motors is produced by combinations of stator and rotor 
flux harmonics. For these combinations, in Eq. 59~4 n' = v\ and m'=fjL\. 
is produced by a stator harmonic v'a. Eqs. 59-4, 56-13, and 56-33 yield 


/ / 

/'+ = [2 + (1 - «)]/l 

Inserting the value of /x'„ -v'a from Eqs. 56-60 and 56-51, 
p' = 1 - s)fi 

p'=Pt+fla /'+ = [2 + *2a»«2(l -«)]/l 
for the wound rotor and for the squirrel-cage rotor 

P' = p\-p'a r- = ha^{l-S)f, 

P' f\ = [2 + *:2a|| (1 - «)]/. 


(59-14) 


(59-15) 


(59-16) 


It is seen from the Eqs. 59-15 and 59-16 that the frequency of the vibration 
produced by a stator flux harmonic in combination with a rotor flux harmonic 
does not depend upon the order of the stator harmonic. It depends upon the 
value of kza and the number of rotor phases, if the rotor is a wound rotor, or 
upon the number of rotor slots, if the rotor is of the squirrel-cage type. 

Several combinations of stator and rotor harmonic fluxes will be con¬ 
sidered. 

(a) The rotor harmonic belongs to the first column of the harmonic chart 
(see Art. 57-7). In this case fJi'a = Va and from Eq. 59-14 


/'- = 0 

p'=v'i + fl'a /'+ = 2/, 


(69-17) 


This is the same as for two stator harmonic fluxes. 

(p) The rotor harmonic /x'^ is a rotor slot harmonic of first order. In this 
case, since is produced by i/'„=jp/2, for the wound rotor from Eqs. 
56-50 and 56-52 


M'o.i = **«»n2| + |= ±^2+1 


or A:aa»»j= 


p/2 
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Inserting this into Eq. 59-15 

p’=v\-ix^' 

P'=Vb+ii-’a 


(59-18) 


The same formulae apply to the squirrel-cage rotor: for the slot harmonics 
of this rotor k 2 a — ^ 1. Eq. 59-16 yields with ^ 20 = 1 EQ- 59-18. 

( y ) fjL\ is a rotor slot harmonic of first order, is a stator slot harmonic 
of first order. In this case, from Eqs. 56-43 and 56-52, 

P 81=^ bsl ~~ H' asl — ^ Ql ^Q2 


(59-19) 


P'sl = ^'bsl + Pasl = T Cl ± 
The smallest absolute values of p*si are 


;>'.,l=Cl-C2 

P\i=Qi-Q2^P 


(59-20) 


The frequencies in this case are the same as under (p), because the frequencies 
are independent of the order of the stator harmonic. 

The combination under (y) where the slot harmonics of stator and rotor are 
involved is the most dangerous with respect to magnetic noise. For this 
reason the value of p'si given by Eq. 59-20 must be as large as possible. 

The frequencies given by Eq. 59-18 are those which appear most often as 
noise frequencies of induction motors. As can be seen from this equation, 
these frequencies are approximately slot frequency or approximately slot 
frequency ± twice line frequency. 


59-2. The 2-pole force wave (p' = 1). It has been mentioned that p' must 
be as large as possible, p' = 1 must be avoided. The condition under which 
p' = l may occur will be determined for the case (c) considered above, i.e., 
for the case when the force wave is produced by a combination of a stator 
fiux harmonic and a rotor flux harmonic. In order that p' = l, one of the 
following equations must be satisfied 

±1 

a- ± 1 

It follows from Eqs. 56-42, 56-50, and 56-51 that, forp' = l the following 
equations must be satisfied 

± 1 = (kii, — ~ ^2a^2 2 


± 1 = [(ij» + fc,a)OTi + 2] I + 


(59-21) 
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for the wound rotor and 

± 1 = (ilb ~ *" ^ZaQz 

{59-22) 

± 1 = [(*15 + *ia)mi 4* 2]pl2 + k^aQz 

for the squirrel-cage rotor. For the normally used integral-slot, 2 -layer, 60® 
phase-belt winding, *15 and kja are even integers, k^a can be even and odd. 
The first right-hand terms of Eqs. 59-21 and 59-22 are, therefore, even 
numbers. In order that the left sides of the equations be equal to ± 1 , the 
second right-hand terms must be odd numbers. With W 2 = 3, this occurs in 
the wound-rotor motor when * 2 o(p/ 2 ) is an odd number. In the squirrel-cage 
rotor this occurs when Q 2 is an odd number. It is advisable to make Q 2 an 
even number. When Q 2 , for manufacturing reasons, is made an odd number, 
care must be taken that the amplitude of the p' = 1 force wave is small. 

By the same reasoning as that applied to the case of the combination of a 
stator flux harmonic and a rotor flux harmonic, it is found that two stator 
harmonics of the normally used integral-slot, 2 -layer, 60® phase-belt winding 
cannot produce p' = l. Two rotor harmonic fluxes of the squirrel-cage rotor 
may produce p' = 1 when the Q 2 is an odd number. 

59-3. Magnitudes of the force waves. p' = l represents an unbalanced 
force (Fig. 59-1) which also produces stresses in the rotor. For all other values 
of p', the forces are balanced. 

(a) p'=:i (2-pole force wave). Since the force on each surface element is 
directed radially, it is necessary, in order to find the resultant force, to 
determine the sum of the projections of all elementary forces on a diameter, 
i.e., to integrate the projections over the total armature surface. Eq. 59-1 
yields for the amplitude of the force produced by a stator flux harmonic in 
combination with a rotor flux harmonic 

Fr=^l .385 X 10“® X 2lg \ by, cos - dx^ (59-23) 

Jo * (Pl^)r 

The factor 2 has to be used when a stator and rotor harmonic are involved 
(see explanation to Eq. 59-1). For the 2 -pole force wave, 27r corresponds to 
pr. Inserting into Eq. 59-23 Eqs. 56-13 (or 56-44), 56-33, 56-50), and 56-51, 
the integration yields 

= 1 .386 X 10-» X ^ Dl,B^ lbs. (69-24) 

The frequency of this force wave corresponds normally to that of Eq. 
69-18, the more general form of which are Eqs. 69-16 and 69-16. 

When p' = l is produced by two rotor harmonic fluxes, has to be 
substituted in Eq. 69-24 for and the frequency is given for the squirrel- 
cage rotor by Eqs. 69-10 and 69-11. 
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(b) p'=0. This is a uniformly distributed pulsating force the amplitude of 
which, per inch circumference, is 

= 1-386 X lbs. per inch circumference (69-26) 

when produced by a stator flux harmonic in combination with a rotor flux 
harmonic. The frequency is normally given by Eq. 69-18, or, more generally, 
by Eqs. 69-16 and 69-16. 



(b) 


A 


t 



(c) 


Fig. 59--2. Force wave with jo' = 4 as concentrated and as a uniformly distributed force. 

(c) p'>l. Fig. 69-2a shows a force wave with p' = 4. The resultant force 
can be considered either as a concentrated force, as shown in Fig. 59-2b, or 
as a uniformly distributed force, as shown in Fig. 59-2c, or as a sinusoidally 
distributed force. In the first case, the sum of the projections of the elementary 
forces for a force-pole has to be determined; in the second case, the average 
force over a force-pole has to be taken. For a combination of stator and rotor 
fiux harmonics, the force in the first case is determined by the following 
equation. 

r +pr/4p' 

^r{p'>i) =1.386 X 10“® X 21, b^, 6 ^., cos 7 - - ;— dx^ (59-26) 

J * (Pl^r 

The integrand yields a pair of terms with the force order Vf,* -h pa and a pair of 
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terms with the force order v\-fjif a (see Eq. .59-4). With the same substitu¬ 
tions as for Eq. 59-23, the force per force pole, for each force order, becomes 

F= 1.385 X B^J^D x ^ f / - sin ^ —^ - sin ^^- ~1 

2Lp'-1 p' 2 p' + l p' 2j 

lbs per force pole (59-27) 


Forp'^3 the expression in the brackets is practically equal to 2/p'. 

For the uniform distribution. Fig. 59-2c, and for the sinusoidal distribution, 
the force per force pole is obtained by integrating Eq. 59-26 without the 
term cos (^/^pr) as 


= 1.385 lbs (59-27a) 

The frequency of these forces is normally given by Eq. 59-18 or, more 
generally, by Eqs. 59-15 and 59-16. 

For p' > 1 produced by two stator harmonic fluxes, has to be substi¬ 
tuted for in Eqs. 59-27 and 59-27a. The frequency is given by Eq. 
59-5. 

For p'>l produced by a single stator harmonic flux, \B^,^ has to be 
substituted for in Eqs. 59-27 and 59-27a and the frequency is given by 
Eq. 59-6. p' is then equal to 2v\. 

The amplitudes B^,^ and The amplitude B^.^ is given by Eq. 56-45. 
The damping factor D^, is given by Eq. 57-71. The absolute value of the 
damping factor is 

= (1 - C^, cos 0)2 + (C,. sin 0)2 

with 

and 


(59-28) 

(59-29) 


tan 0 = 


r 


av 




(59-30) 


The disturbing noise of high frequency (Eq. 59-18) is normally caused by 
high order harmonics. If the skin effect is not too great, the terms with rj/ 
can be neglected and 

^ (69-31) 

1 "f* ^2.* 


For harmonics of high order, the rotor slot and end-winding leakage react¬ 
ances become small in comparison with the harmonic leakage reactance and 


1 

1 +Ti»,' 


Z ),-«1 - 


(59-31a) 
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With Eqs. 58-34 in this case 

(59-32) 

The amplitude of the rotor harmonic flux is given for wound anci squirrel- 
cage rotors by Eqs. 58-16 and 58-17. The approximate values for 0 are 
given by Eqs. 58-32 and 58-35. 

59-4. The sound intensity. In the previous articles of this chapter, the 
electromagnetic aspects of the vibration and noise problem were considered. 
The problem is not only an electromagnetic one, but also a mechanical and 
acoustical one. The radial forces originate in the active parts of the machine, 
but the total machine participates in the vibration, and the natural frequency 
of the stator, which is normally the source of the magnetic noise, is deter¬ 
mined by its active (core laminations) and inactive parts. Even a small 
traveling force wave may produce heavy magnetic noise if its frequency 
coincides with the natural frequency of the stator or parts of it. The size of 
the machine, the composition of the stator punchings (single piece or seg¬ 
ment arrangement) and the mechanical construction of the stator are of great 
importance with respect to noise. A fabricated frame which behaves like a 
membrane with many natural frequencies is much more sensitive to the radial 
forces than a cast iron frame. 

The investigation of the noise problem taking into account the mechanical 
construction of the stator is difficult and impractical for the designer, because 
even in the case of single piece punchings it leads to a considerable number 
of simultaneous differential equations which are tedious to solve (Ref. M 18). 
It is simpler for the designer to consider only the stator core and to use his 
own judgment, based on experience, with respect to the accuracy of his 
computations. 

Two approximate methods can be used for the determination of the noise 
level of small machines with single piece punchings. One method considers 
the core as a cylindrical radiator (Refs. M14 to M16), the other as a spherical 
radiator (Refs. Ml7 and Ml8). An abstract of the last two references and an 
example computed by both methods will be given. 

(a) Cylindrical radiator. The radial force is given by Eq. 59-27a. With 
the notations 

he = height of the stator core behind the teeth 

= stator core diameter in the middle of the core (=-Douts. “ *c) 

= 3 X 10’ modulus of elasticity for steel 

The deflection of a thin ring under a sinusoidal radially applied force is, in 
microns = 1 x 10 ‘® inch, 

FrDJxlO^ 

le 


for p' = 2 


(59-33) 
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■*=(. 256BV 

(59-34) 

■*=(, 76®V 

(59-35) 

For values of p'> 4c, the formula for a freely supported beam 

can be applied 

J X 10* , , 

"“‘’■’'‘i, p-EV 

(59-36) 

2p' is the number of nodes of core flexure. 


The natural frequency of a thin steel ring is 


^ 36,700p'(p'^-l)^, _ 

(59-37) 


The natural frequency of a freely supported beam is 

^ 37 , 400 ®' 2 * 

/n =--CPS 

The sound intensity of a plane wave is 

/^ = 7 -f 20 logio (d X f^) decibels 


(59-38) 

(59-39) 
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Fig. 59-3. Correction for an indefinitely long cylinder. 
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where d is the deflection in microns and the force frequency. The correction 
for an indefinitely long cylinder is given in Fig. 59~3. p* is used as a para¬ 
meter. The “effective” radius of the cylinder 

Jfcfo = 0.00559/,. X fo (59-40) 

is drawn as ordinate, where is the cylinder radius ro==(-Dout8./2) in feet. 
The abscissa yields the correction factor which may be positive or negative. 

plus the correction yields the sound intensity at the surface of the motor. 
The rate at which the sound falls off with distance is given in Fig. 59-4. p' 
is used as a parameter. The radius kr is drawn as abscissa; the ordinate shows 
decibels. The difference between the ordinates at kr^ and i(ro where D' 
is the distance from the motor surface, gives the number of decibels that 
should be subtracted from the value determined previously. 



Fig. 59-4. Correction for distance from the motor surface. 
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(b) Spherical radialoT, In this consideration, the amplitude of the radial 
force per square inch is used. This is obtained for by dividing Eq. 
59-26 by and forp'>l by multiplying Eq. 59-27a by {p'/Dlg), This yields 
for p' > 1 


Fr-- 

The static deflection is 

= 1.386 X 10-*x 


Ibs./in.* 

(59-41) 

j)' = 0 

d -F 

‘**‘"^'3x10’ 


in. 

(59-42) 

p'>\ 

d —F 

(DJ2\ 

3 12 

(59-43) 


\ K ) 



When the natural frequency of the core is much larger than the forced 
frequency the static deflection can be used for the computation of the 
sound intensity. When the natural frequency of the core is of the same order 
as that of the forced frequency fr, i.e., when the system is not far from reson¬ 
ance, the dynamic deflection has to be used. It is 

dayn—^8£r^^stY^^JJ~JJ^2 (59-44) 


is the ampliflcation factor./,, is the natural frequency of the core. It is given 
by the equations 


/n( 


p'-O) — 


83,750 1 

DJ2 


cps 


(59-45) 


Weight of core 

Weight of core -h weight of teeth -h weight of embedded copper 


(59-46) 


/n(p'>l) —/n(p'= 


1 h, p'(p'2_i) 


”’2^3 ■Dm/2 + l 


cps 


(59-47) 


The radiated wave length is 

34,300 

'^"/,x2.54 


(59-48) 


The correction factor for spherical sound radiation, is given in Fig. 59-5 
as a function of TrDouts./^* is the ratio of the radiated energy of a spherical 
radiator to that of a plane radiator. 

With all factors involved, the sound intensity at the surface of the machine 
is for p' = 0 


Ap'«o) 20 logio 





D Dm/2 

“^OUtS. he 


F 


r(p'=0) 




phon (59-49) 
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►TrDouts/;^ 


Fig. 69-5. Correction for spherical radiator. 


and for p*>l 

(59-50) 

For frequencies between 400 and 4000 c/s, which normally appear in elec¬ 
trical machines, the phon scale almost coincides with the decibel scale. 


Example. As an example, the sound intensity of the following machine (Ref. 
M14) will be computed: 
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Squirrel>cage induction motor, 53.5 hp, 4 poles, 50 cycles. 

•^^outs. = 13.8 in. A =0.62 

/)= 9.05 in. ^1=36 

= 12.43 in. Two rotors with = 30 and 44. 

he— 1.36 in. 

The slot harmonics of first order of stator and rotor will be considered, because they 
are the most dangerous with respect to magnetic noise. 


(a) Cylindrical radiation. The slot harmonics are (Eqs. 56-43 and 56-52) 

v',i=-34 +38 

-28 +32 

The smallest value of p' is produced by 

v\ = - 34 and = + 32 
_ 34 ^ 32 = -2 


This is a 4-pole force wave. For this wave 


= 18,000 = 17,200 lines/in.^ 

These values include the influence of the slot openings. From Eq. 59-27a 

= 1.385 X 10-8 X I X 0.95 x 18,000 x 17,200 
= 19.4 Ibs./per pole, per inch core length 
From Eq. 59-33, the deflection 


19.4 X 12.438 X 


10 « 


6x3.0x10^x1.368 
From Eq. 59-37, the natural frequency of the core 

. 36,700 X 2 X 3 X 1.36 

f =-pir-- = 867 

12.438n/5 


= 82.3 microns 


c/s 


The frequency of the force wave, since k 2 a = +1 (Eq. 59-16) 

/+= [2 + ^( 1 -a)] 50 = 825=/, 

3 = 0.035. The closeness ofand indicates a noisy motor. From Eq. 59-39, 
the sound intensity of a plane wave, 

/d = 7 + 20logio (82.3x 825) = 103.6 db 

The “effective” radius of the cylinder (Eq. 59-40) 

Jfcro = jfc(Z)J24) = 0.00559 x 825 x (13.8/24) =2.65 
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The correction factor for cylindrical radiation is found from Fig. 59-3 equal 
to + 2 db. Thus, the sound intensity of the core is 103.6 + 2 = 105.6. The noise 
level was measured at a distance of 1.64 feet ( = 50 cm.) from the machine. 
This yields an effective radius 

ifcr = 0.00559 x 825(13.8/24 + 1.64) = 10.2 

Fig. 59-4 yields for /fcro = 2.65 the value -6 db and for i;r = 10.2 the value 
- 12 db. The correction factor for distance is - 12 - ( - 6) = - 6. Thus, the 
computed sound intensity at the distance of 1.64 feet is 105.6 - 6 = 100 db. 
The tested value is 97 to 110 db. 

The same motor was built and tested with Q 2 = 44. The slot harmonics of 
first order are with Q 2 = 44 

v'gi = — 34 +38 

+46 

The smallest value of p* is produced by 

v\ = + 38 and pa = - 42 
p'= +38-42= -4 

This is an 8«pole force wave. Since v\ = + 38 is also a slot harmonic, 

34 

—18,000 = 16,100 
00 


Considering Eq. 57-112, is inversely proportional to Qf, and therefore, 
decreases directly with 

32 

£^-. = 12 ^^’200= 13,100 


Frii.= l.3S5 X 10-* X J X 9.05 x 16,100 x 13,100 = 6.6 
From Eq. 59-35 


d = 6.6 X 12.43* 


10 * 

75x3x10’ >ri.36» 


2.24 


fn = 


36,700 X 4 X 15 x 1.36 
12.43*717 


= 4700 


The frequency of the force wave, since = -1 (Eq. 59-16) 
/+ = ^2 - ^ X 0.966J 50 = 960 =/, 

It = 7+ 20 log,o(2.24 X 960) = 73 
ifcfo=0.00559 X 960 ^=3.08 
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Correction for cylindrical radiation from Fig. 59-3 is + 3 db. The sound 
intensity at the motor surface is 73 + 3 = 76 db. The test was made at a 
distance of 1.64 feet from the motor 


ir = 0.00559x960 




11.9 


From Fig. 59-4, the correction factor for distance is 

-12-(-l)= -11 

Thus, the computed sound intensity at the distance of 1.64 feet is 76 - 11 = 65. 
The tested value is 75 to 78 db. 

(b) Spherical radiation. Again the slot harmonics will be considered. For 
the slot combination 36/30 

y = - 2 = 18,000 5^,^ = 17,200 

From Eq. 59-41 

F^ = 1.385 +10-8 X 18,000 X 17,200 = 4.27 Ib./in.^ 

The static deflection is (Eq. 59-43) 


d,, = 4.27 


12.43/2 /12.43/2\8 12 
3 X 10’ V 1.36 ) "9 


114 microns 


The natural frequency of the core is (Eqs. 59-45 and 59-47) 


/n(.'=o)=g=^x>/0.62-^ = 4180 


/n(p'=2) —4180 


2 ^ = 708 


2 ^ 312 . 43/2 


The ampliflcation factor is (Eq. 59-44) 

W = 2 ) =^1 _ ( 826 / 708 ) 2 ^^’^® 


The forced frequency is the same as under (a) for p* = 2. The radiated wave 
length is (Eq. 59-48) 


34,300 
825 X 2.54 


16.35 in. 


The quantity TrxDoutgA is tt x 13,8/16.35 = 2.65. Fig. 59-5 yields for the 
correction factor for spherical radiation C"„ = 0.85. From Eq. 59-50, for the 
sound intensity at the surface of the motor 


L = 20 logio 1^1900 VO.85 x 2.78 x 2.65 = 116.5 phon 
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Applying the same correction for distance as under (a) for p' = 2 , the calcu¬ 
lated sound intensity at the distance of 1.64 feet from the motor'is 118 - 6 
= 112 phon. The tested value is 97 to 110 db. 

For the slot combination 36/44, and /, are the same as for this 

slot combination under (a) 


B^ =16,100 £^,. = 13,100 /, = 960 p' = 4 

F, = 1.385 X 10-« X 16,100 x 13,100 = 2.92 Ib./in.* 


/„(,.. 4 ) = 4180 


/n(j>'=0) —4180 
1 1.36 4x16 


2 V 3 12.43/2 Jn 


= 3840 


^r(p'=4) — j _ 


1 


(960/3840)® 


A = ,-^'-^ = 14.1 
960 X 2.54 


1.065 


IT X 13.8 
14.1 


3.08 


From Fig. 59-6 C"p=0.14 and 

L = 20 logio 1^1900 n/ 0T4 X 1.065 x 3.08 x = 69 phon. 

Applying the same correction factor for distance as under (a) for p' = 4, there 
results 69 - 11 = 58 against the tested value of 75 to 78 phon. 

It can be seen from these examples that the magnitude of the radial force 
is not the main factor with respect to the noise intensity. An error of 10 tq 15 
per cent in the determination of the magnitude of the force will have little 
influence on the sound intensity. Of greater importance than the magnitude 
of the force are the number of force pole pairs (p') and the height of the 
core (Ac). 

A large ratio QJQi reduces the magnitude of the flux harmonics of the 
rotor, i.e., the radial forces, and increases p', but increases the additional iron 
losses and increases the parasitic torques. 

Only the harmonic combinations and the force waves which are most 
dangerous with respect to magnetic noise were considered in the example. 
There is always in the machine a large number of traveling force waves 
which interfere with each other. Experience shows that, in small motors 
skewing reduces the noise, since it reduces the rotor currents of higher 
frequency. Of similar importance is a proper coil span of the stator winding. 

In wound rotor motors, magnetic noise also may appear at no-load, due to 
a combination of the main wave and the slot-opening harmonics. In squirrel- 
cage motors the noise appears at load. 
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TRANSIENT AND SUBTRANSIENT REACTANCES 
SUDDEN SHORT CIRCUIT OF A SYNCHRONOUS 

GENERATOR 


The steady-state operation of a synchronous machine is determined, com¬ 
pletely by its field current, the resistance and leakage reactance of the stator 
winding, and the synchronous reactance (or synchronous reactances in the 
case of the salient-pole machine). The synchronous reactance includes the 
armature reaction due to the load current of the machine. In the considera¬ 
tion of the steady-state operation of the synchronous machine the rotor 
constants of the machine, i.e., its leakage reactance and resistance, are not 
involved. This is true not only with respect to the damper winding, if there is 
any, and to the eddy-current circuits in the solid iron of a turbo-rotor or in 
the solid poles of a salient-pole machine, but also with respect to the field 
winding itself. 

The situation becomes different when the synchronous machine is operating 
under transient conditions. Here the constants of the field winding, the dam¬ 
per winding, and eddy-current circuits are of great importance. 

To make this clear, the short-circuit operation of a generator under 
steady-state conditions and under transient conditions will be considered, 
both neglecting saturation. 

Consider an unexcited generator the armature of which is short-circuited. 
If excitation is applied, the armature current will be determined solely by 

the synchronous reactance in the direct 
axis (see Art. 33-1), i.e., by the leakage 
reactance of the armature winding Xi and 
by the reactance of armature reaction in 
the direct axis x^a- The equivalent circuit 
corresponding to this condition of operation 
is given by Fig. 60-1. The direct axis is the 
axis of the main flux. Writing 
27rfL^, where is the coefficient of self¬ 
inductance of the main flux in the direct 
axis, lal^m is the main flux produced by the 
558 




2 


o 


5 


Fig. 60-1. Equivalent circuit of 
the synchronous machine under 
steady-state conditions. (Stator 
resistance neglected.) 
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armature winding, and IaXil2nf is the leakage flux produced by the armature 
winding. 


60 - 1 . Transient currents with resistances of both windings 
neglected. Consider the elementary generator (Fig. 60-2), with cylindrical 
rotor, the field winding and armature winding of which each consist of a 

single coil, coil jjT and coil oa, respectively. 
The stator winding is open, and the rotor 
winding is excited by a d-c current of 
the magnitude If, The rotor rotates 
with constant speed. At the time i = 0, 
when the axes of both windings are 
perpendicular to each other (Fig. 60-2), 
the stator winding suddenly is short- 
circuited. 

The assumption r = 0 for the two 
windings means that the emf induced in 
each winding by the sum of all its flux 
interlinkages is zero, 



Fig. 60-2. Elementary generator. 


e=-|(Sn,a),)=0, (60-1) 


This follows from Kirchhoff’s mesh law. (For the field winding, the impressed 
voltage is zero for zero resistance.) Eq. 60-1 states: the sum of all flux inter- 
linkages UnJ^^, is constant for each udnding, (See Ref. Nl.) This statement will 
be applied, in order to get an idea about the currents in both windings shortly 
after the short-circuit occurred. 

The total flux interlinked with the field winding at < = 0 consists of two 
parts, one L^^If, going through the path of the main flux, the other Lilf, going 
through the leakage path of the rotor (Fig. 60-2). The total flux interlinked 
with the field winding at f = 0 thus is 


where 


{L^-^L^)If = LM^rf)If (60-2) 


*»■/ = 


Lt 


Tf is the leakage coefficient of the field winding. The total flux interlinked 
with the armature at < = 0 is zero. The flux interlinkage L^( \ -hr/) must be 
sustained by the field winding, while the zero flux interlinkage of the arma¬ 
ture must be sustained by the armature winding. 

During the time t the rotor moves through an angle oL—wt (a is the angle 
between the axis of the field winding and the plane of the armature winding). 
This produces a current i^ in the armature winding and also forces a current 
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if to flow in the field winding in order to sustain there the flux interlinkage 
L^{1 -f-T/)//. Thus for the flux interlinkages of the armature winding 


ia^m( 1 + Tfl) 4- (i, 4- If)L^ sin a = 0 , To = -y- , 

and for the flux interlinkages of the field winding 

1 4- T/) 4- ifL^{ 1 4- T/) 4- ial^m SIH CL = I 1 4- T/). 
From Eqs. (60-3) and (60-4): 


K=I 


(1 4-Ty) sin a 

^8in*«-(l+T;)(TT^) 

sin 2 a 




sin2a-(l4-Tj(l+T/)* 


(60-3) 

(60-4) 


(60-5) 

(60-6) 


It follows from Eqs. (60-5) and (60-6) that the transient currents ia and if 
are determined by the angle a as well as by the leakage coefficients of both 
windings, i.e., by the leakage fluxes of both windings. The armature reaction 
flux L^Ia which determines the steady-state operation of the short-circuited 
generator does not appear in the equations for the transient currents of the 
suddenly short-circuited generator. It should be noted that while the arma¬ 
ture current ia is an alternating current, the transient field current if is a 
direct (unidirectional) current supporting the field current If to sustain the 
initial flux interlinkage of the field winding. 

ia and if become maximum for a = 7r/2, i.e., a quarter-period after the 
short-circuit occurred. They are 


^amax — If 
^/max ” 


1 -hTf 


Ta + (1 4-Ta)T/' 

1 




(60-7) 

(60-8) 


The two currents have different signs and are approximately equal. 

Multiplying numerator and denominator of Eq. (60-7) by and noting 
that =Xi and TfwL^^Xf, where Xf is the leakage reactance of the field 

winding there follows 

iamax = " ^;+(l-Tja:, ' 

IfCt)L„^ is the amplitude of the terminal voltage (induced emf) of the generator 
before the short-circuit occurred, i.e.. 


Wx- -^■»-Xa:, + (l+T„)a:/ 


(60-10) 


This equation shows that the maximum transient armature current is 
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^Xad 


>Xf 


Fig. 60-3. Equivalent circuit for the 
transient reactance in the direct axis. 


__ determined by the equivalent circuit 

- ^ I * of Fig. 60-3. The reactance that cor¬ 
responds to this circuit is the direct- 
axis transient reactance 

In the preceding derivations only 
the field winding of the rotor has 
been considered. If there is a damper 
winding in the poles of the salient- 
pole machine or if eddy-current cir¬ 
cuits are possible the axis of which coincides with the direct axis, these 
circuits are interlinked at the time < = 0 with the main fiux produced by the 
field winding and they also will tend to sustain this fiux, i.e., they support 
the field winding. They have to be considered in parallel with the field 
winding, and the equivalent circuit for this case is given by Fig. 60-4. X£^^ is 
the leakage reactance of the damper winding or of the eddy-current circuits 
or of both together in the direct axis. The reactance that corresponds to the 
circuit, Fig. *60-4 is the direct-axis subtransient reactance x'\. It is smaller 
than the direct-axis transient reactance x\ and therefore the presence of a 
damper winding or of eddy-current paths increases the maximum values of 
the transient currents i„ and if. 


Fig. 60-4. 


O' 


O' 





Equivalent circuit for the subtransient reactance in the direct axis. 


The direct-axis subtransient reactance which corresponds to the equivalent 
circuit Fig. 60-4 is 

x''i=x,+xi,i — - J, - 7. -T- X (60-11) 

'TDd + 'T/vl 

where rjy^—xjyijxad- This equation can also be derived by a consideration 
similar to that which has led to the transient reactance Eq. (60-10). 


60-2. Transient currents ivith resistances not neglected. The 
assumption that the resistances of the windings are equal to zero means that 
the transient currents will flow in the windings indefinitely without changing 
their amplitudes as given by Eqs. (60-7) and (60-8). Practically, however, 
this is not the case. The amplitudes decrease with the time t, and this is due 
to the resistances of the windings which gradually consume the magnetic 
energy accumulated in magnetic field at the time t = 0. The rate of decrease 
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of the consecutive peaks is determined by the time constants of the windings. 
The damper winding and the eddy-current circuits have much larger ratios of 
resistance to leakage reactance, i.e., much smaller time constants, than the 
field winding. Their influence on the transients therefore will be much shorter 
than that of the field winding. As a matter of fact, the damper winding and 
eddy-current circuits influence the transient currents only during t\ie first few 
cycles. The field winding determines the decrease of the amplitudes for a 
much longer time. The change of the amplitudes during the short-circuit 
period is such that the amplitudes are determined at first by the subtransient 
reactance (Fig. 60-4), then by the transient reactance x*^ (Fig. 60-3), and 
finally by the synchronous reactance x^^Xi^Xad (Fig- 60-1), i.e., the transient 
armature current ends with the steady-state short-circuit current while the 
transient field current ends with the value zero. During the short-circuit 
period the reactance of the machine changes from the subtransient reactance 
x'\ to the synchronous reactance x^. 



Fig. 60- 5. Oscillogram of the armature cur¬ 
rent of a generator short-circuited at the in¬ 
stant when the steady-state current would 
pass through zero. 


Fig. 60-5 shows the oscillogram of the armature current for the case when 
the sudden short circuit occurs at the time instant given by Fig. 60-2, i.e., at 
the time instant when the flux interlinkage of the armature winding is zero 
and the emf induced in the armature winding is maximum. The current wave 
is symmetrical with the time axis. When the envelope ah, a'V and also the 
envelope ch, c'6' ignoring the first few cycles are drawn, 

Oa=Oa' = ^, 

Oc=Oc' = ^, 


X w = 




Oa 


E„ 


Oc 


and 
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Fio. 60-6. Determination of the 

transient reactance in the direct axis 
from the oscillogram Fig. 60-5. 



Fig. 60-7. Determination of the 
subtransient reactance in the direct 
axis from the oscillogram Fig. 60-5. 


The following consideration makes it possible to determine the points a and c 
with greater accuracy. The current in the circuit, Fig. 60-4, may be con¬ 
sidered to consist of two superimposed transient currents, one due to the 
circuit Fig. 60-3 and the other caused by the presence of the branch 
Both currents decay at different rates but both decay logarithmically. 
Therefore, if the logarithms of the amplitudes are plotted on semi-log paper 
as curve asb (Fig. 60-6), the part ab of this curve which is determined by the 
circuit Fig. 60-3, i.e., by the transient reactance alone, will be a straight line. 
The intercept of this straight line with the axis of ordinates locates the point c. 
The differences between the curve as and the straight line sc are due to the 
branch The logarithms of these differences plotted on semi-log paper 
again will yield a straight line (Fig. 60-7) whose intercept with the axis of 
ordinates locates the point a. 

60-3. Maximum transient currents. Fig. 60-5 represents the transient 
armature current for the case when the short circuit occurs at the instant 
of time represented by Fig. 60-2. The transient current ia has another shape 
when the short circuit occurs at any other instant of time. In Fig. 60-2 at 
< = 0 the armature coil is not interlinked with the rotor flux. Now consider the 
other extreme position of the rotor when at f = 0 the armature coil is inter¬ 
linked with the total main flux of the rotor. This is the position in which the 
axes of both windings coincide. It will be assumed that the rotor htus only a 
field winding. The condition that the flux of each winding has to remain 
unchanged yields the following relation for the armature winding, at the 
time t — alw: 

iaLm( 1* + T„) + (/, -h if)Lm COS a = /(60-12) 
and for the field winding at the same instant of time: 

+Tf)+iaL^ COS «=/,£„»( 1 -fT,). 


(60-13) 
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« is the angle between the axes of the 2 windings. Eqs. (60-12) and (60-13) 
yield: 


• _ T _ (1 - COS «)(1 +T^) 

“ "C0S*«-(1+T„)(1+T^)’ 


(60-14) 


i, = I 


COS a - COS^ a 
^COs2a-(l-hT„)(l-hT,)’ 


(60-15) 


The transient armature current consists of two parts. The second part is an 
alternating current which has the same magnitvde as before, (Note that here 
the angle a = 0 is shifted 90° with respect to the angle a = 0 in Fig. 60-2.) 
The first part is a unidirectional current. Accordingly the transient field cur¬ 
rent also consists of two parts. The second part is a direct current of the same 
magnitude as before. This current, as before, counteracts the a-c armature 
current in order to sustain the initial flux interlinked with the field winding. 
The first part of the transient field current is an alternating current due to the 
direct current in the armature. The latter current produces a flux which is 
fixed with respect to the armature. Since the field winding rotates with syn¬ 
chronous speed with respect to the armature, this flux induces an alternating 
current of fundamental frequency in the field winding. This rotor current 
produces an alternating field fixed with respect to the rotor, which can be 
considered to consist of two rotating fields traveling at synchronous speed 
with respect to the rotor (see Art. 26-3). One of these rotating fields is at 
standstill with respect to the armature and counteracts the unidirectional 
component of the armature current. The other rotating field has double 
synchronous speed with respect to the armature and is balanced by a second 
harmonic current in the armature winding. 

The transient currents and if [Eqs. (60-14) and (60-15)] become maxi¬ 
mum for a = 7 r, i.e., half a period after the short circuit occurred: 




1-hT, 




(60-16) 


max 


= 21 , 


1 

T„ + (l +To)T/ 


(60-17) 


These values are twice as large as in the first case where the short circuit 
occurred at the moment when the steady-state armature current would pass 
through zero. In the case just considered the voltage induced in the armature 
winding at 1=0 is zero and the steady-state current would be maximum, 
since r„ = 0 and the circuit is purely inductive. This is similar to the pheno¬ 
mena which occur in other a-c circuits under transient conditions. For 
example, when an alternating voltage is applied suddenly to an inductance 
and a resistance in series, the magnitude of the transient current depends upon 
the instant at which the voltage is applied. If it is applied at the instant 
when the steady-state current would be zero, there will be no unidirectional 
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transient current and the alternating current assumes its steady*state values 
immediately. If the voltage is applied at the instant when the steady-state 
current would have its maximum, a unidirectional current appeal, increas¬ 
ing the peak value of the current to twice the value of the first case, if the 
resistance of the circuit is small. 



Fig. 60-8. Oscillogram of the armature current of a generator short-circuited at the 
instant when the steady-state current would pass through its maximum. 

Fig. 60-8 shows an oscillogram of the armature current of a generator 
short-circuited at the instant when the steady state current would pass 
through its maximum. Due to the d-c component the current wave is unsym- 
metrical with respect to the time axis. In order to determine the subtransient 
and transient reactances from this oscillogram, draw the envelope of the 
wave aby a'b' and also a line Im midway between the two sides of the envelope. 
The distances between the line Im and the time axis give the d-c components 
of the armature current. Redraw the envelope a6, a'6' with its axis hori¬ 
zontal, i.e., eliminating the d-c component, as shown in Fig. 60-9, and also 
draw the envelop c5, c'6', ignoring the first few cycles. The reactances can be 
determined as before in Fig. 60-5 from the points a and c. They will be 
approximate values. 

Consider the main flux interlinked with the rotor winding at the time 
f' = 7r/tu after the short circuit occurred, i.e., at the instant when the arma- 



Fig. 60-9. Determination of transient and subtransient reactances 
in the direct axis from the oscillogram Fig. 00-8. 
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ture and rotor windings have their maximum currents given by Eqs. (60-16) 
and (60-17). Then 

+ i/nuix) ~ (60—18) 

Inserting Eqs. (60-16) and (60-17) into Eq. (60-18), there results 

= , -t„t,^0. (60-19) 

A very small main flux exists at the instant considered. Since the total 
flux interlinked with the rotor winding is the same as at the time f = 0 , 
when the short circuit occurs, this means that the main flux is pushed into the 
leakage paths. This explains the high transient currents during a sudden short 
circuit: in order to sustain the initial flux in the leakage paths with their high 
magnetic reluctance high currents are necessary. In the case considered 
under 60-1 where the maximum transient currents are \ of the values given 
by the Eqs. (60-16) and (16-17), about | of the main flux is pushed into the 
leakage paths at the instant when the maximum currents given by Eqs. 
(60-7) and (60-8) occur. The rotor and armature windings move with respect 
to each other and both have to sustain their fluxes at the initial values. For 
certain relative positions of both windings, one winding needs a large main 
flux and the other a small main flux; both windings may even need fluxes of 
opposite direction. In these positions the windings are forced to sustain the 
fluxes in the leakage paths and this leads to very high transient currents. 

60-4. Transient and subtransient reactance in the quadrature axis. 
In the foregoing article a sudden short circuit at the terminals of the gener¬ 
ator was considered. In this case the armature circuit is almost purely 
inductive and the axis of armature reaction lies along the field axis, i.e., 
along the direct axis (Art. 33-1). If the sudden short circuit occurs at a dis¬ 
tance from the generator so that there is a considerable resistance in the 
circuit, the axis of armature reaction is shifted with respect to the direct 
axis. In this case both axes have to be treated in a way similar to that for 
steady state operation (Art. 35-1) and different constants have to be applied 
to each axis. Corresponding to the transient and subtransient reactances of 
the direct axis, x\ and x" a transient and subtransient reactance of the 
quadrature axis, x\ and x'\, have to be introduced. It is evident that the 
transient reactance in the quadrature axis is given by the circuit of Fig. 
60-10, since there is no field winding in the quadrature axis, i.e., x\ = x^. If 
the salient-pole machine has a damper winding the reactance of which, with 
respect to the quadrature axis, is Xjy^, then the subtransient reactance in the 
quadrature axis is given by the circuit in Fig. 60-11. The same circuit applies 
to the solid rotor if the reactance of the eddy-current paths is substituted for 
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Fig. 60-10. Equivalent circuit Fig. 60-11. Equivalent circuit for the 

for the transient reactance in the subtransient reactance in the quadrature 

quadrature axis. axis. 


60-5. Determination of the subtransient reactances from a locked 
test. If the rotor is locked, the field winding short-circuited, and voltage 
applied to 2 terminals of the Y-connected stator, there are 2 positions of the 
rotor with respect to the stator which will yield the reactances and 
respectively. The first position is that at which the mmf of the excited stator 
phases lies in the pole (direct) axis, i.e., the position at which the induced 
field current is a maximum. The second position, which yields x'\^ is shifted 
90 electrical degrees with respect to the first position. In the second position 
the induced field current is zero. In both cases the subtransient reactance is 
equal to ^ of the ratio of the applied voltage to the armature current. The 
reactances obtained are unsaturated reactances. 

Approximate values of the various reactances of the synchronous machine 
expressed in p-u are given in the table following. 

Salient'Pole Generators ivith Turbo-Generators 

dampers and continuous end rings 

High Speed I Low Speed 


Xi 

0.10 to 0.15 1 0.15 to 0.25 

0.06 to 0.08 

Xa 

1.00 to 1.25 (non-satur.) 

1.0 to 1.2 


0.65 to 0.80 

1.0 to 1.2 


0.35 to 0.40 

0.15 to 0.25 


0.20 to 0.30 

0.09 to 0.14 


0.20 to 0.30 

0.09 to 0.14 



Chapter 61 


PULLING INTO STEP OF SYNCHRONOUS MOTORS 


60-1. Equation of motion of the synchronous motor pulling into 
step. After the synchronous motor has been brought up to speed by means 
of its rotor windings, it runs with a slip Sj, which corresponds to the shaft¬ 
load torque (Fig. 61-1). By applying the 
d-c excitation the motor must pull into step, 
i.e., reach its synchronous speed and then 
continue to run as a synchronous machine. 

The d-c excitation does not change the main 
flux of the machine materially, since this flux 
is determined by the terminal voltage im¬ 
pressed on the stator. The d-c excitation 
produces stator currents which flow through 
the lines with a frequency/j(l - Si), The stator 
mmf corresponding to these currents opposes 
the d»c mmf, leaving only a small residual flux 
corresponding to the leakage reactance and 
ohmic resistance drops in the stator winding. Thus, after the application 
of the d-c excitation, it is necessary to consider two different torques : 

(a) the asynchronous torque produced by the rotating flux and the a-c 

currents in both rotor windings. 

(b) the synchronous torque produced by the rotating flux and the d-c 

current in the field winding. 

While the asynchronous torque is almost independent of the position of 
the poles relative to the rotating flux; the synchronous torque depends to a 
great degree on this position; it changes in magnitude, depending upon the 
position of the poles with respect to the rotating flux, between a positive 
and a negative maximum. In order for the motor to pull into step, it is of 
great importance whether the synchronous torque is positive or negative when 
the d-c excitation is applied. 

In order to understand clearly the interaction of the asynchronous and 
synchronous torques, the assumption will be made that the rotating flux is 
at standstill, i.e., produced by stationary poles, and the torque produced by 

568 



Fig. 61-1. Determination of 
the slip 8i from which the 
motor has to pull into step. 
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the d-c currents will be considered for the rotor operating 
at an angular velocity of This angular velocity cor¬ 
responds to the slip 8i, The torque produced by the direct 
cqrrent is approximately proportional to the sine of the 
angle a (Fig. 61-2) which is the angle between the positive 
normal to the plane of the field winding F and the posi¬ 
tive direction of the rotating fiux (NS), Thus, the torque 
is zero when a is 0° or 180° and a maximum when a is 
90° or 270°. 

If T^<?niax denotes the maximum value of the syn¬ 
chronous torque when the machine is operating at syn¬ 
chronous speed, then for any angle a, approximately, 

T.s = 5^5max8ina. (61-1) 

A positive synchronous torque is defined as one which 
opposes the rotation of the rotor, thereby attempting to 
diminish the speed (slip) of the rotor and thus trying to bring the rotor nearer 
to synchronous speed. A negative torque is one which attempts to increase the 
speed (slip) of the rotor and thus forces it farther away from synchronous speed. 

It can be seen from Fig. 61-2 that the synchronous torque is positive 
between a = 0 and 180° and negative between a = 180° and 360°. 

It is expedient to apply the d-c excitation at an instant of time when the 
synchronous torque is positive (a< 180°), i.e., when the synchronous torque 
reduces the slip. If the d-c excitation is applied at an instant of time when 
the synchronous torque is negative (180°<a< 360°), the slip is increased and 
it may happen, when the excitation is insufficient, that the positive half 
wave of the synchronous torque which follows the negative half wave will 
be unable to bring the rotor up to its synchronous speed. The conditions for 
pulling into step are most favorable if the d-c excitation is applied when a = 0°: 
under this condition, the entire positive half wave of the synchronous torque 
is available for decreasing the slip. The least favorable condition occurs 
when the d-c excitation is applied at a= 180°. 

The question now arises as to how large the d-c excitation must be in 
order that the motor pull into step when it is applied at the most favorable 
or unfavorable pole positions. The answer to this question is found in the 
analytical investigation of the phenomena of pulling into step. 

During the transition from steady-state asynchronous (slip = s^) to steady- 
state synchronous condition (slip = 0) the sum of both machine torques, the 
asynchronous torque and the synchronous torque must be equal at 
any instant of time to the sum of the external torques, the load torque Ti 
and the torque of the rotating mass Tj^, 

+ (61-2) 
The counter-torque of the load Ti, will be considered constant during the 



Fig. 61~2. Sche¬ 
matic representa¬ 
tion of a 2-pole 
motor while pull¬ 
ing into step. 
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period of pulling into step. Since a proportionality exists between slip and 
torque for small values of slip, then for any slip s 

(61-3) 

The mechanical angular velocity of the rotor at the slip s is equal to 
= (1 -«)[a>T/(p/2)]. If the moment of inertia of the rotating mass is desig¬ 
nated by J then the torque of the rotating mass is given by the expression 


dto, _ j < 11 , da 
dt pI 2 dt ‘ 


Then, according to Eq. (61-2), 

T,. 


sin « - Ti ^ . 


(61-4) 

(61-5) 


Furthermore, the relationship exists (see Fig. 61-2) 


Hence 


SO). 


doc 
dt ’ 


J d^QL Tj^ doc 
p/2 dt^ ^ SjiWs dt 


+ sina^^x,. 


(61-6) 

(61-7) 


The solution of this equation is not simple, for it leads to elliptic functions. 
In order to get a clear insight of the problem, an approximate solution 
satisfies. 


61-2. Solution of the equation of motion for a = 0 (most favorable 
pole position). A. Fraenckel (Ref. 01) solved the equation of motion 
(61-7) for the most favorable pole position a = 0 by means of a step-by-step 
method of integration. Figs. 61-3, 61-4, and 61-5 refer to a 550-hp 12-pole 
50-cycle motor. The load torque during the period of pulling into step is 
equal to the rated torque T^, Furthermore, 5 l = 3% and the WR^ of the 
rotating mass is 42.8 x 10 * Ib.-ft.^ Fig. (61-3) shows the variation of the slip 
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Fig. 61-3. Variation of the slip when the d-c excitation is applied 
at the most unfavorable rotor position. 
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when the d-c excitation is applied at a = 180®. Fig. 61-4 shows this same 
variation for a = 0®. The unit of time along the axis of abscissa is taken equal 
to the period of the slip frequency, corresponding to the slip Si, The field 
current is the same in both cases and corresponds to a synchronous pull-out 
torque 

As Fig. 61-3 shows, the field current selected does not allow the motor to 
pull into step when it is applied at a = 180®. Immediately after the field 
current is applied the slip incremea due to the retarding synchronous torque 
and synchronous speed (« = 0) cannot be reached; the machine oscillates 
about a mean value of slip («l = 3% in this case) and the poles slip by the 
rotating field. This causes a disturbing low beat frequency in the line current 
which is due to the superposition of the current which the machine takes from 
the line as an induction motor and the current produced by the d-c excitation. 



Fig.. 61-4. Variation of the slip when the d-c excitation is applied 
at the most favorable rotor position. 

The conditions are entirely different when the d-c current is applied in the 
favorable pole position, a = 0® (Fig. 61-4). Immediately after applying the 
excitation the slip decreases due to the accelerating synchronous torque, and 
the synchronous speed is reached after approximately 1 period of the slip 
frequency. Between I and m the slip is negative, i.e., in Fig. 61-2, the rotor 
rotates in a direction opposite to that between A and L Between m and p 
the direction of rotation is the same as the original, between p and q it is 
changed again. The rotor reaches synchronous speed after several oscillations, 
remaining under the same pole of the rotating field. No disturbing low-frequency 
beat appears in the line in this case. 

Fig. 61-5 shows the variation of the asynchronous and synchronous 
torques corresponding to Fig. 61-4. Curve I shows the synchronous torque. 
Corresponding to excitation being applied at a = 0® and the fact that the 
rotor remains under the same pole of the rotating field, only the positive half 
wave of the synchronous torque curve has to be considered. Curve II shows 
the asynchronous torque. This curve is identical with the slip curve of 
Fig. 61-4 since slip and asynchronous torque are proportional to each other 
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(Eq. 61-3); however, it has a different 
shape than in Fig. 61-4 because it is 
not drawn as a function of time but 
rather as a function of the angle a. The 
asynchronous torque therefore is re¬ 
presented by the distance between the 
curve II and the straight line AA\ 
The negative asynchronous torques of 
Fig. 61-5 correspond to the negative 
slips of Fig. 61-4 between I and m and 
p and q. The scale for the asynchronous 
torques is given by the distance OA 
(Fig. 61-4) which corresponds to the 
slip as well as to the load torque Ti, 
With the aid of Fig. 61-5, it is pos¬ 
sible to determine the lowest value of 
field current or of synchronous torque 
r^inax which will enable the machine to pull into step, when the exciting 
current is applied at the most favorable pole position a = 0°. 

During the transition from the stationary asynchronous speed (s=^8i) to 
the synchronous speed (5 = 0) the asynchronous torque decreases and there¬ 
fore a part of the synchronous torque has to be delivered to the loadv For any 
angle a (Fig. 61-5), = represents the asynchronous torque, Ts~CD 

represents the synchronous torque, and Ca the load torque. At this angle a 
the torque bC = Ti - Ta=Ca- ab is the part of the synchronous torque 
delivered to the load. The remaining part of the synchronous torque bD 
^CD - bC serves to accelerate the rotating mass. This applies to any value of 
a, i.e., the distance along the ordinate between the curves I and II represents 
the accelerating and retarding torques of the rotating mass, and the area 
between any two ordinates and these curves represents a definite amount of 
work. 

At the moment of applying the field current the slip is Sj^ and a = 0. When 
synchronous speed (5 = 0) is reached at point I the entire load torque must be 
delivered by the synchronous torque. If oli, (Fig. 61-5) is the angle corre¬ 
sponding to the load torque, then when synchronous speed is reached at 
point I, oii^Al must be not larger than (tt — a^) or else the pole structure will 
slip by to the next pole of the rotating field. When Al<AS'=:(n-ocj^), the 
synchronous torque at 5 = 0 is larger than the load torque and the slip will 
become negative as shown in Figs. 61—4 and 61—5. When the curve of asyn¬ 
chronous torques II intersects the curve of synchronous torques I at a point 
below 8\ the motor will slip by the next pole. When Al = iT-ai, i.e., the 
point I coincides with the point S\ the motor will pull into step, but will be 
unstable; a decrease of the load or an increase of the excitation will accelerate 
the motor and bring it to the stable point S ; on the other hand, an increase 



Fig . 61 -5. Variation of the synchronous 
and asynchronous torques corresponding 
to Fig. 61-4. 
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of the load or a decrease of the excitation will pull the motor out of step. 

First the amount of work required to accelerate the rotating ma^s between 
the limits 8 =Sl and 5 = 0 will be determined, and second the area between the 
curves I and II (Fig. 61-5) for the limits a = 0 and a = (7r-ax,). This area 
represents the same amount of work. Both expressions for the work then 
yield the solution of the problem. It follows from Eqs. (61-4) and (61-6) that 

This expression when integrated between s=Si and 5 = 0 yields the work for 
the acceleration of the rotating mass as 




In Fig. 61-5 the same work is represented by the area between the curves I 
and II and the limits a = 0 and ol—AL Let 


= (61-9) 

C is the synchronous overload capacity of the motor. It has been found that 
for values of k larger than 1.2 the lower part of curve II can be taken as a 
parabola which passes through the point S' in Fig. 61-5. The area between 
the sine curve and the parabola between the limits a = 0 and a = tt - is 
then equal to the expression 

T 

^acc ~ ^5max(i (“^ 


Since Tj^ = Tsmax sin then sin — IjK and cos a/, = - IjK, 

Introducing these relations in the last equation for ITacc 

W^acc = y’i [^ + i - 8in-> i)] = T,J{K) 

where 

/(X) = [li:+ sin-1 i)]. (61-10) 

Since the uppermost limit {n-oLi) was used in determining the area in Fig. 
61-5, the following equation must be satisfied: 

TLf(K)>l^w^A- ( 61 - 11 ) 

Fig. 61-r6 shows the relation between f(K) and K = Tsm^xl^L which for 
values of K^l.2 the approximate Eq. (61-10) is used, while for values of 
if < 1.2 a more accurate calculation has been made. 
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Fig. 61-6. Determination of 
/ (K) for calculation of the slip 
according to Eq. (61-12). 


With the aid of Eq. (61-11) and Fig. 61-6, 
it is possible for given values of T^, Sj,, and 
J to determine the magnitude of K and thus, 
the synchronous pull-out torque 7^5max = 
K TI ; therefore the field current necessary for 
the machine to pull into step at the most 
favorable pole position a==0 is also deter¬ 
mined. 

Si is the slip corresponding to the load 
torque (Fig. 61-1). It can be seen from Eq. 
(61-11) that the synchronous pull-out torque 
Tsm&x=CJTn necessary for pulling into step 
is smaller, the smaller the value of s^. The 
magnitude of for a given value of 
depends essentially upon the design of the 
damper winding and the ratio of the leakage 
reactance and resistance of the field winding. 


By inserting a proper resistance in the field winding, it is possible to raise 
the speed-torque curve at small slips and to reduce s^, A similar result is 
achieved by means of a double-cage damper winding instead of a single¬ 
cage. 

Equation (61-11) now can be solved for Si, Introducing aj, = 27r/i and WR^ 
for J. 




^0 

n. 


Im 

V K 


J 


CPr. 


WR^ xf, ■ 


(61-12) 


In this equation P„ is in kw and WR^ in Ib.-ft.^ 

Equation (61-12) prescribes the magnitude of the slip which must corre¬ 
spond to the load torque Ti 'm the asynchronous speed-torque curve (Fig. 
61-1) when the synchronous overload capacity and WR^ of 

the rotating mass are given. If the asynchronous speed-torque curve is given 
and a certain slip s^ corresponds to the load torque Tiin this curve, then the 
machine will pull into step if this value of is equal to or smaller than the 
value of 8i given by Eq. (61-12). If it is larger than the value of Si given by 
Eq. (61-12) the machine will not pull into step. 

Equations (61-11) and (61-12) apply to the case when the d-c excitation 
is applied in the most favorable position of the rotor (a = 0). For small slip 
frequencies (up to 2 cps, corresponding to a slip of 3% at/i = 60 cycles) the 
most favorable pole position can be determined easily with the aid of a 
polarizing or center-scale ammeter inserted in the field circuit. If the excita¬ 
tion is applied by hand, the field switch must be closed at the instant when 
the slip current in the field circuit goes through zero in the same direction in 
which the direct current has to flow. Since the d-c field current does not rise 
instantly and since switching also introduces a time delay, it is necessary to 



PULLING INTO STEP OF SYNCHRONOUS MOTORS 


575 


close the switch earlier by approximately ^ of a period of the slip current. If 
the slip frequency exceeds 2 cps, hand switching is not reliable. Usually 
automatic angle switching is applied. 

61-3. Solution of the equation of motion for Various authors 

(Ref. 02) have investigated the torque jT^max a^^d the slip Si which are 
necessary in order to pull the machine into step when the d-c excitation is 
applied to a rotor position where a=0. The work of H. E. Edgerton and 
F. J. Zak will be described briefly in the following: 

With the aid of the substitution 



^ ! J 1 

(61-13) 



Eq. (61-7) becomes 

d^oL dot Ti, 

‘"““7’6'.nax 

(61-14) 

where 

K - 

max 

(61-15) 


If Eq. (61-14) is written in the form of a double integral, it can be solved with 
the aid of the intergraph. 

For a fixed value oi Kj) and variable values of T^/T^niax well as of the 
angle of switching a(<^o)=«2» Fig- shows the relation between and 
Smax' The cross-hatched area corresponds to those pairs of and 




Fig . 61-7. Determination of the torque 
ratio TilTi^mtix at which the motor 
pulls into step at the most unfavorable 
rotor angle for a given value of 


Fig. 61-8. Torque ratio 
max at which the 
motor pulls into step at the 
most unfavorable rotor angle 
as a function of 
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TilTsmux which the machine will not pull into step. At the torque ratio 
TilT the motor pulls into step for all switching angles olq. 

Fig. 61-7 applies to a fixed value of If Fig. 61-7 is evaluated for vari¬ 
ous values of Kj) and the magnitude of C'C = {T is plotted as a 
function of Kj), the straight line of Fig. 61-8 will be obtained. From this 
figure the following relation results: 




< 1 .057Kjy = 1.057- -^ . 


(61-16) 


This is the condition which must be satisfied, if the machine is to pull into 
step when the excitation is applied at the most unfavorable rotor angle. If 
the power is given in kw and WR^ in lb.-ft.the slip will be: 


620 / CPn 

w, V WR^^fy‘ 


(61-17) 


As has been explained in the foregoing discussion of Eq. (61-12), Eq. 
(61-17) determines the slip which must correspond to the load torque in 
the asynchronous speed-torque curve (Fig. 61-1), if the overload capacity 
TsmsLxl^n=0 and the WR^ of the rotating mass are given. If in the curve 
in Fig. 61-1 the slip Si corresponding to is larger than the value of Si 
given by Eq. (61-17), the machine does not pull into step. In this case either 
the resistance in the field circuit has to be changed, or, if this does not suffice, 
then the dimensions of the damper winding must be changed, or a double¬ 
cage damper used. 

Comparing Eq. (61-12) with Eq. (61-17), it is seen that when the excita¬ 
tion is applied in the most favorable rotor position (a = 0) the slip Si may be 
1.33 Jf(K)IK times as large as the slip Si, when the excitation is applied in 
the most unfavorable rotor position a = 180°. For a motor with a synchronous 
pull-out torque equal to 1.5 times the rated torque T„(C' = 1.5) which 

has to pull into step at 50% of rated torque (Tjr, = 0.5T„, K = Tsmtixl'^L = ^) 
the ratio of both slips is 1.7 to 1. From this it can be seen that any automatic 
device which makes it possible to apply the d-c excitation in the most 
favorable rotor position a = 0 (angle switching) is of great advantage in the 
synchronous motor operation. 

The equation used for the synchronous torque (Eq. 61-1) is 

Ts = Tsmax»mot. 

As was explained in Art. 36-1, this relationship applies when the reluctance 
is constant around the periphery of the armature, as is the case for machines 
with cylindrical rotors, when the saturation is low, and when the stator 
resistance is neglected. The stator resistance reduces the synchronous torque. 
The variation of the reluctance increases the synchronous torque since the 
reluctance in the quadrature axis usually is larger than in the direct axis 
(reluctance torque, see Art. 36-1). For this reason, for salient-pole motors a 
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somewhat larger value of Sj, is permissible than that obtained from Eqs. 
(61-12) and (61-17). 

According to Eq. (61-9), 

Therefore (see Art. 36-1 and 36-5) 

VE* 

CP„ = P„.aev.m«xXlO-*=m-?^10-» kw (61-18) 

Ef is the emf induced in the stator winding by the flux of the fleld current 
applied to the rotor for pulling it into step. This usually is the field current 
which corresponds to the rated KVA of the stator, i.e., to (KVA)n = (746 
X hp/i; cos 9?) 10“^=mF/„ X 10“^ Expressing the quantities of Eq. (61-18) 
in p-u (see Art. 33-1, Eq. 33-3) 

m=l, F = l, —=SCR, = 

• y 

Hence 

CP„^^ SCR x{KyA)„ kw 
Thus, for CPn in Eq. (61-17) can be introduced 


(61-19) 



Chapter 62 


DESIGN PRINCIPLES OF AN ELECTRIC 
MACHINE—SPECIFIC TANGENTIAL FORCE 


62-1. Magnitude of the tangential force. It has been pointed out in 
Art. l-2d, that the source of torque and power of the electric machine is the 
tangential force produced by the main flux on the current carrying armature 
conductors. The active material of the electrical machine, i.e., the core iron 
and copper, is utilized better the higher the specific tangential force (Ib./in.^) 
on the armature surface. Following will be given some approximate data 
on this specific tangential force which are based on experience. 

If T is the torque of the machine in lb./ft., the total tangential force is 


_ Txl2 5rxl2 „ 

= —— = — — lb. 


R 


and the specific tangential force 


\2T 


DI2 


lb./in.2 


(62-1) 


IDttDI 

where is the effective core length (see Art. 50-2). On the other hand 


(62-2) 


P cos 7^ = y 




10 - 


(62-3) 


where P is the apparent power in kva. Therefore, 


^ 24 7.04 X 10^ X cos (p x P 
ttDH^ n 


= 54 X 10® X cos (p lb./in.® (62-4) 


Since the tangential force depends upon the flux and the ampere-conduc¬ 
tors, the expression in the bracket also must depend upon these quantities. 
There is 


P=^mEI X 10-®, 

E = 4A4fNkap<5>lO-\ 


(62-5) 

(62-6) 
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Further, the ampere-conductors per inch circumference, 


_2mNI 
~ ttD • 


(62-8) 


Inserting Eqs. (62-6), (62-7), and (62-8) into Eq. (62-5) there results 


or 


0.0 

(62-9) 


(62-10) 


Thus, from Eqs. (62-10) and (62-4) 


g X 10-» 

54 X cos <p 




( 02 - 11 ) 


Although A and B increase with the output of the machine, the quantity on 
the right side of Eq. (62-11) and with it the specific tangential force varies 
within relatively narrow limits compared to the range in power output. The 
value of or (of A and jB) is limited by the heating, i.e., by the permissible 
temperature rise of the insulating materials, and by the performance of the 
machine. High values of A and B increase the copper and iron losses, thus 
increasing the heating and decreasing the efficiency. In induction motors a 
large B is undesirable also from the standpoint of the power factor. In small 
machines the space necessary for insulation is relatively larger than in large 
machines. This makes it necessary to reduce the copper area, i.e., A. Since 
the teeth become tapered in small machines, the gap induction B also must be 
reduced, in order to avoid high tooth saturation at the root of the tooth. The 
pole pitch also has an influence on the value of a, because the machine with 
the larger pole pitch has better cooling than the machine with smaller pole 
pitch, due to the larger extension of the end winding. Also the voltage is of 
importance: the higher the voltage the more space is necessary for the 
insulation and the less space is left for the copper. 


62-2. Output constant. Due to the fact that the specific tangential force 
varies between relatively narrow limits, the quantity represented by Eqs. 
(62-10) and (62-11) is called output constant and denoted by C, In Figs. 
62-1 to 62-3 this quantity, i.e. 

(Pinkva), (62-12) 

is given for d-c machines (generators and motors), 3-phase induction motors 
and 3-phaae salient-pole synchronous generators (see Ref. A6 to 12). 
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In Fig. 62-1 for the d-c machines, kw/rpm are plotted as abscissae and 
D^L as ordinates. L is here the total length of the armature core. In Figs. 
62-2 and 62-3 for 3-phase induction motors and salient-pole synchronous 
machines respectively the pole pitch is plotted as abscissae and (7 x 10® as 
ordinates. Figs. 62-4 and 62-5 are auxiliary curves to Figs. 62-2 and 62-3 
which give the ratio between the eflFective core length and pole pitch. This 
ratio cannot be chosen arbitrarily because it is of importance for the cooling 
of the machine. 

Having the value of the output constant (7, it is possible to determine the 
DH^ of a machine when P and n are given or the power P of a machine when 
P, and n are given. For the induction motor P is the input of the stator 
in kva. The voltage for Figs. 62-2 and 62-3 is assumed to be 220 volts for 
the smaller machines and up to 2300 volts for the larger machines. For Fig. 
62-3 it is assumed further that the rotor is wound with round or rectangular 
wire and not with copper strips placed on edge. 

It must be pointed out that the Figs. 61-1 to 62-3 give conservative approxi¬ 
mate values. 

in* 
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Fig. 62-1. D^L as a function of kw/rpm for d-c machines. 
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Fig. 62-2. Output constant of induction motors as a function of pole pitch. 



Fig. 62-3. Output constant of salient-pole synchronous machines as 
a function of pole pitch. 
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Number of Poles - p 

Fig. 62-4. Ratio of effective core length to pole pitch as a fimction 
of the number of poles (to Fig. 62-2). 
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Fig. 62-5. Ratio of effective core, length to pole pitch as a function 
of the number of poles (to Fig. 62-3). 


62-3. Range of tangential force. It follows from Fig. 62-1 and Eqs. 
(62-10) and (62-11) that for the range of d-c machines given by Fig. 62-1 
the specific tangential force varies between 0.8 and 3.5 Ib./in.^ These values 
may be as low as 0.4 Ib./in.^ in very small machines and as large as 6.0 Ib./in.^ 
in large machines. 

For the range of the 3-phase induction motors represented by Fig. 62-2 
the specific tangential force varies approximately between 0.7 and 2.8 
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In small single-phase motors a is as low as 0.3 Ib./in.^, and in large 
induction motors it may reach the value 4.0 Ib./in.^ 

In Fig. 62-3, which refers to medium-size and larger salient-pole machines, 
a varies approximately from 1.7 to 3.2 Ib./in.* For large machines it may 
reach 6.0 Ib./in.® 



Chapter 63 


TANGENTIAL FORCES AND POWER FLOW 
IN ELECTRICAL MACHINES 


63-1. The tangential forces. In Chaps. 52 and 58 the tangential forces on 
the armature and the torques were derived on the basis of Biot-Savart’s law 
(Art. l-2d) 

= const X BlI 

where I is the current of a conductor lying within the .B-flux. Accordingly, it 
was assumed for the derivations of both chapters that the armature con¬ 
ductors lie directly within the gap flux. In reality this is not the case. The 
armature conductors are placed in slots, i.e., they are moved away from the 
gap and, therefore, lie in a flux the density of which is much smaller than that 
in the gap. If the tangential force of the machine were calculated with the 
actual value of B in which the conductors lie, a much smaller force would be 
obtained than that measured by tests. 

In Art. l~2d the electromagnetic power of a machine was derived from 
Biot-Savart’s law. Vice versa, Biot-Savart’s law can be derived from the 
electromagnetic fleld energy. This law and the derivations made in Chaps. 
52 and 58 are correct and are in agreement with tests. Thus, Biot-Savart’s 
law, applied under the assumption that the conductors lie within the gap 
flux and that the forces are exerted on the conductors themselves, yields 
accurate results, but in reality the forces are not exerted upon the con¬ 
ductors. It follows from this, that there must be another kind of mutual 
influence between the 5-flux in the gap and the conductors carrying the 
current /, i.e., the two elements of Biot-Savart’s law, which accounts for the 
tangential force of the electrical machine. This other combination effect of 
B and I can be found by applying Faraday-Maxwell’s conception of the 
stresses in the magnetic fleld. This yields the result that the tangential forces 
are exerted upon the iron. 


63-2. The power flow. Poynting Vector. Here also the Faraday-Maxwell 
conception of the electric and magnetic fields yields another explanation 
for the power flow in electrical machines than that obtained from the 
concept that the energy flows through conductors. 

584 
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Each atom of a substance is made up of its nucleus and the associated 
electrons in the proper atomic shells. In a conductor the electrons are free, 
i.e., they are loosely associated with their nuclei and are therefore free,to be 
accelerated in the direction opposite to the electric field intensity. In an 
insulator the electrons are bound. If an insulator is subject to an electric 
field, the orbits of the electrons in the various atomic shells will be distorted 
with respect to the position of the nucleus. The average position of the 
electrons will be shifted toward the region of higher electric potential. In 
Maxwell’s terminology a “displacement” D of the electrons takes place which 
is proportional to the field intensity E 

b = €E (63~1) 

where € is the dielectric constant. The work corresponding to an elementary 
displacement is 

dW=EdD=€EdE (63-2) 

The work which corresponds to any finite displacement is 

W = € r EdE = \€E^ = \ED (63-3) 

J 0 

This work is accumulated as potential energy of the field, per unit volume. 
The total field energy in a volume t is 

€E^dr = \^ ED dr (63-4) 

Corresponding to Eq. (63-4), the potential energy of the magnetic field in a 
non-ferromagnetic medium is 

,xH^dr = \^ HBdr (63-6) 

Consider a certain region (a closed surface). The increase of the total energy 
in this region with time is 

Increase of energy =~~ (F^; -h JF’^) -f Q (63-6) 

at 

where Q is Joule heat which appears in the considered region, when there are 
conductors. 

The principle of conservation of energy requires that there should be a 
stream of energy through the surface into the region equal to the increase of 
energy given by Eq. (63-6). Conversely, a stream of energy through the 
surface out of the region must appear, if the energy of the region decreases. 
This stream of energy in and out of the closed surface is represented by 
Poynting vector, Eq. 63-6 must be written as 


(63-7) 
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where is the component of Poynting’s vector perpendicular to the surface 
element dS. 

In order to get an idea about the physical meaning of the Poynting vector, 
the power flow in a polyphase induction motor running with rated load will 

be considered. Fig. 63-1 shows a part 
of the periphery of stator and rotor. 
The conductors are perpendicular to 
the plane of the flgure. According 
to Biot-Savart’s law (Eq. 1-29), the 
total force is 

F=jBl,Adx (63-8) 

where B is the density of the rotating 
flux in the gap and A indicates the 
ampere-conductors per unit length of 
the circumference of the rotor. B and 
be in time phase, as is almost the case 
in the induction motor running with rated load. The power transferred is 

P = F X V = j Bvl^A dx (63-9) 

where v is the velocity of the rotating flux. 

Consider Eq. 1-12. According to Faraday-Maxwell’s concept of electric and 
magnetic fields, an emf can be induced not only in conductors but in insu¬ 
lators as well. Consider a loop in the gap the plane of which is parallel to the 
stator and rotor surface. Writing Eq. 1-12 in the form 



Fig. 63-1. Application of Ampere’s Law 
to a closed loop at the surface of the rotor 
of a polyphase induction motor. 

A (E and /, Fig. 17-5) are assumed to 


r Edl = Blv 

J I 

the electric field intensity in the gap is 

E = Bv 


(63-10) 


(63-11) 


Applying Ampere’s law to a closed loop of the length dx at the rotor surface 
(Fig. 63-1) and assuming that, for the rotor iron, /it = cx), there results H dx = 
A dxy because, for the part of the loop which runs through the iron H = 0. The 
total transferred power thus becomes (see Eqs. 63-7 and 63-9) 


P=f EHdS=( N^dS (63-12) 

J s J s 

where dS = l^dg. is a surface element of the rotor. 

It is seen from the latter equation that the magnitude of Poynting vector 
is determined by the magnitudes of the electric and magnetic field intensities. 
E and H are vectors. In order to find the magnitude of Poynting vector and 
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its position with respect to E and jff, the directions of E and H for the 
example under consideration will be determined. 

It must be noticed that outside the gap H = Q since fi of the iron hfts been 
assumed infinitely large. Thus, E, H, P and Poynting vector must be deter¬ 
mined only for the gap. The direction of E is obtained from Eq. 63-11 and 
the right-hand rule (Art. l-2a): v is tangential to the rotor surface, B is 
radial, and E is, therefore, axial and perpendicular to the plane of Fig. 63-1. 
The direction of H is determined by Ampere’s law. Since the current fiow is 
axial, H must be tangential to the rotor surface (see Fig. 63-1). Thus, E and 
H are perpendicular to each other in the example under consideration. This 
yields the maximum value of power flow, i.e., the maximum value of Poynt¬ 
ing vector. In general, the magnitude of Poynting vector is 

N=^EHsm(EH) (63-13a) 

According to Eq. (63-12) the power flow is radial. Since E is axial and H 
tangential, Poynting vector is perpendicular to B and H. In vector notation 

N^ExH (63-13b) 

This equation applies not only to the specific case considered but is general. 
It determines the magnitude and the direction of Poynting vector. It should 
be noticed that Poynting theorem holds true only for a closed surface. 

The induction motor was considered under rated load, i.e., it was assumed 
that B and A are in time phase. If the induction motor runs with a consider¬ 
able slip, B and A are displaced in time phase and the instantaneous values 
of B and A must be introduced in Eqs. 63-8 and 63-9 (see Art. l-2d), i.e., 
the time phase displacement between B and A must be taken into account. 
The same applies to E and H in Eqs. 63-12, 63-13a, and 63-13b. 

Fig. 63-2 shows the relative position of the E and H distributions around 
the armature of a squirrel-cage rotor. Since the magnitude of the power flow 
depends upon the surface integral of the products of E and H around the 
armature, it is seen that, for the same amplitudes of E and H, the magnitude 
of the power flow is smaller when E and H (B and A) are out of phase than 
when they are in phaae. The same applies to the wound rotor motor. 

When the induction motor runs at no-load (mechanical losses neglected), 
the waves of E and H (the waves of B and A^ the waves of E and /-magne¬ 
tizing) are shifted with respect to each other 90° and the surface integral, 
Eq. 63-12, yields the value 0; indicating that there is no power flow, as could 
be expected for no-load. 

The concept of power flow corresponding to Poynting vector will be 
applied to several examples. 

(a) JO-c power transferred through a line. Fig. 63-3 shows an idealized two- 
conductor transmission line: the conductors are flat bars. There is no mag¬ 
netic or electric field outside the conductors, but there is an electric field 
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Fig, 63~2. (a) Relative position of the E and H distributions at rated slip, 
(b) Relative position of the E and H distributions at a leu'ge slip. 



(a) 


(b) 


Fig. 63-3. Explanation of the power flow in an idealized 2-conductor 

transmission line. 


inside the conductors and an electric and a magnetic field between the 
conductors. 

It will be assumed at first that the line is lossless, i.e., that the resistivity (^) 
of the conductors is zero. In this case V^-V^ — O and, according to Eq. 1-12, 
the electric field intensity within the conductors is zero. It follows further 
from Eq. 1-12, that the electric field intensity between the conductors is 
(Fig. 63-3b) 


(63-14) 
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where F = Fj = F 2 . The magnetic field intensity in the space between the 
conductors is 

I 

H=Hy = ^ (63-16) 

The power flow in the space between the conductors is then according to 
Poynting vector of energy flow 

'’-/is'*''-" 

since dS=axb and the angle between and Hy is 90 degrees. 

If the line is not lossless, the electric field intensity within the conductors 
is (Eq. 1-12) 

^ F - F 

E = E,=-^^-^ (63-17) 


where 21 is the length of the two conductors. The magnetic field intensity on 
the surface of the conductors is the same as before for the lossless line 



(63-18) 


Eqs. 63-17 and 63-18 result in a power flow, i.e., a component of Poynting 
vector, in the x-axis of the magnitude 


V,-V,I 
b 


Vr-V, 




21 


(63-19) 


since 8 = lb and the angle between Eg and Hy is 90 degrees. Eq. 63-19 is the 
power entering from the space between the conductors into one conductor. 
The power entering both conductors is twice as large. 

Eqs. 63-16 and 63-19 which were derived from the energy of the magnetic 
and electric fields yield the same results as those obtained from the concept 
that the energy flow occurs through the conductors. The meaning of Eqs. 
63-19 and 63-16 is that there is a power flow from the electromagnetic field 
between the conductors into the conductors equal to the Joule heat in the 
conductors and that the power supplied to the load is affected by a power flow 
from the electromagnetic field between the conductors toward the load. The 
conductors serve as guides for this power flow. 

(b) Singk-phaae transformer. It is assumed that, in the iron, /x = cx). This 
means that inside the iron H = 0 and the iron cannot carry any energy. The 
electric field is given by Eq. 1-12 and exists in the air as well as in the iron. 
When the secondary winding is open, the assumption ^ = 00 for the iron 
means that the magnetizing current (primary current) is zero. Since both 

currents are zero, (f) , dZ = 0 for any line of force, i.e., H is zero in the iron as 
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well as in the air, and there is no power flow in the transformer. However, 
when the secondary is closed through a resistive load, the secondary current 

will produce a magnetic field corresponding to (y Hidl = Nl 2 * With jLt=oo 

in the iron, this field appears only in the air. 

The establishment of the H field permits a power flow in the air (not in the 
irQn). The direction of H is shown in Fig. 63-4. The electric field is per¬ 
pendicular to the plane of the figure and power flows from the primary to the 
secondary. 



Fig. 63-4. Explanation of the power flow in a single-phase transformer. 

The H field is the driving force for the leakage flux, hence a transformer 
must have leakage. In order to reduce the leakage reactance, the B associated 
with H must be reduced and this can be achieved by increasing the reluctance 
of the leakage path. 

A resistive load has been assumed in the secondary of the transformer 
making E and H in time phase. If the secondary load is inductive or capaci¬ 
tive, E and H are not in time phase and the average power can be deter¬ 
mined by taking the time average of the instantaneous power over one cycle. 
Considering E and H as phasors, this leads to the integration over space of 
the product of the magnitudes of E and H times the cosine of the time angle 
between them. 

(c) Synchronous motor. Assume that the polyphase induction motor con¬ 
sidered previously has a wound rotor excited by a d-c current, i.e., runs as a 
synchronous motor. Exactly the same considerations apply as to the induc¬ 
tion motor. From the point of view of Poynting vector, nothing has been 
changed by the exciting of the rotor. 

(d) Rotary converter (Fig. 63-5). This is also a synchronous motor, but the 
poles are at standstill and the supply is connected to the rotor. Since the 
exciting field is constant in time and space, E = Bv = 0, i.e., the electric field 
in the air gap is zero and there is no power transfer through the air gap. 
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The difference between the synchronous motor fed through the stator and 
that fed through the rotor is that in the former the electric power is supplied 
to the stator and the mechanical output is prbduced by the rotor, while in 
the latter both the electrical input and the mechanical output are connected 
with the rotor. 

(e) D-c motor. The same considerations apply as to the rotary converter 
and there is no power flow across the gap. Power supplied to the rotor elec¬ 
trically is removed mechanically. 

(f) Oenerators. The same considerations apply as to the motors. 



Fig. 63-5. Explanation of the 
power flow in a rotary converter. 
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ANSWERS TO PROBLEMS 


Chapter 1 

I. 0.096—2, 41.67 fpm—3. 225 rpm—4. 0.0015 vols—6. 292 turns—6. 22.6 V, 14.4 V— 
7. 200,000 maxwells, 3.33 V, 7.5 V—8. 2.8 V, 1.4 V—9. 7.07 V—10. 2040 rpm— 

II. 320,000 maxwells, 2 V, 1.6 V, 0.0 V, 2.52 V—12. 3.2 X 10«, 3.2 mh—18. 12.8 X 10®, 

12.8 mh—14. 0.283 h, 0.488 h—16. 2450 V—16. 5250 V—17. 5.0 h, 40 joules, 80 v— 
18. 30 h—19. 60 X 10®, 240 X 10®, 85.7 h—20. 362 V—21. 1280 at—22. 2260 air- 
23. 680, -300—24. 4.0, 7.2, 12.3, 20.0, 24.0 amps—26. 135, 85,000 lines/sq in.—26. 100 
kilolines/sq in., 315,000 maxwells—27. 46,000 maxwells, 13,100 lines/sq in.—^28, 9350 
gausses, 60,300 lines/sq in.—29. 0.213 amp—30. 0.685 lb, 0.441 lb ft—81. 2.98 lb ft— 
32, 2.11 lb ft—33. 1.49 lb ft—34. 9420 lines/sq in. 

Chapter 3 

1. W = 79.5, pf = 0.476, lines = 94,000— 2. 73,200 lines/sq in., 1.30 amp (assuming 
0.0015" airgaps)—3. 544 turns—4. 1098.5 V, 109.85 V, 5.15 X 10® maxwells—6. 109.8 V, 

109.8 V, 109.8—6. pf = 0.290, 2299 V, 0.0870 amp, 0.287 amp—7. 1350 turns, 110 turns, 
240 sq in.—9. 0.214 amp, 1.22 amp, 1.24 amp, pf = 0.172—10. 0.418 amp, 2.44 amp, 
2.48 amp, pf = 0.172—11. 0.836 amp, 4.88 amp, 4.96 amp, pf = 0.172 

Chapter 6. 

1. 41.4 amp, 0.996, 0.895 amp, eff = 0.950—2. 6.48 amp, pf = 0.995, 0.255 amp, 
eff = 0.982—3. 44.5 amp, pf = 0.866, 0.92 amp, eff = 0.98 4 - - -4 . 14.86 amp, pf = 0.77, 
0.389 amp, eff = 0.989 


Chapter 8 

1. ri = 6.80, rj' = 3.73, = X,' = 11.15,16, r„ = 77.6, X„ = 2440 ohms—2. r, = 9.55, 

fa' = 5.35, X, = Xa' = 32.8, r„ = 8600, X = 32,400 ohms—3. r^ = 0.191, fj' = 0.105, 
Xi = Xa' = 1-24, r„ = 112.4, x„ = 885 ohms—4. 0.0227, 0.972,0.0454,0.965,0.968,0.975, 
0.975,0.960,0.970,0.970—6. 0.0123,0.978,0.0387, 0.973, 0.955,0.973, 0.978, 0.944, 0.966, 
0.971—6. 0.00955,0.987, 0.0451,0.983, 0.976, 0.985, 0.988, 0.970,0.981,0.983—7. 0.0745, 
0.0775, -0.00142—8. 0.0148, 0.0444, -0.0211—9. 0.00722, 0.0241, -0.0127—10. 0.0109, 
0.0382, -0.0212—11.0.0105,0.0212, -0.0044,0.980,0.975,0.975—12. 0.962—13. 0.986— 
14. 0.167, 0.0359, -0.00940, 0.975, 0.968, 0.968, 0.947, 0.965, 0.970, 0.966 

Chapter 10 

1. (a) 7620/220 volts, 437/15,000 amp, 3333 kva, a = 34.6; (b) 7620/127 volts, 
437/26,200 amp, 3333 kva, a = 60; (c) 13,200/127 volts, 252/26,200 amp, 3333 kva, 
2 = 104; (d) 13,200/220 volts, 252/15,100 amp, 3333 kva, a = 60—2. ATi = 34.1, 
JVa = 29.6— 3. (a) 6600 volts, 15.1 amp; (b) 120 volts, 832 amp; (c) 55— 4. Primary 
6350 volts, 30.8 amp; Secondary 1100 volts, 179 amp^. Primary 11,000 volts, 17.8 
amp; Secondary 635 volts, 309 amp—8. Primary 11,000 volts, 17.8 amp; Secondary 
1100 volts, 179 amp— 8. (a) 947 amp; (b) 17.2 amp, I in line = 29S amp; (c) 0.998 
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lagging current—9, 2660/440 volts, 2.62/158 amp, 69 kva, a = 60.5—10. (a) 33.3 kva, 
28.8 kw; (b) 33.3 kva, 28.8 kva; (c) 71.0 kva, 68.8 kw—11. Main: a = 10.46, Pri. 204 
kva. Sec. 204 kva; Teaser: a = 12.1, Pri. 176 kva, Sec. 204 kva—12. Main: 150 kw. 
Teaser: 150 kw—13. Main: 1100/220 volts, 29.2/126 amp; Teaser: 952/220 volts, 
29.2/126 amp—14. (A) 75 kw, 0.866 pf; (B) 75 kw, 0.866 pf—16. (A) 100 kw, 1.0 pf; 
(B) 50 kw, 0.50 pf—16. Main: a = 5, 1100/220 volts, 524/2620 amp; Teaser: a = 5, 
952/191 volts, 524/2620 amp—17. 115 volts, 120*—18. Main: Pri. 26.9 kva. Sec. 23.3 
kva; Teaser: Pri. 23.3 kva. Sec. 23.3 kva—19. 79.6 kw—20. 58.4 kw—21. For 625 volt 
converter: Pri. 11,500 volts, 25.1 amp, 166.7 kva, o = 26; Sec. 442 volts, 377 amp, 

166.7 kva—^22. Pri. 11,500 volts, 25.1 amp, 166.7 kva, a = 30.1; Sec. 382 volts, 218 amp, 

166.7 kva—23. Pri. 11,500 volts, 25.1 amp, 166.7 kva, a = 52; Sec. 221 volts, 377 amp, 

166.7 kva 


Chapter 11 

1 . (a) I. 0.025, 0.01, 0.0229 in pu, 121, 48.4, 111 in ohms; II. 0.035, 0.008, 0.0341 in pu, 
33.9, 7.74, 33.0 in ohms; (b) I. 0.980, 0.976,0.976; II. 0.985, 0.980, 0.980; (c) I. 0.0103, 
0.0218, -0.00545; II. 0.00858, 0.0271, -0.0136—2. I. 250 amp, 109 kw, 0.989, 0; II. 890 
amp, 391 kw, 0.999,0—3.1.250 amp, 96.2 kw, 0.876,0; II. 890 amp, 303.8 kw, 0.775,0— 
4.1. 290 amp, 1646 kw, 0.860,0; II, 241 amp, 1330 kw, 0.837, 0—6. I. 54.5 amp, 121 kw, 
0.964,1.31 amp; II. 221.5 amp, 448 kw, 0.878,1.31 amp—6.1. 56.4 amp, 124.5 kw, 0.958, 
0; II. 219.5 amp, 444.5 kw, 0.880, 0—7. Losses in 5 = 1.02 X Losses in 6 

Chapter 12 

1. (a) 12/11; (b) 183.3, 200,16.7 amp; (c) 40.3 kw; (d) 3.67 kw—2. 60 kva, 54.5, 45.5, 
9.1 amp, 50 kva, 10 kva(?)—7. 2 autotransformers: (a) 208/230 center-tapped; 
(b) 180/230 volt—8. 3 autotransformers: Pri. 133 volt. Sec. taps +150 volts, -150 volts 

Chapter 14 

1.2.56X 10® maxwells, 1995 volts—2. 16 volts, ff = 1.11, 15.4 volts—3. (a) 306 volts; 

(b) 296 volts; (c) 283 volts—4. 10,860 volts 

Chapter 17 

1. 0.667, 1.0, 2.0, 3.33 cps—2. (a) s = 0.022; (b) 72*—3. (a) 720 rpm; (b) 16 rpm; 

(c) 720 rpm; (d) 0—4. (a) A:, = 0.966, = 0.958; (b) 673,000 maxwells—6. 2.14— 

6 . 0.865 volt—7. (a) = 0.940, = 0.960; (b) 512,000 maxwells—8. 2.12—9. 0.0228 
volt 


Chapter 19 

1. /,t = 166 amp, Tgt = 11.8 lb ft, /i = 21.2 amp, pf = 0.81, v = 0.88, = 38.1 lb ft, 

T^ei = 11-7 lb ft—2. /gt = 241 amp, Tg^ = 78.2 lb ft, = 32.7 amp, pf = 0.85, = 0.87, 

T’deT “ 39.7 lb ft, Tflei = 37.5 lb ft—3. /.t = 144 amp, Tgt = 120 lb ft, /j = 22.4 amp, 
pf = 0.77, V = 0.90, Tflev = 74.5 lb ft, = 71.5 lb ft 

Chapter 22 

1. 10.1, 9.40, 8.85, 7.52, 5.53, 3.50, 1.40 (pu) amp, pf = 0.616, 0.632, 0.668, 0.707, 0.791, 
0.867, 0.785—2. T in lb ft = 26.7, 28.2, 30.5, 31.2, 29.9, 23.1, 8.95—3. amp in pu = 11.5, 
10.8, 9.80, 8.55, 6.35, 4.05, 1.65, pf = 0.534, 0.633, 0.666, 0.538, 0.839, 0.867, 0.784— 
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4. amp in pu = 8.58, 8.00, 7.53, 6.40, 4.67, 2.96, 1.21, pf = 0.618, 0.634, 0.670, 0.707, 
0.790, 0.869, 0.786—6, T in lb ft = 35.6, 37.5, 37.3, 40.7, 41.3, 31.6, 12.0—8. T in lb 
ft = 19.5, 20.3, 22.1, 22.7, 21.6, 16.6, 6.5—8. /j (inrush) = 28.1 amp, = 30.4^ 
9. /i = 4.16 amp, pf = 0.797, T^y = 8.66 lb ft, Pont = 2.79 hp, eff = 0.828—10. Sat. 
factor = 1.04, Spo = 0.324, = 31.0 lb ft—11. (a) 1.25, (b) 2.42 ohms, (c) 64 per 

cent—12. Tj = 0.103, = 0.143, Xi = 0.710, x^' = 0.710, r„ = 0.547, x^ = 30.2 at re¬ 
duced voltage, i.e., unsaturated values for = x^, rj = 0.103, = 0.143, Xj = 0.54 = X 2 ', 

r„ = 0.547, x„ = 30.2 at full voltage, i.e., saturated values of Xi = Xg—IS. HP out¬ 
put = 66.7, eff = 0.937, /i = 127 amp, /^ey = 0.747 in pu—^14. = 1195 amp, /agy = 

0.985 in pu—16. /j in pu = 7.96, 7.78, 7.57, 6.65, 5.46, 4.27, 0.847, pf = 0.212, 0.243, 

0.284, 0.334, 0.485, 0.707, 0.895—16. T^yy in pu = 0.985, 1.18, 1.49, 1.71, 2.29, 2.81, 
0.747—17. /i in pu = 9.16, 8.95, 8.62, 7.56, 6.25, 4.92, 0.97, pf = 0.218, 0.242, 0.282, 

0.333, 0.483, 0.722, 0.893—18. /j in pu = 6.77, 6.65, 6.40, 5.65, 4.68, 3.96, 0.800, 

pf = 0.221, 0.243, 0.284, 0.333, 0.502, 0.691, 0.924—19. Ta„ in pu = 1.32, 1.56, 1.93, 
2.23, 3.01, 3.73, 0.970—20. T^yy in pu = 0.712, 0.855, 1.05, 1.22, 1.67, 2.39, 0.687— 
21. Spo = 0.102, Ppo = 2.81 in pu—22. (a) 0.90 ohm per phase; (b) 0.46 ohm per 
phase—23. Saturated values: for Xj = x^ at full voltage, fi = 1.20, = 0.72, Xj = 2.31, 

X 2 ' = 2.40, = 2.04, x„ = 41.2 ohms per phase; Unsaturated values: = 1.20, 

= 1.01, Xj = 1.80 = X 2 ', = 2.04, x„, = 41.2—24. HP output = 4.87, eff = 0.836, 

amp 7i = 1.36 ih pu, r^ey = 30.6 lb ft—25. /j = 8.33 amp in pu, /,t = 63.0 lb ft— 
26. l\ in pu = 8.33, 8.10, 7.74, 6.75, 5.29, 3.72, 1.36, pf = 0.515, 0.533, 0.564, 0.582, 
0.674, 0.800, 0.762—27. T^yy in lb ft = 63.0, 66.0, 74.0, 76.5, 83.8, 30.6—28. = 0.157, 

Tpn = 84.0—29. h in PU = 9.63, 9.34, 8.90, 7.75, 6.08, 4.28, 1.575, pf = 0.516, 0533, 
0.563, 0.584, 0.672, 0.80, 0.758—30. /j in pu = 7.06, 6.88, 6.56, 5.72, 4.50, 3.16, 1.16, 
pf = 0.521, 0.535, 0.559, 0.585, 0.675, 0.800, 0.759—31. T^yy in lb ft = 81.9, 88.4, 89.6, 
102, 112, 106, 41—32. T^y = 43.9, 48.2, 53.8, 55.7, 56.5, 58.4, 22.1 lb ft 


Chapter 23 

1. 20.8 ohms per phase— 2. 3.12 ohms per phase—3. 63.9 lb ft or 1.46 in pu—4. = 5.66 

pu, Tfley = 0.695 pu or 30.4 lb ft, no— 5. 15.9 ohms per phase, 15.1 amp or 1.023 pu, 
for squirrel-cage motor is 5-10 amp in pu—6. Voltage ratio = 3.2, r,t = 0.238 pu, or 
130 lb ft— 7. 9.66 ohms per phase, 72 kw— 8. 7’,t = 0.238 pu —9. 5.22 ohms per phase— 
10. T,^ = 0.238 pu— 11. (a) 0.314; (b) 0.94 ohm per phase— 12. auto = 16X 

with resistor—IS. I^' = 66.6 amp, 0.956, 750 lb ft —14. 795 volts —16. Approximately 
246 volts, 450 kva 


Chapter 24 

3. 87.25'—4. 99.4', 93.4'—5. 110.8', 116.3', 121.8'—6. 350 max, 110 min 

Chapter 27 

1. /i = 3.1 amp, pf = 0.574, T^yy = 13.6 oz ft, Tx, = 12.2 oz ft, eff = 0.577—2. Ii = 
8.12, 7.45, 6.63, 4.47, 3.85, 3.20 amp, pf = 0.795, 0.805, 0.810, 0.768, 0.716, 0.595— 
i. T = 32.9, 34.2, 33.5, 25.7, 20.5, 13.8 oz ft—6. r^ = 1.71, r„ = 1.61, = 1.22, Xi = 

1.90, x„ = 28.0, X 2 ' = 0.95 ohms—6. Ii = 4.86 amp, pf = 0.70, T^y = 18.0 oz ft, Ta,! = 
16.02 oz ft, eff = 0.642—7. /j = 14.8,13.6,12.1, 7.84, 4.85 amp, pf = 0.820, 0335, 0.849, 
0.840,0.812, 0.700—8. T^yy oz ft = 41.1,42.6,43.0, 33.4, 28.0,18.0—9. r„ = 2.77 ohms— 
10. /j = 2.54 amp, pf = 0.70, T^yy = 9.32 oz ft, T^y^ = 8.1 oz ft, eff = 0.62—11. 7.25, 
6.67, 5.97, 3.96, 3.32, 2.54 amps, ft = 0.795, 0.811, 0.827, 0.826, 0.798, 0.70—12. T^yy = 
oz ft = 18.6, 19.4, 19.9, 16.3, 13.6, 9.32—13. r, = 2.44, r„ = 1.505, = i;796 ohms. 
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Xi = 2.67, Xfn = 36.2, X 2 = 1.285 ohms—14. Ii = 3.55 amps, pf = 0.675, = 12.7 

oz ft, Tdei = 11.62 oz ft, eff = 0.661—15. amps = 10.35, 9.40, 8.34, 5.43, 4.66, 3.56, 
pf = 0.830, 0.844, 0.855, 0.827, 0.786, 0.675—16. = oz ft = 29.4, 29.8, 29.9, 22.7, 

19.0, 12.7 


Chapter 29 


HP 

slip 

torque lb ft 

power factor 

efficiency 

8.9 

0.0906 

68.4 

0.882 

0.790 

4.25 

0.0533 

31.4 

0.788 

0.779 

0.667 

0.0227 

4.78 

0.287 

0.470 


2. (a) 4130 watts; (b) 4000 watts; (c) 4320 watts; (d) 0.864; (e) 0.0315; (f) 16.15 
lb ft—3. (a) 4975 watts; (b) 47^ watts; (c) 5220 watts; (d) 0.857; (e) 0.0376; 
(f) 19.5 lb ft—4. eff = 0.895, pf = 0.843—6. eff = 0.892, pf = 0.895, eff = 0.898, pf = 
0.910-6. 449 hp, eff = 0.928, pf = 0.880—7. 343 hp, 0.930 eff, pf = 0.864; 555 hp, 
eff = 0.921, pf = 0.872 


Chapter 33 

2. (a) 5.50 ohms or 0.191 pu; (b) 35 amp; (c) = 31.3 ohms, = 1.08 pu —3, 0.163, 

0.263, -0.084—4. saturated SCR = 1.06, unsaturated = 0.92—6. (a) x^. = 1.21 ohms, 
0.15 pu; (b) 194 amp; (c) = 11.1 ohms, 1.37 pu —6. 0.31, 0.02—7. unsaturated = 

0.73—8. (a) 0.404 ohms, 0.15 pu; (b) 371 amps; (c) 3.68 ohms, 1.37 pu — 9. 0.22, 
0.31, 0.02 

Chapter 35 

1. 0.083, -0.181—2. = 1.25, x^a = 106, = 0.61, = 0.79 pu—3. (a) 7175; (b) 

sat. SCR = 0.89, unsaturated = 0.80; (c) 0.122 at unity pf—4. x^ = 0.861 ohm, 0.235 
pu, Mo = 3,2 amp—6. 0.252, 0.0236, 0.410—6. = 1.14, x^ - 0.944 pu—7. x^n = 0.655 

pu or 7.48 ohms, x^g = 0.380 pu = 4.35 ohms, SCR = 1.12, 178 amp—8. BC = 1910 
volts, CC' = 3030 volts, ^ = 56.7% 8 = 19.8% M^Cg = 68 amps, Cg = 0.504, C^ = 
0.869—9. 0.142, 0.261, -0.178—10. 0.153, 0.272, -0.160—11. 0.259 ohm, 0.271 pu, 
77 amp—12. 0.125, 0.312, -0.0334—13. SCR = 0.89, x^ = 1.12 pu, Xg = 0.78 pu¬ 
ll 2.02 ohms, 0.262 pu, 57 amps—15. 0,175, 0.317, 0.0625—16. SCR = 0.90, = 1.11 

pu, Xg = 0.71 pu 


Chapter 37 

1. 47.6% 45% 42.7% 40.8% 1000 kw—2. (a) 90.6, 88.9, 87.9, 87.5 amp; (b) 0.965, 0.984, 
0.995, 0.999 lag, 8 = 40.4% V = 8630 volts—3. 3320 volts—4. 62.2% 58.1% 54.5% 51.6% 
1200 kw, 21.7% 20.8% 19.8% 19% 500 kw—6. (a) 115.3, 111.6, 108.8, 197 amp; (b) 
0.910, 0.940, 0.965, 0.981 lag; (a) 44.4, 45.5, 47.4, 49.7 amp; (b) 0.985, 0.961, 0.923, 
0.880 lead—6. 1168 kw—7. (a) 23,100 kva; *(b) 20,000 kw; (c) 11,550 kvar; (d) 
10,650 V; (e) 21.8% (f) 51.8*’—8. (a) 0.561 lag; (b) 1564 amp; (c) 7460 v; (d) 
16.3% (e) 72.2% (f) 35,600 kva; (g) 29,400 kvar lag; (a) 0.952 lead; (b) 921 amp; 
(d) 31.8% (e) 14% (f) 20,950 kva; (g) 6,400 kvar lead—9. (a) 25,550 kw; (b) 29,550 
kva; (c) 14,800 kvar; (d) 1292 amp; (e) 0.866 pf; (f) 11,660 v; (g) 26.5® 

Chapter J^l 

1. eff = 0.955, 1650 amp per sq in. — ^2. If = 133.6 amp, eff = 0.964— 3. If = 113.7 amp, 
eff = 0.960—4. If = 96.4 amp, eff = 0.950 
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Chapter 43 

1. (a) 442; (b) 221; (c) 383 v 

Chapter 45 

1. 136 V, 0-2. 0, 84.8 v—3. 14.96 lb ft—4. 3200 total turns 

Chapter 46 

1. 4110-2. (a) 88.3; (b) 77.4—3. (a) 132.7; (b) 144—4. 0.95 lb ft—6. 4.93, 150,000- 
6. 338,000 maxwells—7. 48 v 

Chapter 48 

1. 55 per cent, 24 and 33 cps—2. Approximately 55 per cent—3. Yes. Approximately 
217 per cent 
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A-C Windings, 92; EMF induced in 
them, 1, 101; MMF produced by 
them, 106 

alternating field, 106 
differential leakage, 124 
distribution factor, 101 
effect of harmonics in the emf, 104 
angle between two adjacent slots, 101 
distribution and pitch factor, 101,103 
number of recurrent groups and par¬ 
allels, 93 

rules for laying out, 474 
slot star, 471 
field curve—no load, 3 
harmonic leakage, 124, 512, 518 
harmonics, 104 

order of stator mmf and field har¬ 
monics, 195, 482 
stator slot harmonics, 482 
speed of stator harmonics, 197 
order of rotor mmf and field har¬ 
monics, 485 

rotor slot harmonics, 485 
speed of rotor harmonics, 487 
mmf of a single phase winding, 106 
mmf of fractional pitch winding. 111 
mmf of polyphase winding, 108 
no-load field curve, 3 
pitch factor, 103 
rotating field, 108 
time and space harmonics, 323 

Alternating-current commutator 
motor 

commutation, 358 
compensating winding, 357 
d-c armature in an alternating field, 
363 

emf of rotation, 354 
polyphase motor, 374 
repulsion motor, 368 
repulsion motor at start, 368, 372 
repulsion motor running, 369 
repulsion motor, position of brushes, 
372 


Alternating-current commutator motor, 
repulsion motor voltage diagram, 
370 

rotor emfs, 369 
series motor, 362 
characteristics, 365 
voltage diagram, 362 
winding arrangement, 362 
short-circuited winding element, com¬ 
mutation, 363 
single-phase motor, 353 
three-phase shunt motor, 374 
power factor correction, 377 
torque, 376 

voltage diagram, series motor, 362 

Motor application, 379 
application of various types, 385 
characteristics of loads, 379 
class A motors, 386 
class B motors, 390 
costs, 382 

definitions, 404, 422 
frame size, 382 
gear motor, 384 

general purpose induction motor, 382, 
386 

high slip motor, 390 
low starting current motors, 390 
NEMA classification of induction mo¬ 
tors, 386 

normal starting torque—low starting 
current, 390 

relation of cost and weight to horse¬ 
power and speed, 383 
speed—torque characteristics, 385 
curve of induction motor, 385 
synchronous motor—characteristics 
and applications, 394 
wound rotor induction motor applica¬ 
tions, 391 

Polyphase induction motor, 114 
auto-transformer starting, 184 
basic torque relations, 141 
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Polyphase induction motor, calculation of 
performance, 145 
characteristics, 143, 173 
circle diagram, 155, 446 
constants of the motor, 163 
dead points, 198 
design principles, 578 
developed power, 141 
differential Selsyns, 202 
double cage rotors, 169 
effect of voltage and frequency varia¬ 
tion, 175 
efficiency, 174 

electric power of the rotor, 141 
emf in rotor and stator, 130 
equivalent circuit, 137, 140 
equivalent leakage reactance, 166 
equivalent resistance, 166 
examples and problems, 145, 148 
fundamental vector diagram, 136 
harmonics, 195 

order of stator mmf and field har¬ 
monics, 195, 482-490 
rotor slot harmonics, 246 
induction generator, 157 
induction voltage regulator, 211 
influence of saturation, 170 
influence of skewing, 199, 494, 539 
input power line, 156 
leakage reactance, 166, 500-523 
locked rotor test, 164 
locking torque, 199 
mechanical power line, 156 
mmf waves, 108 
motor at standstill, 123 
noise, 200, 540-549 
no-load tests, 163 
operation as a brake, 150 
operation as a generator, 151 
operation as a stationary transformer, 
123, 440 

parasitic radial forces, vibration and 
noise, 540-553 

parasitic tangential forces and torques, 
195-199, 529 

asynchronous torques, 198, 533 
locking torques (dead points), 198 
synchronous torques, 198, 535 
per unit calculation, 166 
phasor diagram, 136 


Polyphase induction motor, position indi¬ 
cators, 210 

power, developed, 141, 156 
power balance, 145 
power of the rotating field, 141 
primary and secondary currents, 129, 
131, 442 

pull-out torque, 143 

reduction factors, current and voltage, 
129 

regulating sets, 189-192 
saturation, influence of, 170 
secondary current, 442 
secondary resistance, effect of, 188 
self synchronizers, 202 
Selsyns, 202 

single-phase Selsyns, 202 
skin effect, 169 
slip, 130 
slip line, 446 

special speed regulation sets, 188 
special induction motors, 201-215 
speed control of wound rotor, 188 
speed-torque curve—influence of har¬ 
monics on, 195-199 
squirrel cage as a polyphase winding, 
132 

standstill, 123 
starting current, 183 
starting induction motor with slip ring 
rotor, 186 

starting squirrel cage motor, 183 
starting torque, 183-193 
synchronous speed, 126 
tangential force (specific), 578 
torque, 142 
torque line, 158 
torque—Selsyns, 202 
vibration, 540-550 
voltage equations, 135 
voltage regulators, 211 
• wye-delta starting, 185 

Rotary converter, 341-352 
commutation, 350 
comparison with d-c machine, 347 
copper losses, 345 
current ratio, 344 
current wave shapes, 345 
parallel operation, 351 
starting, 351 
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Rotary converter, voltage ratio, 344 
voltage regulation, 350 

Single-phase induction motor, 216 
calculation of characteristics, 231 
capacitor motor, 463-466 
capacitor start motor, 239 
circle diagram, 226 
equivalent circuit, 223 
examples and problems, 231 
iron losses, 244 
normal slip, 231 
pull-out slip, 231 
reactor start motor, 239 
reduction factors, 222 
repulsion start induction motor, 242 
resistance and reactance, influence of on 
speed torque curve, 231 
resistance and reactance from no-load 
and locked rotor tests, 228 
resistance start motor, 239 
rotor currents, 224 
shaded-pole motor, 243 
speed-torque curve, 221 
split-phase motor, 239 
starting single-phase motor, 238 
starting torque, 239 
stator current, 222 
two-rotating field theory, 219, 227 
voltage equations, 222 

Starting A-C motors and motor protec¬ 
tion, 379-423 

approximate full load currents, 387 
auto starter, 410 

controllers for wound rotor motor, 411 

definitions, 404, 422 

effect of heating on insulation, 419 

line starters, 407 

magnetic line starter, 408 

manual line starter, 407 

motor protection, 418 

reduced voltage starting, 409 

Starting A-C motors, resistor type 
starter, 411 

reversing line starter, 409 
starting characteristics of various start¬ 
ers, 409 

starters for fractional HP motors, 414 


Starting A-C motors, starting s 3 mchronous 
motors, 415, 568 
thermal protection, 418 
type of starter to be used, 416 

Synchronous machines, 

angle-switching, 318, 568 
armature mmf in direct axis, 266, 269 
armature mmf in quadrature axis, 266, 
269 

armature reaction, 266 
armature-reaction reactances, 266 
circle diagram of synchronous motor, 
310-315 

circulating current, 305 
damper winding, 258 
design principles, 578 
forced oscillations, 326 
hunting of synchronous machine, 326- 
332 

leakage reactance, 499-528 
main flux reactance, 266 
natural frequency of oscillation, 331 
no-load characteristic, 264 
over-exciting of synchronous motors, 
315 

overload capacity of synchronous mo¬ 
tors, 316 

parallel operation, 303-308 
per unit quantities, 56, 166, 278 
Potier triangle, 274, 275 
pulling into step of synchronous motor, 
568 

equation of motion, 568 
solution of equation of motion for 
most favorable rotor angle, 570 
solution for most unfavorable rotor 
angle, 575 

reactances of the salient pole machine, 
285, 288 

regulation curves, 292 
salient-pole generator, 292 

Synchronous machines, salient-pole gen¬ 
erator, voltage diagram, ^ 
short-circuit characteristic, 276 
short-circuit ratio, 276 
short-circuit, sudden of synchronous 
generator, 559-567 
subtransient reactance, 559 
determination from a locked test, 563 
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Synchronous machines, synchronizing, 301 
synchronous motor—circle diagram, 
310-315 
starting, 318 
V-curves, 315 
voltage diagram, 268 
synchronous reactance, 269 
synchronous reactance of salient-pole 
machine, 290 

torque and power of synchronous ma¬ 
chine, 300-301 

tangential force (specific), 584 
transient reactance. Chap. 60 
two-reaction theory, 283 
voltage diagram of salient-pole machine, 
288 

voltage and mmf diagram, nonsalient- 
pole machine, 268 

voltage regulation by empirical method, 
278 

zero power factor characteristic, 274 

Transformers, 20-91 
AIEE regulation, 52 
auto-transformer, 84 
circulating current, 79 
constant current transformer, 88 
construction, 20 
cooling, 26 
core type, 20 
current transformers, 86 
delta-delta, 67 
delta-wye, 68 
diametrical, 73 
distributed shell type, 22 
double delta, 74 
double-wye, 73 
eddy currents, 63 
efficiency, 56 

emf—induced in windings, 32 
equivalent circuit, 42 
flux, main, 28 
flux, leakage, 28 
harmonics, 61 
hysteresis, 62 


Transformers, instrument transformers, 
85 

Kapp diagram, 50 
leakage, 29 
leakage flux, 28 
leakage voltage, 29 
load diagram, 34 
magnetizing current, 30 
main flux, 28 
main flux conductance, 30 
main flux impedance, 30 
main flux reactance, 30 
main flux susceptance, 30 
mmf, diagram of, 34 
mutual inductance, 38 
no-load current, 28 
no-load test, 54 
no-load voltage diagram, 30 
open delta, 69 
parallel operation, 77 
per-unit calculation, 56 
phase transformation, 71 
polarity, 64 

potential transformer, 87 
ratio of transformation, 31 
reactance, leakage, 29 
reduction factors, 36 
reduction to primary, 35 
Scott connection, 71 
shell type, 20 
short-circuit test, 55 
six-phase star, 73 
skin effect, 55 
spiral core type, 23 
T-connection, 70 
three-phase transformer, 47 
transformation ratio, 31 
voltage diagram, load, 41 
voltage diagram, no-load, 29 
voltage regulation, 50 
wave shape of no-load current, 61 
‘windings, 23 
wye-delta, 69 
wye-wye, 67 





